SOLUTIONS TO EXERCISES

Chapter 1
Ex 1.2.1 Re(e™) = et cos (wt), Im(e) = et sin (wt)
Ex1.22 a)w=0,4<0.b)w=0,4>0.¢) p=0,w#0.d) p>0,w#0.e) u<0,w#0.
Ex 1.2.3 = Re(a) <0

Ex 1.2.4 u=u({(x,t),n(x,1)), ur = ues + Uyne = Ug + Uy,
Up = Uglt + Uy = aug — auy,
u + auy = 2aue = 0,— u= F(n) = F(x — at)

Ex 1.2.5 Use the result from Ex 1.2.4.
At t = 0,2 = x9 we have u(xg,0) = ug(zo) = uo(x — at) = constant.

Chapter 2
Ex 2.1.1 a) u(t) = Ce /2. b) u(t) = e /2.
Ex 2.1.2 a) u(t) = 1/(t + C). b) u(t) = 1/(t + 1). ¢) u(t) = 0.

Ex 2.1.3 a) Characteristic equation: A2 +2\ —3=0,— A\ = =3, A\ = 1

u(t) = Cre 3t + Cyel

b) u(0) = C1 + Co = 0,1/ (0) = =301 + Cy = —1 — u(t) = (e73 — ) /4

¢) u(0) =C1+Co=0,u(l) =Cre? + Coe =1 — u(t) = (! —e3") /(e —e™3)
d) u(co) =0if Cy =0, u(0) = C; =1, — u(t) = e

Ex 2.1.4 Let v = ¢ and we get the 2 ODEs
y =, y(O) = Yo, 0= -9 — (c/m)vz, U(O) = Yo
If we write the system on vector form, let u; =y, ug = v
iy = ug, ur(0) = yo, e = —g — (¢/m)u3, uz(0) = vo

Ex 2.1.5 We write the system on vector form: let u; = x1,us = &1, u3 = T3, uqy = I2.
We get the system
”[Ll = u2,u1(0) =0
Ug = (—(dyl + dy2)u2 + dI,QU4 — (/61 + /ig)ul + HQUg)/ml,UQ(O) =0
”[Lg = U4,U3(0) =0
g = (dyyup — dyyus + Koy — Kaug + Fysin (wt))/ma, ug(0) = 0
Ex 2.1.6
1d, de, d>u  1dc
v e S w
lde 0 '

limy o= = ~ = lim, o= = ¢
im 0 0 m 07 "(0)

Hence, at r = 0, the ODE is 2¢" = kc?.



Ex 2.1.7 Differentiate the the algebraic system with respect to ¢

_ Ogdx  Ogdy
0= ox dt * oy oy dt
dy  0g._,0g
dt (6y) 8xf( y)

The initial values are x(0) = x¢ and a consistent y(0) value is obtained by solving the
algebraic system g(xg,y(0)) = 0.

Ex 2.2.1 Characteristic equation (=2 —A)(3 =) +4=0,— A\ =2, 2 = —
Insert \; into the system (A — AjI)x; =0 — x; = (1,4)T (times an arbitrary constant
a1 75 O).
When ), is inserted we obtain the second eigenvector xo = (1,1)7 (times an arbitary
constant ag # 0).

Ex 2.2.2 According to Ex 2.2.1

At 1/1 1\ /e 0 1 -1 1/ €2t — et _e2 4 ot
€ =73 —t =—3 2t —t 2% |, —t
3\4 1 0 e —4 1 3 \ de”* — 4e —4et + e
Ex 2.2.3 u(t) = eMug = (e, e )T

Ex 2.2.4 Characteristic equation (—A)(2—A)+5=0— X\ =1+2i, A0 =1—2;
First eigenvector x; from (A — A\ I)x; =0

—1-2i 1 B B o
( 5 1_2Z,>x1—0—>x1—(1,1+2@)

