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Abstract

We study constraint satisfaction problems on the domain {—1, 1}, where the given constraints
are homogeneous linear threshold predicates. That is, predicates of the form sgn(wqyzy + -+ +
wpx,) for some positive integer weights wy, ..., w,,. Despite their simplicity, current techniques
fall short of providing a classification of these predicates in terms of approximability. In fact,
it is not easy to guess whether there exists a homogeneous linear threshold predicate that is
approximation resistant or not.

The focus of this paper is to identify and study the approximation curve of a class of threshold
predicates that allow for non-trivial approximation. Arguably the simplest such predicate is the
majority predicate sgn(z1 + - - -+ x,,), for which we obtain an almost complete understanding of
the asymptotic approximation curve, assuming the Unique Games Conjecture. Our techniques
extend to a more general class of “majority-like” predicates and we obtain parallel results for
them. In order to classify these predicates, we introduce the notion of Chow-robustness that
might be of independent interest.

1 Introduction

Constraint satisfaction problems or more succinctly CSPs are at the heart of theoretical computer
science. In a CSP we are given a set of constraints, each putting some restriction on a constant
size set of variables. The variables can take values in many different domains but in this paper we
focus on the case of variables taking Boolean values. This is the most fundamental case and it has
also attracted the most attention over the years. We also focus on the case where each condition
is given by the same predicate, P, applied to a sequence of literals. The role of this predicate P is
key in this paper and as it is more important for us than the number of variables, we reserve the
letter n for the arity of this predicate while using N to be the number of variables in the instance.
We also reserve m to denote the number of constraints.

Traditionally we ask for an assignment that satisfies all constraints and in this case it turns out
that all Boolean CSPs are either NP-complete or belong to P and this classification was completed
already in 1978 by Schaefer [15]. In this paper we study Max-CSPs which are optimization problems
where we want to satisfy as many constraints as possible. Almost all Max-CSPs of interest turn
out to be NP-hard and the main focus is that of efficient approximability.

The standard measure of approximability is given by a single number C' and an algorithm is
a C-approximation algorithm if it, on each input, finds an assignment with an objective value
that is at least C' times the optimal value. Here we might allow randomization and be content if
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the assignment found satisfies these many constraints on average. A more refined question is to
study the approximation curve where for each constant ¢, assuming that the optimal assignment
satisfies ¢m constraints, we want to determine the maximal number of constraints that we can
satisfy efficiently.

To get a starting point to discuss the quality of approximation algorithms it is useful to first
consider the most simple algorithm that chooses the values of the variables randomly and uniformly
from all values in {0, 1}". If the predicate P is satisfied by ¢ inputs in {0, 1}" it is easy to see that
this algorithm, on the average, satisfies mt2™" constraints. By using the method of conditional
expectations it is also easy to deterministically find an assignment that satisfies this number of
constraints.

A very strong type of hardness result possible for a Max-CSP is to prove that, even for instances
where the optimal assignment satisfies all constraints, it is NP-hard to find an assignment that does
significantly better (by a constant factor independent of N) than the above trivial algorithm. We
call such a predicate “approximation resistant on satisfiable instances”. A somewhat weaker, but
still strong, negative result is to establish that the approximation ratio given by the trivial algorithm,
namely t27", is the best approximation ratio that can be obtained by an efficient algorithm. This
is equivalent to saying that we cannot satisfy significantly more than m¢2~" constraints when given
an almost satisfiable instance. We call such a predicate “approximation resistant”. It is a basic fact
that, unless P=NP, Max-3-Sat (i.e. when P is the disjunction of the three literals) is approximation
resistant on satisfiable instances and Max-3-Lin (i.e. when P is the exclusive-or of three literals) is
approximation resistant [8].

When it comes to positive results on approximability the most powerful technique is semi-
definite programming introduced in this context in the classical paper by Goemans and Williamson
[6] studying the approximability of Max-Cut, establishing the approximability constant agy =~
.878. In particular, this result implies that Max-Cut is not approximation resistant. Somewhat
surprisingly as proved by Khot et al. [12], this constant has turned out, assuming the Unique Games
Conjecture, to be best possible. We note that these results have been extended in great generality
and O’Donnell and Wu [14] determined the complete approximation curve of Max-Cut.

The general problem of determining which predicates are approximation resistant is still not
resolved but as this is not the main theme of this paper let us cut this discussion short by mentioning
a general result by Austrin and Mossel [2]. This paper relies on the Unique Games Conjecture by
Khot [11] and proves that, under this conjecture, any predicate such that the set P~!(1) supports
a pairwise independent measure is approximation resistant.

On the algorithmic side there is a general result by Hast, [7], that is somewhat complementary
to the result of Austrin and Mossel. Hast considers the real valued function P=? which is the sum
of the linear and quadratic parts of the Fourier expansion of P. Oversimplifying slightly, the result
by Hast says that if P<2 is positive on all inputs accepted by P then we can derive a non-trivial
approximation algorithm and hence P is not approximation resistant.

To see the relationship between the results of Austrin and Mossel, and Hast, note that the
condition of Austrin and Mossel is equivalent to saying that there is a probability distribution on
inputs accepted by P such that the average of any quadratic function® is 0. In contrast, Hast needs
that a particular quadratic function is positive on all inputs accepted by P. It is not difficult to
come up with predicates that satisfies neither of these two conditions and hence we do not have
a complete classification, even if we are willing to assume the Unique Games Conjecture. The
combination of the two results, however, points to the class of predicates that can be written on

'Throughout this work, we find it more convenient to represent Boolean values by {-1,4-1} rather than {0,1}.



the form
P(z) = sgn(Q(x))

for a quadratic function ) as an interesting class of predicates to study and this finally brings us
to the topic of this paper. We study this scenario in the simplest form by assuming that @ is in
fact a linear function, L, without a constant term in the case when our Boolean variables take the
values £1. In other words we have

P(x) = sgn(L(x)) = sgn <Z w> ,
i=1

for some, without loss of generality, positive integral weights (w;)! ;. Note that if we allow a
constant term in L the situations is drastically different as for instance 3-SAT is the sign of linear
form if we allow a non-zero constant term. Omne key difference is that a probability distribution
supported on the set “L(z) > 0” cannot have even unbiased variables in the case when L is without
constant term and thus hardness results such as the result by Austrin and Mossel do not apply.

To make life even simpler we make sure that L never takes the value 0 and as L(—xz) = —L(x),
P accepts precisely half of the inputs and thus the number of constraints satisfied by a random
assignment is, on the average, m/2.

The simplest such predicate is majority of an odd number of inputs. For this predicate it easy
to see that Hast’s condition is fulfilled and hence, for any odd value of n, his results imply that
majority is not approximation resistant. This result generalizes to “majority-like” functions as
follows. For a linear threshold functions, the Chow parameters, P= (P(i))?zo, [3] are for, i > 0,
defined to be the correlations between the output of the function and inputs z;. We have that
]5(0) is the bias of the function and thus in our case this parameter is always equal to 0 and hence
ignored.

Now if we order the weights (w;)?_; in nondecreasing order then also the P(z) ’s are nondecreasing
but in general quite different from the weights. It is well known that the Chow parameters determine
the threshold function uniquely [3] but the computational problem of given ﬁ, how to recover the
weights, or even to compute P efficiently is an interesting problem and several heuristics have been
proposed [10, 17, 9, 4] together with an empirical study that compares various methods [18]. More
recently, the problem of finding an approximation of P given the Chow parameters has received
increased attention, see e.g. [13] and [5]. The most naive method is to use P as weights. This
does not work very well in general but this is a case of special interest to us as it is precisely when
this method gives us back the original function that we can apply Hast’s results directly. We call
such a threshold function “Chow-robust” and we have not been able to find the characterization
of this class of function in the literature. If we ignore some error terms and technical conditions a
sufficient condition to be Chow-robust is roughly that

n

> (Wl —w) <3) wf (1)
i=1

=1

and thus it applies to functions with rather modest weights. We believe that this condition is not
very far from necessary but we have not investigated this in detail.

Having established non-approximation resistance for such predicates we turn to study the full
curve of approximability and, in asymptotic sense as a function of n, we get almost tight answers
establishing both approximability results and hardness results. Our results do apply with degrading
constants to more general threshold functions as our predicate P but let us here state them for
majority. We have the following theorem.



Theorem 1.1. (Informal) Given an instance of Max-Maj-n with n odd and m constraints, assume

that the optimal assignment satisfies (1 — %H)m, for 0 < 1. Then it is possible to efficiently find

. . —5)3/2 4 .
an assignment that satisfies (% +Q <(1nf/)2 ) -0 (ﬁ%g)) m constraints.

Thus for large n we need almost satisfiable instances to get above the threshold % obtained
by a a random assignment. This might seem weak but we prove that this is probably the correct
threshold.

Theorem 1.2. (Informal) Assume the Unique Games Conjecture and let € > 0 be arbitrary. Then

it is NP-hard to distinguish instances of Max-Maj-n where the optimal value is (1 — n%_l —€)m,

from those where the optimal value is (1 + €)m.

This proves that the range of instances to which Theorem 1.1 applies is essentially the correct
one. A drawback of this theorem is that the error term in Theorem 1.1 dominates the systematic
contribution of (1 — 6)3/2n=1/2 for § very close to 1 and hence the threshold is not sharp. We are,
however, able to sharply locate the threshold where something nontrivial can be done by combining
our result with the general results by Hast. For details, see Section 3.

To see that the advantage obtained by the algorithm is also the correct order of magnitude we
have the following theorem.

Theorem 1.3. (Informal) Assume the Unique Games Conjecture and let € > 0 be arbitrary. Then
there is an absolute constant c such that it is NP-hard to distinguish instances of Maz-Maj-n where
the optimal value is (1 — €)m, from those where the optimal value is (% + ﬁ +e)m.

In summary, we get an almost complete understanding of the approximability curve of majority,
at least in an asymptotic sense as a function of n. This complements the results for majority on
three variables, for which there is a 2/3-approximation algorithm [19] and it is NP-hard to do
substantially better [8].