Second eigenvector xo

~1+2 1 _ _ L onT
( _5 1+2i)X2—0—>X2—(1,1 22)

AR 1 4l /1-2i -1
S_<1+2i 1—2i>’ S __4z< 1—2i 1)
Ex 2.2.5

0 1 e(1+20)t 0 1—2i =1\ /1\ _
u(t) = e*ug = _4_Z<1+2z 1—21>< 0 e“‘””)(—l—% 1><1>_
1 e(1+2i)t 0 1
§<1+21 1—2z>< 0 e(l‘z”t><1>_
1 ( (1420t 4 (1—2i)t ) B ( el cos (2t) )
5 (1 + Qi)e(l—Qi)t + (1 _ Qi)e(l_Qi)t — \elcos (Zt) — 2¢el sin (Qt)

Observe that although both eigenvalues and eigenvectors are complex, the imaginary
parts cancel so that the finally simplified expressions of the solution are real.



Ex 2.2.6 Since the matrix is triangular, we have the eigenvalues in the diagonal. Hence we
have a triple zero eigenvalue and we have to investigate for this particular matrix how
many linearly independent eigenvectors we have.

1
(B—A)c=0—c= (0)
0

Hence there is only one eigenvector and the matrix is defect.

Ex 2.2.7 Here we cannot use the formula (2.23) since there is no matrix S~!. Instead use
(2.24)

0 1 1 0 0 1 2
B={(0o o0 1|, B*=|0 0 0], B3:0—>eBt:I+tB+EBQ

0 0 O 0 0 O

Ex 2.2.8 Define the variable v(¢) from u(t) = e**v(t) From this transformation we have
u(0) = v(0) and v(t) = e~ **u(t). - Differentiate — u(t) = v(t)e?t + AeAv(t). Insert
into the differential equation (2.12) gives v(t) = e~ 4*g(t). Integrate

t t
v(t) —v(0) = / e A g(r)dr — u(t) = eMu(0) + / AT g(r)dr
0 0
Ex 2.2.9 The formulas (2.14) and (2.25) turn into
t
u(t) = A ulto), u(t) = A Du(t) + [ A g(r)dr
0

Ex 2.2.10 In the ODE the right hand side is linear in u. The solution on the other hand is
linear with respect to the initial vector. These statements are valid also if the matrix A
depends on t, i.e. A = A(t).

Chapter 3

Ex 3.3.1 Use Taylor’s expansion formula u(ty,1) = u(ty + h) = u(ty) + hu'(t) + O(h?) —
(u(tg+1) — ulty))/h = o' (tg) + O(h). Similar for the Euler backward formula

Ex 3.3.2 Use Taylor’s expansion formula for u(ty + h) and u(tx — h).

Ex 3.3.3 Eulers explicit formula gives uy = ug_1 + hAug—1 — ug = (1 + h\)ug—1 =
(1 + h)\)2uk_2 =...= (1 + h)\)kuo

Ex 3.3.4
Ex 3.3.5 According to the error formula we have

u(ty) —uj = c1h + coh® + ...(1)

w h h
u(ty) —ui =1y + 62(5)2 +....(2)

Form the expression 2-(2)-(1)
h2

u(ty) = 2u” — uj, — c25



Ex 3.3.6 According to (3.13), up = 2ug—1+h(f(tg—1+f(tp—1, uk_1)+f(tk_%,uk_%)—(uk_1+
hf(tk—huk—l) = Up_1+ hf(tk_l + h/2,uk_1 + hk1/2), where k1 = f(tk_l,uk_l).