The idea of the algorithm behind Theorem 1.1 is quite straightforward while its analysis gets
rather involved. We set up a natural linear program which we solve and then use the obtained
solution as biases in a randomized rounding. The key problem that arises is to carefully analyze
the probability that a sum of biased Boolean variables is positive. In the case of majority-like
variables we have the additional complication of the different weights. This problem is handled by
writing the probability in question as a complex integral and then estimating this integral by the
saddle-point method.

The hardness results given in Theorem 1.2 and Theorem 1.3 resort to the techniques of Austrin
and Mossel [2]. The key to these results is to find suitable pairwise independent distributions
relating to our predicate. In the case of majority it is easy to find such distributions explicitly,
while in the case of more general weights the construction gets more involved.

In particular, we need to answer the following question: What is the minimal value of Pr[L(z) <
0] when z is chosen according to a pairwise independent distribution. This again is a nice combi-
natorial question of independent interest.

An outline of the paper is as follows. In Section 2, we present notations and conventions used
throught the paper, and also prove a result on weighted sums of balanced Bernoulli random variables
that is used in the following sections. This is followed by the adaptation of Hast’s algorithm for odd
Chow-robust predicates and the proof that (essentially) the condition >7%_, w?—w; <3 > i1 w3 on
the weights is sufficient for a predicate to be Chow-robust. In Section 4, we present and analyze our
main algorithm for Chow-robust predicates (Theorem 1.1 for the special case of majority). These
positive results are then complemented in Section 5 where we show essentially tight hardness results



assuming the increasingly prevalent Unique Games Conjecture. Finally, we discuss the obtained
results together with interesting future directions (Section 6).

2 Preliminaries and Basic Technical Tools

In this section we introduce some notation and recall some results in computational analysis.

2.1 Notation

We consider the optimization problem Max-CSP(P) for homogeneous linear threshold predicates
P {-1,1}" — {—1,1} of the form P(x) = sgn(wiz; + --- + wpxy), where we assume that the
weights are non-decreasing positive integers 1 < w; < ... < w, such that 2?21 w; is odd and
Wmax := MaX; w; = wy. The special case of equal weights, which requires n to be odd, is denoted
by Maj,,, and we also write Max-Maj-n for Max-CSP(Maj,,). Using Fourier expansion, any such
function can be written uniquely as

P(x)y= > P[]

SC[n) jes

The Fourier coefficients are given by

A

P(s) =E[P(X) [T X1,
jes

where X is uniform on {—1,1}". Since all homogeneous linear threshold predicates are odd we
have P(S) = 0 when | S| is even. We also write P(j) = P({j}) for the first level Fourier coefficients
(i.e. the Chow parameters) and let P~1(1) denote the set of assignments that satisfy P, i.e.
P711) ={x: P(z) = 1}.

For an instance Z = (m, N, [, s) of Max-CSP(P) consisting of m constraints, N variables and
matrices | € N™*" s € {—1,1}"*", the objective is to maximize the number of satisfied constraints
or, equivalently, the average advantage

m

1
Adv(x) = E Z P(smxlm, ey Simmli‘n)
i=1

subject to z € {—1,1}.

2.2 Complex analysis background

We frequently use complex analysis to compute coefficients in series represented by generating
functions. Recall that any complex function f which is analytic in a neighborhood, 0 < |z| < 7o,
of z = 0 can be represented as a Laurent series:

n=oo
f(z) = Z a2 , 0<|z| <.

n=—oo

The residue of f at z =0,
Res f(2) = a1,

can then be computed using Cauchy’s Residue Theorem, which we state in a simplified form here:



Theorem 2.1 (Cauchy). Let C be a positively oriented simple closed contour containing the origin.
If f is analytic inside and on C except at z = 0, then

Res f(z) =55 f{ 1z

Thus, in order to compute the n’th coefficient b, in a generating function

oo
S b = g(z) L el <o
n=0

we may apply Cauchy’s theorem to g(z)z*(”ﬂ) with a suitably selected contour.

2.3 Common Lemmas

We now present a technical lemma that is used in our calculations to bound integrands on the unit
circle when we are not close to the point z = 1.

Lemma 2.2. Suppose we are given real numbers pj, i <p; < %, 1 < j < n and positive integers
w;)"_, such tha Cws < n. Furthermore suppose that for at leas ifferent values of j we
(w;)j—y such that 37_) w? < 100n. Furth ppose that for at least t different val f j
have w; = 1. Let q; = 1 — p;, then for any ¢, 0 < ¢ < m we have

n
H qj + pje w]up ‘ < e O .01 min(¢,p? n)

Proof. By multiplying by the conjugate we see that

lgj + P> = p? + ¢ + 2pjq; cos(w;p) =1+ 2p;q;(cos(w;p) — 1). (2)

Observe that for any ¢, 7/8 < ¢ < 7/2 we have
3
1+ 2950 (cos(ip) — 1) < 142 = (cos(n/8) ~ 1),

which can be seen to be at most e 7?92, As we have w; = 1 for ¢t different values of j, the product
of the lemma is bounded by e */1% for this range of ¢ and we turn to values 0 < ¢ < /8.

We claim that for any z, 0 < z < 7/2 we have cos(z) < 1 — 4%. To see this note that for

g(x) =1 —cos(z) — 47%2 we have g(0) = g(7/2) = 0, ¢’(0) = 0, ¢”(0) > 0 and ¢"(x) < 0 in the
entire interval. It follows that each of ¢”(z) and ¢/(z) has a unique 0 in the interval 0 < x < 7/2
and ¢ is unimodal.

As pj + ¢; =1 and each of these numbers is at least 1/4 it follows that (2), for w; < 4 and the
set of ¢ we are considering, is bounded by

—¢?/20
1—§7 64'0/.

By the condition on the sum of cubes we have at least n/5 different j with w; < 4 and thus the
lemma follows also in this case. O

To evaluate an integral with integrand gpke_‘wz, we use the following well known results.



Lemma 2.3 (Standard Integral). For k > —1 and a > 0,

/00 ore= " dp = lf <k+ 1) a T
0 2 2

Lemma 2.4 (Tail bound). For k > —1, and sequences a(n) > 0 and wo(n) > 0 such that a(n) =
Q(1) and po(n) = O(1),

T e gy = o(emalmedn)
wo(n)
Proof. To ease notation we drop the explicit dependence on n. By a change of variables, and using
(z +y)* < (20)F + (2y)*,

/ e dp = / (10 + po)Feale+e0)” gy < / [(20)F + O(1)]e™¥* =6 dy
] 0 0

_ omash / (28 ok 1 O(1))e% dp = =30 (1)
0
where the last inequality follows from Lemma 2.3. O

2.3.1 Balanced Bernoulli Random Variables

We say that a random variable X is a balanced Bernoulli random variable if Pr[X = 1] = Pr[X =
0] = 1/2. Here, we present two lemmas that are useful in Sections 3 and 5, where we analyze
weighted sums of balanced Bernoulli random variables.

Lemma 2.5. Suppose we are given n balanced Bernoulli random variables Y1,Ys,...,Y, and posi-

tive integers (wj)?zl such that Z;”:l w? < 100n. Furthermore, suppose that for at least 400 logn—2

different values of j we have w; = 1. Then for any @g > %1(:%1 and any integer t such that

Y jqwj+t=0 mod 2,

- S wi+t 1 [0 n ]
Pr ijYj = % = Tr/O cos(¢t/2) H cos(wjp/2) + O (714) )
j=1

j=1
Proof. Let Y = Z?:1 w;Yj. The probability generating function of Y is
n

g(z) _ H 1 —1—2sz.

Jj=1

Letting W = >"_; w; and
9(2)

G) = o

Cauchy’s Residue Theorem gives

n S jwi+t 1
r jz::le J 9 o cf(Z) Z,

where we take C' to be the unit circle,

C:z=¢e" 0 < ¢ <2m.



As f(z) = f(2),

1 1 /7 . .
- d - 1p (1% d .
57§ 1t = [ Rele (e
Expanding f(e’¥) give us that
eisof(eiso) — g(eiv)e—iw(Wth)/?

n

B | il PR

. 2
j=1
By Lemma 2.2, |[]}_, 1+e;ij = O(e~4loen+2) = O(n=*) whenever ¢ > ¢o. Hence
n a0
/ " 127 ciewviorzg, — 0 (14>
vo \ i 2 n
7=1

and we have thus that 5= ¢, f(z)dz = L [7° Re[e™ f(e"?)dyp] + O (1) . Multiplying each factor

Lte U7 of g(ei®)) by e~i#wi/2 gives that

n Yor) .
ein(eW’) = H Lrer e ip(W)/2

The real part of this can thus be written as

H cos(wjp/2) | cos (pt/2),

j=1
which completes the proof of the lemma. O

Lemma 2.6. Suppose we are given positive integers (w;)7_y such that Z?Zl w3 = O(n). Then for

j:
anycpo:loli’%lZ@oZ%l‘z/gg and any k: —1 < k <10

k+1

[ o= 0 (22) 3 (52) (57)

J=1

2

= Cap s (2) _ N
where Wmax = max; w; and W = ijl w3 .

Proof. Let h(p) = [[}_; cos(pw;/2). We may use Taylor expansion to write
2 2

wj _%5 409 ( Lt
cos(wjp/2) =1— ?J(‘OQ + w?0<904) _ e ruto(eh)

and hence
w® 4

h(p) = e~ B0 _ = (1 T W(4)O(<P4)> :




where W®) = > i1 w3 and w® = > i1 wj. As W® . 2 = w(logn), Lemma 2.4 gives that

0 (2)
/ (Pke W8 o2 (1 + W(4)O(§04)) dp = e—w(logn)
7

0

and thus
©0 (2) S (2)
/ QDIC@*TAPQ (1 + W(4)O(g04)) Cl(p :/ (pkeinQDQ (1 4 W(4)O(§04)) dSD‘i‘ efw(logn)'
0 0

Further, by Lemma 2.3

k+1

00 2 @\ 2 -
/ e 5 (14 WWo(eh)) dp = <k+ 1) (W ) +ow) (W)
0

As WW < wpax P 1wj = O(wmaxn) and W = Q(n), we have that O(W® . (W?)=2) =
@) (w“;fx) and the lemma follows. O

k+5
2

3 Adaptation of the Algorithm by Hast

Using Fourier expansion we may write the advantage of an assignment to a Max-CSP(P) instance
as

Adv(z Z sgn Z wjs; Ty, ;| = Z cs H T (3)
SC[N]:|S|I<n keS

Hast [7] gives a general approximation algorithm for Max-CSP(P) that achieves a non-trivial
approximation ratio whenever the linear part of the instance’s objective function is large enough.
We use his algorithm, but as our basic predicates are odd we have that cg = 0 for any S of even
size and we get slightly better bounds.