Ex 3.3.7 An accurate value of y(1) = 0.497615434. A Matlabprogram generating a table for
Heun’s method similar to Table 3.1 is:

%Computation of the order of the Heun method
yires=[];
N=8;
for k=1:7
N=2%*N;
h=1/N;
y=[1 0]7;t=0;
for i=1:N
ym=y+h*vdpolf (t,y);
y=y+(h/2) * (vdpolf (t,y)+vdpolf (t+h,ym));
t=t+h;
end
err (k)=y(1)-0.497615434;
ylres=[ylres; [N,h,y(1),err(k)]];
end
ylres
kvot=err(1:6)./err(2:7) JResult: 3.48 3.75 3.88 3.94 3.99 4.06

An accuracy of 4 decimals is achieved with N = 16 steps.
We also see that when the stepsize is halved the error is approximately decreased by a
factor 4, which means that error = O(h?).

Ex 3.3.8 For Euler’s explicit method the local error is given by (3.12). Taylor’s expansion
theorem gives:

Ity h) = u(ty—1) + hU/(tk_lil—i_ O(h?) — u(ty—1) — Ftr_1, ute_1)) = O(h),

since u(t) satisfies the differential equation u'(t) = f(t, u).

Ex 3.3.9 The ODE is 4% + 044 + 4.5u = 0,— A\ = —0.2 + iv/4.46, 9 = —0.2 + i/4.46
Numerical instability if |1 + hA| > 1, in our case |0.98 4 0.1iv/4.46] = 1.0025 > 1, i.e.
unstable.

Stable if |1 — 0.2k + ihy/4.46| = 1 — h = 0.08.

Ex 3.3.10 55 s s
v_du v _ ! -
el el J(ov—J '¢c)+c=Jov
Ex 3.3.11 The stability region for Heun’s method, S is obtained from

2
]1+q+%!§1

where ¢ = h. Hence solve 1+ q+¢?/2 = ¥, where ¢ goes from 0 to 47, with Newton’s
method with respect to q.



%Stability region for the Heun method
q0=0;resq=[0+i*1e-8];
for £i=0:0.1:4%pi+0.1
q1=q0;q0=q1+1;
while abs(q0-ql1)>le-6
q0=q1;
f=1+q0+q0~2/2-exp (i*fi);
fq=1+q0;
ql=q0-f/fq;
end
resq=[resq ql1l;
end
plot(resq)
title(’Stability region for the Heun method’)
xlabel (’Re (h\lambda)’)
ylabel (’Im(h\lambda)’)
axis(’equal’)

Ex 3.3.12
Ex 3.3.13
Ex 3.4.1 The matrix is 0
1 1
1/2 1/4 1/4
1/2 1/2 0
1/6 1/6 4/6

giving the following k- and wug-values

h h
ki = f(te—1,uk—1), ko= f(te—i+h,up_1+hki), ksz= f(tk—1+§7uk—1+z(kl +k2))

1 h
up = ug—1 + §(k‘1 +ka), Uk =up—1+ g(’ﬁ + ko + 4k3)
Applying this embedded RK-method to the model equation u = Au gives

h2\? R2A2 h3A3
U = (1 + hX + T)uk_l, Uy = (1 + hA + T + T)uk_l

Since u(ty) = e"u(t;_1) the local error in uy is O(h?). Since the global error is one
less than the local error uj has second order accuracy. This is not really a proof, but a
heuristic argument based on conclusions from the model equation.

Ex 3.4.2 Apply the RK-method to the model problem u = Au.
k1 = Aug_q

kg = )\(uk_l + (h/2))\uk_1)



k3 = )\(uk_l + (h/2))\(uk_1 + (h/2))\uk_1))
ky = Mug—1 + hX(ugp—1 + (h/2)Mug—1 + (h/2)Aug_1)))
Inserting these expression into (3.35) gives the stability condition (3.37).

Ex 3.4.3 See the solution to Ex 3.3.11. Exchange the to the following three rows:
for £i=0:0.1:8%pi+0.1

f=1+q0+q0~2/2+q0~3/6+q0~4/24-exp (i*fi);
fq=1+q0+q0~2/2+q0~3/6;

Ex 3.4.4 JSolution to Exemple 3.4.4, particle motion
hu(1l)=x,u(2)=dx/dt,u(3)=y,u(4)=dy/dt
Jthe right hand side of the ODE-system in fpar.m
%in the graph y is plotted as a function of x
clear,clf,hold off
global cm g
c=0.01;m=1;g=10;v0=10;y0=2;
for alfa=[20,60]
u0=[0,v0*cos(pi/180*alfa),y0,vO*sin(pi/180*alfa)]’;
t0=0;
u=ul;t=t0;h=0.1;
result=[u0’] ;time=[t0];
while u(3)>0
ki=fparticle(t,u);
k2=fparticle(t+h/2,u+h*k1/2);
k3=fparticle(t+h/2,u+h*k2/2);
k4d=fparticle(t+h,u+h*k3);
u=u+h* (k1+2xk2+2%xk3+k4) /6;
t=t+h;
result=[result;u’];time=[time;t];
end
plot(result(:,1),result(:,3))
title(’Particle motion with air resistance’)
xlabel(’x [m]?)
ylabel(’y [m]?)
hold on
end
grid

where the function fparticle is defined as

function rhs=fparticle(t,u)

global cm g

rhs=[u(2);
-(c/m)*sqrt (u(2) *¥u(2) +u(4)*u(4))*u(2) ;



u(4);
-g- (c/m)*sqrt (u(2) *u(2)+u(4)*u(4))*u(4)];

Ex 3.4.5 Adams-Bashforth 1st order: up = urp_1 + hfr_1, Euler’s explicit method
2nd order: uy = up_1 + h(%fk_l — %fk_g)

Adams-Moulton 1st order: uy = ug_1 + hfi, Euler’s implicit method
2nd order: ug = up_1 + h(%f — %fk—l)

Gear’s method 1st order: up = up_1 + hfg, Euler’s implicit method
2nd order: %uk = 2Uup_1 — %Uk_g + hfy

Ex 3.4.6 Insert the model equation into BDF-2:
1 3 1
U — Uk—1 + §(uk — 2ug_1 + uk_z) = hfy,— (5 — h)\)uk —2up_1 + §uk_2 =0

The characteristic equation has the general solution uy = Au¥ + Bugk, (%) where

24 VIF2hA 22— VIF2hr
=== "7 T3 o

The difference equation (x) is stable if |u1| < 1 and |u2| < 1. At hA =0, u1 = 1 and
po = 1/3, hence solve the equation u1(h)\) = €% with respect to hA for ¢ = 0.0,0.2, ...
and check that |ua(hA)| < 1.

Compare with the solution to 3.3.11. Exchange the following lines

for £i=0:0.1:2%pi+0.1;

£=((3-2%q0) *exp (i*£i)-2) * ((3-2%q0) *exp (i*£fi)-2)-1-2%q0;
fp=2x(-2xexp (i*fi))*((3-2%q0) *exp (i*fi)-2)-2;

end
Ex 3.4.7 Use the same parameter values as in Example 3.3.

%Solution to the ESCEP-problem

global k1 k2 k3 k4

k1=10;k2=0.1;k3=1;k4=10;

E0=0.1;S0=1;

u0=[E0,50,0,0];

t0=0;

result=[u0’] ;time=[t0] ;h=0.01;

u=u0;t=t0;korr=1;

while norm(korr)>le-5 %one step with implicit Euler
F=u-h*fenzym(t,u)-ul;
Fprime=eye(4,4)-h*jacenzym(t,u);
korr=-Fprime\F;
u=u+tkorr;

end



t=t+h;
result=[result;u’];time=[time;t];
for k=2:1000
u0=result(k-1,:)’;ul=result(k,:)’;
korr=1;%u2=ul;
while norm(korr)>le-5
F=1.5%u-h*fenzym(t,u)-2*ul+0.5%u0;
Fprime=1.5%eye(4,4)-h*jacenzym(t,u);
korr=-Fprime\F;

u=utkorr;
end
t=t+h;
result=[result;u’];time=[time;t];
end

semilogx (time,result)
where the right hand side function fenzym} of the ODE-system is

function rhs=fenzym(t,u);
global k1 k2 k3 k4
ri=ki*u(1)*u(2);
r2=k2*u(3);
r3=k3*u(3);
rd=kd*u(1)*u(4);
rhs=[-ri1+r2+r3-14;