Theorem 3.1. For any § > 0, there is a polynomial time algorithm which given an instance of
Mazx-CSP(P) with objective function

Adv(zy,...,xN) = Z CSHfL"k

SCINLIS|<n k€S

> §3/2

satisfying Z]kvzl legry| = 6 and cg = 0 for any set S of even cardinality, achieves E[Adv(z)] > -7

Proof. Let € > 0 be a parameter to be determined. We set each z; randomly and independently
to one with probability (1 + sgn(cg;))€)/2. Clearly this implies that Elcyjyxi] = €[cg;y| and that

[E[ITees =]l = elsl.
By Cauchy Schwarz inequality and Parseval’s identity we have that

1/2

s () (S em) <(3)"

T |=k IT|=F

and hence

3 fesl < (Z)m. ()

|S|=k



We conclude that the advantage of the given algorithm is, given that cg = 0 for even cardinality

S, at least
n n 1/2
k k(T
€ ¢l — €"leg| > € — € . 5
Dled= 3 cHesl 2 e -3 ;) (5)

[S]=3

The sum in (5) is, provided € < (24/n)~!, and using Cauchy-Schwarz bounded by

(i (i)k (Z)) " <i(e2n)k> 2 < (1 N i)"/Q (26503)1/2 < 3¢3p3/2,
k=3 P

where we used Y, (%)k (1) = (14 2)" and 3} _5(?n)* < Sn33°2 o5 for the first inequality.
Setting € = 51/2(2n3/4)*1, which is at most (2y/n)~! by (4), we see that the advantage of the
3/2 _ 83/

- 8n3/4

algorithm is €d — 3€3n and the proof is complete. O

Let us see how to apply Theorem 3.1 in the case when P is majority of n variables. Suppose

we are given an instance that is 1 — %H satisfiable and let us consider
N
D iy (6)
i=1

where x; = «; is the optimal solution and prove that this is large. Any lower bound for this is
clearly a lower bound for Z,fil lcgiy -

Let Py be the value of any Fourier coefficient of a unit size set. Then any satisfied constraint
contributes at least P; to (6) while any other constraint contributes at least —nP;. We conclude

that (6) is at least
0 ~ . .
1-—- P - P =(1-6)P;.
( n—i—l) ! n—i—ln 1= P

Using Theorem 3.1 and the fact that P, = O(n~1/2) we get the following corollary.

Theorem 3.2. Suppose we are given an instance of Maz-Maj-n which is (1 — %_H)—satisﬁable.
Then it is possible, in probabilistic polynomial time, to find an assignment that satisfies a fraction
F+Q(1- 6)3/2n=3/2) of the constraints.

Let us sketch how to generalize this theorem to predicates other than majority. Clearly the
key property is to establish that the sum (6) is large when most constraints can be simultaneously
satisfied. In order to have any possibility for this to be true it must be that whenever a constraint
is satisfied, then the contribution to (6) is positive and this is exactly being “Chow-robust” as
discussed in the introduction. Furthermore, to get a quantitative result we must also make sure
that it is positive by some fixed amount. Let us turn to a formal definition.

Recall that the Chow parameters of a predicate P is its degree-0 and degree-1 Fourier coeffi-
cients, i.e., P(O), p(l), e P(n) for i =1,2,...,n. As we are here dealing with an odd predicate,
P(0) = 0. If it holds for all z € {—1,1}" that P(z) = sgn(P(1)x1 + P(2)zo+ - - -+ P(n)xz,,), we say
that the predicate is Chow-robust and it is v-Chow-robust iff

n
0<~< mi P(j)x;
TS _min ; (),

Let us state our extension of Theorem 3.2 in the present context.

10



Theorem 3.3. Let P(x) = sgn(wiz; + wozy + -+ + wpxy) be a vy-Chow-robust predicate and

suppose that T is a 1 — ——=21—— satisfiable instance of Maz-CSP(P) where 6 < 1. Then there is
Y251 P()

a polynomial time algorithm that achieves E[Adv(z)] = () s il

8n3/4
Proof. The linear part of the advantage of an assignment can be written as

N

D> cpn = %Z > Pl)siga-

k=1 i=1 j=1

For any assignment x we have thus

a 1 o= -
; |C{k}| > E Zzp(j)si’jxli,j'

i=1 j=1
Now since 7 is 1 — % satisfiable there is an assignment z such that for at least a 1 —
"/+Zj:1 P(j)

— % fraction of the constraints
"H‘Z;L:1 P(])

n
P(SZ‘J.%'@Z.J, .oy 8iny,,) = 1 and thus ZP(j)siijgi’j >
j=1

using that P is y-Chow-robust. As the linear part of the remaining constraints is greater than
— Z?:l P(j), we have that

N m n
1 A
Z|C{k}| = %ZZPU)SW:U%
k=1 i=1 j=1
dy &y —
> (1- al .)7— )
’Y+Zj=1P(J) 7+2j:1p(])j:1
= (1=
Theorem 3.1 now gives the result. O

Given Theorem 3.3 it is interesting to discuss sufficient conditions for P to be Chow-robust and
we have the following theorem.

Theorem 3.4. Suppose we are given positive integers (wj)?zl such that

> 0. (7)

Further, suppose that for at least 400logn different values of j, say 1,2,...,n1, we have w; = 1.
Then the predicate P(x) = sgn(z1 + -+ + Tn, + Wny41%n 41 + -+ - + Wpky) is y-Chow-robust with

v = (ﬂ(w) -0 (%)) ]5(1), provided that n is large enough so that this is positive.

Before presenting the proof of the above theorem, let us comment on the condition on the
Q(logn) weights that we require to be one. This should be viewed as a technical condition and
we could have chosen other similar conditions. In particular, we have made no effort to optimize

11



the constant 400. In our calculations this condition is used to bound the integrand of a complex
integral on the unit circle when we are not close to the point z = 1 and this could be done in many
ways. We would like to point out that although there are choices for the technical condition, some
condition is needed. The condition should imply some mathematical form of “when z on the unit
circle is far from 1 then many numbers of the form z%J are not close to 1”. Sets of weights violating
such conditions are cases when almost all weights have a common factor. An interesting example is
the function which, for odd n, has n — 4 weights equal to 3 and 4 weights equal to 1. This function
is not Chow-robust for any value of n. The above example shows that there are functions with
weights of at most 3 that are not Chow-robust. This is a tight bound as the techniques used in
the proof of Theorem 3.4 can be used to show that a function with all weights equal to 1 or 2 is
Chow-robust.

Proof of Theorem 3.4

Let us start with a lemma that can be used to bound higher moments of the weights when g(w) >

Lemma 3.5. Let w = (w1, ..., wy) be positive integers such that B(w) > 0. Then > 1 _; w < 64n

and Wpax < 4nt/3.

Proof. Since f(w) > 0 we have Z?Zl(w? —wj) <3 Z?Zl wJQ-. Hence, by Holder’s inequality,

23/ 1/3

RILEE) SIS SIEE) SIEERY ot B Do
j=1 J=1 J=1 J=1 J=1 Jj=1

and the bounds )" =1 w < 64n and wpax < an'/3 follow. O

We proceed by analyzing the linear threshold predicate where the linear Fourier coefficients are
used as weights. Let Po(z) = sgn(P(1)zy + P(2)xa + -+ + P(n)zy,). Since P(1) = P(2) = --- =
P(nl)a

P(n;+1) P(n)
Pc(r) = sgn <$1+"'+$n1 +W$n1+1 + 4+ P(l)xn .

A sufficient condition for P to be y-Chow-robust is then

n

1- (8)

j=ni1+1

To see this, consider an x such that P(x) = 1 and hence Z 1 wjx] > 1. The above condition

implies that > 7, i(j;x] > =1 (% — wj) Tj+ D0 wiTy > P(1) and we have as required that

> -1 P(j)z; > .

};(jf) for a fixed jo : n1+1 < jo < n. As P is a monotone

function, a degree-1 Fourier coefficient equals that coordinates influence, i.e.,

P(]0> :Inij(P) = P;r[P(xl,...,ij,...,xk)%P(a:l,...,—xjo,...,:ck)]
W41 W+1
2

= Pr| —wj, < XU < - 1],

12



where W = 37", w; and X (Go) = > i=1j2jo WiX; is a weighted sum of n — 1 balanced independent
Bernoulli random variables. By Lemma 2.5, we have

o WH+1—2t o o+ 1-2t\ T 1
Pr [X(]O) = —'—2} = / cos <<,0u}10+2> | | cos(wjp/2)de + O <n4> ,
J=L.j#jo

where g = lc\’%z We can thus write P(jo) as

w0 wi +1-2k) 1 1
Zcos (cp]o2> H cos(w;p/2)dp + O <n4> :

J=Lj#jo
Similarly, we can write P(1) as
%0 wl 1-9
/ ( w1+2 k)Hcosw]gp/Q)dgp+O( >
7j=2
which equals (since wq = 1)
wo M 1
/ H cos(wjp/2)dp + O <4) ,
0 oo n
Letting h(p) = H] o 24, COS(Wjp/2),
. wj,+1-2k
PGo) Zk | cos(p/2) cos (cp’of) h(e)de + O (#)
P(1) o cos(wjop/2)h(¢) dp + O (57)