-ril+r2;

rl-r2-r3+r4;

r3-r4];

and the jacobian of the ODE-system jacenzym} is

function rhs=jacenzym(t,u);

global k1 k2 k3 k4

rhs=[-ki1*u(2)-k4*u(4) ki*xu(1l) k2+k3 k4*u(l);
-k1xu(2) -kixu(l) k2 0;
k1*u(2)-k4*u(4) -kixu(l) -k2-k3 -k4*u(l);
-k4*u(4) 0 k3 -kd*xu(1)];

Chapter 4

Ex 4.2.1 Use the grid G. With the technique described in appendix A.3 the following diffe-
rence formula can be derived:

d?u 2 2 2
@(%) B hi—1(h; + hi—l)Ui_l ~ hioih v hi(hi + hi—l)UiH ot
Insert into the model problem —u” = f(z), (0) =0,u(1l) =1 and we obtain a linear
system of N equations Au = b where
2 2 2
hio1(hi +hi1)” hi_1hi hi(hi + hi_1)

A = tridiag( ), b=(f(z1),...f(zn))"



Ex 4.2.2 It is appropriate to construct a model problem satisfying the BVP given. The
ansatz u(z) = acos(z) satifies the BC «/(0) = 0. By choosing a = 1/(sin(1) + cos(1))
the right BC is satisfied. This implies that u(x) = cos(z)/(sin(1l) + cos(1)). Finally,
since u”(x) = —acos(x), we obtain f(x) = cos(x)/(sin(1) 4+ cos(1)). A Matlabprogram
computing the error in the midpoint « = 0.5 of the interval could be:

%Solution of the boundary value problem (4.32)
a=0;b=1;
miderror=[];
for N=[9,17,33,65,129]
h=(b-a)/(N-1);
x=[a:h:b]’;
A=zeros (N,N) ;
for i=1:N-1
A(d,i)=2;
A(i,i+1)=-1;
A(i+1,i)=-1;
end
A(1,1)=1;A(N,N)=1-h;
f=hx*h*cos(x)/(sin(1)+cos(1));
£(1)=0;f(N)=-h;
u=A\f;
uexakt=cos(x)/(sin(1)+cos(1));
miderror=[miderror;[h u((N-1)/2)-uexakt((N-1)/2)11;

end

miderror

%answer: h error
h 1/8  0.0426
yA 1/16 0.0224
h 1/32 0.0115
yA 1/64 0.0058
b 1/128 0.0029

The table produced by the program shows that the accuracy is of first order.

4.2.3
4.2.4
h2 h3
u(zi+h) —2u(z;) +u(z; —h) = u(z;)+h'(z;) + 7“”(%’) + gum(fﬁi) +O(h*) = 2u(x;)+
h? h3
u(x;) — hu'(z;)) + ?u”(xi) - gu”’(:ni) +O(h*) = K2 (z;) + O(h%)

4.2.5 Use the mean value of the values at left and right side of = 0.

u(xo) _; u(w) _ u(0 = h/2) —;U(O L = u(0) + O(hQ)




4.2.6

4.3.3 Let v(x) be the straight line through the points (0, ) and (1, 3). Define w(x) = u(z) —
v(z). Then w(0) = 0 and w(1) = 0. Also w"(x) = u”(x), since v"(x) = 0. Hence w(x)
satisfies the homogeneous BVP —w”(z) = f(x),w(0) = 0, W (1) = 0 just as the model
problem. Hence the ansatz is (4.70) with basis functions satisfying (4.71) leading to the
linear system of equations (4.77) giving w(z) = Zévzl cjpj(x). The ansatz solution is
u(z) = w(x) + v(x).