Using Taylor expansion we may write

2

w
COS(‘:Owjo/Q) = 1- %@2 + w?00(904)

and

o 41— 2k ) 1 11— 2k)2
> cos(ip/2) cos <s0w]0+2> = > <1 L+ (e ; Vo2t w?00(904)>
k=1

, 3
2wj, + wi

e w0,

= Wjp —

where the last equality follows from the identities 3, ey k= wj, (wj,+1)/2 and zwm k? = w;y(wj,+
1)(2wj, + 1)/6. By the above calculations, the numerator of (9) equals

%o 2+ w 1
wjo/ (1 Y — L+ w;!‘OO((p"‘)) h(p) dp + O <n4>
0

and its denominator equals

w0 wJ2'0 2 4 4 1
/0 1- 2262 4wt O h(¢)d¢+0(n4>.
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Simplifications then give us that

P :wjofa”( (")) W) o + 0 ()
P() 7 (1 e upore >) () dg + O ()

To estimate this expression we will use Lemma 2.6. Letting Sy = Z?:z,j Lo w?, the numerator
of (10) then equals

(o)) (B2 () roui (2) ),

which can be simplified, by using that Sy = (n) and 2 < wj, < Wmax < 413 to

wr2nax w?o_wjo\/?r SQ 2
(1”( n )) 2 4<8>

Similarly, by Lemma 2.6, (10)’s denominator can be written as

(1ro(me)) (£ (%) " rowin (%) )
(ro(=)) (%)

Substituting in these evaluations, we obtain that

P(jo) wj, = Wiy <52>1< ( ?n>>
Oy, = (22 (140
P(1) Wio 24 8 n
_ M Wi <1+O(3nax>>
SZJ =2,5#jo Wj n
3 _ 2
JO 1—|—O< max>>’
32] 1w < n

where we used that > 7, . w (1 +0 ( ma")) > i1 wjz for the last equality.

We now conclude the proof of the theorem by observing that the sufficient condition (8) for P
to be v-Chow-robust is satisfied if

(1 +0 <“’%“>> ;(w;‘? —wj) < (1 - le)> 32221%2.

< <1+O< Iznax>> Zj:lgjj _2“’3 <1 7

(10)

and simplified to

-

Indeed, then

n

>

Jj=ni1+1

PG _,

P(1)

n

The statement now follows from observing that we can select vy to be

<1 (10 (M) Z;;ﬁ;fwf) Py = (5w + 0 (22 ) ),

where we used that > ", wjz- =Q(n) and 77, w? = O(n).
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4 Our Main Algorithm

We now give an improved algorithm for Max-CSP(P) for homogeneous linear threshold predicates.
Recall that we write the i’'th constraint as P(s;12y,,,-.-,8in%1,,) = sgn(Li(r)),where L;(z) =
Z?Zl w;s; T, ;, and let W= Z?:l w;. The algorithm which is parametrized by a noise parameter
0 < € < 1 is described as follows:

Algorithm ALP,E
1. Let *, A* be the optimal solution to the following linear program
maximize =Y T A;

subject to  L;(x) > A;, Vi € [m)]
re[-1,1]N,Ac[-W, 1™

2. Pick Xi,...,Xn € {—1,1} independently with bias E[X;] = ex} and return this assign-

ment.
As in Theorem 3.4, we now define 5(w) for a set of weights w = (wy,...,wy,) as
Z}Ll(w? — wj)
B(w) =1- n 2
32 g w5

Note that 8 < 1 for any set of weights, while for majority 8 = 1. Further, if S(w) > 0, then
Theorem 3.4 showed that P is v-Chow-robust provided that n is large enough.

In Section 4.1 we show that on 1 — HLW satisfiable instances, where 6 < (3, the above algorithm
achieves an advantage of Q(ﬁ) for large enough n. In particular, we will prove the following

theorem:

Theorem 4.1. Fix any homogeneous threshold predicate P(x) = sgn(wixy + -+ + wpxy,) having
w; = 1 for at least 200logn different values of j and satisfying § = B(w) > 0. Then, for any

1-— 1fW satisfiable instance T of Maz-CSP(P), where 6 < [3, we have

A AurD)] = (7 - 070 (=) -0 (1) (1)

n

where € = (B — 8)Y/2¢y and ¢p > 0 is an absolute constant.

Thus, for § bounded away from (3, and large enough n, this algorithm is an improvement over
the algorithm of Theorem 3.3. We may also note that both the algorithm Ajp . and the algorithm
of Theorem 3.3 can be de-randomized using the method of conditional expectation.

4.1 Analysis of the Algorithm (Proof of Theorem 4.1)

HLW satisfiable instances, A* := L 3™ A* >
1—8 > 1— 3. Too see this, take any assignment x € {—1,1}" which satisfies a 1 — 1+§W fraction of
all constraints. Let A; = 1 on all satisfied constraints and A; = —W on the constraints which are
not satisfied. This is a feasible solution to the linear program since clearly L;(x) > A;, Vi. Hence,

AT =— ;1: ATz~ ;1: A, (1 o > W =10 (12)

The crucial point for Theorem 4.1 is that on 1 —
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The next lemma shows that for large enough n we can use this advantage whenever no |A;(z*)|
is too large, provided that we pick € small enough.