Another method is to start with the ansatz

N

() = apo + Y cipj + Bent
j=1

where ¢(0) = 1,;(0) = 0,5 = 1,2,.., N +1 and on-1(1) = 1,0;(1) = 0,5 = 0,1,.., N.
These BC’s are met by e.g. the “roof” functions. For the coefficients ¢; we obtain the
same linear system of equations as (4.77).

Chapter 5

5.2.1 a) parabolic, b) elliptic, ¢) hyperbolic, d) parabolic

5.2.2 Let u = ve®. Then u; = v,e** + ave*® and
Upy = Vpr€™ + 200, + ave™®

. Insert into the PDE, divide by e®*: vy + v, + v = vz + 200, +a?v Let a = 1/2 and we
get vy = Ve + (o — a)v. The BCs and the IC are transformed according to v(0,¢) = 1,
v(1,t) =0, v(x,0) = up(z)e™**.

5.2.3
u = u(xz(r, ), y(r,¢))
Up = UgTrFUyly = UgOS(@)FUySIN(P), Up = UgTp+UyYp = Uy(—rsin(p))+uy(rcos(p))
Upy = Ugp T2 + Uplyy + uyyu% + Uy Ty = Uge(cos(p))? + uyz,,(sin(go))2

Upp = umxijLuxx(p(p—i—uyyufﬁLuyy(p(p = Uy (5i0(p)) 2 (—1c0s(p) ) Fuuyy 2 (cos(p)) 2 +uy (—rsin(p))

Uy + ;UT + ﬁu@@):Uzz+uyy

5.2.4 1 9
L —x? /4Kt
Uy = ——)e
v 2\/71'1@75( 4Ht)
1 1 —x2 /4xt 1 —Z\2 —x2/4kt

Uy = ——(—=—)e —(=—)%
T oy/mkt ( 2/675) 2V Kt (2/675

1 —x2/4kt 1 a? —x2 /4xt

Ut =

— e —e
4t/ Kt 2V kit (4f€t2

From which we see that u; = kKugs.
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5.2.5

1 1
Uy = i(ug(x —ct) +ug(z +ct)), uy= 5(62118(% — ct) + Puf(z + ct))

u(z,0) = ug(z),ur(x,0) =0

5.2.6

22

Upy = — 1T SIN(ITT)SIN(JTY), Uyy = —j2n?

sin(inz)sin(jry) — Upptityy = —m2(24+52)u
5.2.7 a) div(Vu) = (ug)s + (uy)y +uz). = Au

b) div(curla) = ((uz)y — (u2)z)e + ((u1)z — (u3)z)y + ((u2)e — (u1)y)z =0

¢) curl(Vu) = (Usy — Uyz, Ugz — Uz, Uyg — Ugy) ! =0

d) div(pu) = (pu1)g + ... = pgur + p(u1)y + ..... = pdivua+ Vp-u

e) Start with the right hand side

5.3.2 The first two equations in 1D

pe+ (pu)z =0,  (pu)r + (pu?)s +ps =0

5.3.4
¢t + ucy = Degy + ke,  pC(Ty + uTy) = kT + AHke
5.3.5 1 ]
T; = ouyp + e L Q(r, p)
5.3.6
Chapter 6

6.1.1 The problem is parabolic: pCvT, = k(T,, + %(TTT),«)

6.1.2 We obtain a system of two ODEs:
ve, = Dey,—Ae P e pCuT, = kT,,+AHAel—=E/RTc,  ¢(0) = ¢y, T(0) = Ty, c.(L) = 0, To(L) =
If T is constant ve, = Degy — ke, ¢(0) = ¢g, (L) = 0, where k is the rate constant.

6.3.1
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