Lemma 4.2. Fiz 0 < ¢ < 1/2 and let X = w1 Xy + -+ + w, X, be a sum of n independent
Bernoulli random variables where w1, ..., wy, are positive integer weights such that w; = 1 for at

least 2001ogn different j’s and 3 := [(w ) > 0 given by (7). Further, let Pr(X; =1) = 1+2€$j where
—1<x; <1, and let 0*> = Var X and A = > j—1wjzj. Then, if |A] < n1/3,

W1\ .1 eA—1+48) 4. (1 log’n
pr(x > e rrr) O|l—=)+0 :
(2 B ) 2 g T o () o (iR
1+€] and ¢j = 1 — p;. Further, we let W = 2 =1 w§ and

Wmax = Max; w; while noting that by Lemma 3.5 the assumption 3 > 0 implies W®) < 64n and
Wiax < 4n'/3. Hence we also have W®) = O(n/3) and W) = O(n5/3).
Now, X has the probability generating function

n n
:ZPr(X Hq] + pjz"7]
=0 i1

Proof. As before we let €¢; = exj, p; =

Hence, the series (Pr(X <)), has the generating function 2 ( ) . Letting

9(2)
f(Z> (1_2) (W+1)/2°

Cauchy’s Residue Theorem gives

Pr (X < W; 1) . 1,;fcf(z)dz ! [ szt % f(2)dz

2m1 27i Co

where the contour C' is the concatenation of the following two arcs, enclosing the pole z = 0 but
not z =1 (see Figure 1),

Ci: z=e", 2a < <21 —2a
Co:z=14+re ™ w/2+a<¢<31/2—a

where a(r) = arcsin(5) and r > 0 is a small parameter that we will later let go to 0.

L

Figure 1: The contour
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The second integral is

1 -1 3r/2—a ) )
[ = o re™ f(1 4 re¥)di =
2mi 2T Jr/24a
_ 1 sr/ama Hy:l[% +p 1+ re_w)wj]d — 1 asr —0
T e (Ltre @iz YT |

since the integrand converges uniformly to 1. Let us now concentrate on the first integral. As

f(z) = f(2),

i f(z)dz = 1/7TR6[€wf(€w)]d‘P- (13)
T J2a

27 Jo

Expanding f(e'¥) gives us that

P HE) = oo [T lg; +pe™s?)  TTGlaj + pyeriele 2
(1 — eiv)eieW/2 —2isin(p/2)
I e o]

—2isin(p/2) ’

where the last equality follows from W/2 +eA/2 =371, w;p;.

To analyze the integral as r — 0 (and thus a — 0), we first use Lemma 2.2 to argue that the

integral between ¢y : 1(\)%‘ and 7 is small. Indeed, since we have at least 200logn weights which

are 1, Lemma 2.2 together with the bound sin(x) > %x for0 <z < % implies that

1 Vi ! :
= ip £ (i - - e"i® 2] n
'w /m el )]d‘p’ 27 sin( 900/2 /¢ H 9 s 7140 = 1055 <n2> ¢ <”> '

We now consider the integral between 0 and ¢g. We start with the following identity of the
integrand.

Claim 4.3. For 0 < ¢ < g, we have

. ) 2 2 1 4
Rele? f(e'¥)] = e T (2 - S +E0(ne?) + On®PeY) ) (1+0 og2 " ,
2 6 n2/3

where S3 = Z;;l w?quj(p? - q?)
Proof of Claim. Using Taylor expansion we may write
2

3
e —_— ® . ® )
gje” "iPI? 4 piei Y =1 — wjz-quj7 + zw?quj(pjz — qf)? + w?(’)(cpA‘) + zw?@(cp5),

where we have separated the real and complex errors. Letting Log z = log |z| + ¢ Arg z denote the
principal logarithm (—7 < Argz < 7) which is analytic except on the non-positive part of the real
axis, we can use another Taylor expansion to write (note that Re(gje™""iPi% 4 p;e*i%%¥) > 0 for
@ < o when n is large enough, since w; < 4n1/3)
gje P 4 piei%e = pLog(aje” "iPi P 4p;eti % %)
2 3
— WP G Hiwdep; (0] —a}) G +wiO(e*) +iwf O(9°)
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Using 0 = Z;‘ 1 wijpj and the expression for S3 stated in the claim we have

2@2 elres +ZS3—+W(4)O( H+iW G O(p?)

efe¥) = e 72 —2isin(p/2)

Since W® = O(n*/?) and W®) = O(n5/3), we may write the real part of this as

)

i o\ 702%2 sin(h(p)) /2 O(nt/34%)
Re[e?f(e'¥)] = —e 4,0 Y e ®

where
A +<9( 5/3p9). (14)

h(p) = €5 + 53 5

=1+ O(z?) gives

Taylor expansions of e”, sin(z) and Sm( 5 = o)

Relef () == F MO OWE (14 o)1+ 0t

The product of the last two factors is 1 + O (12%‘;371 ) since ¢ < log(n)/y/n. For the second factor,

first note that since |S3] = O(n) we have h(p) = e%go + O(nyg?®) and thus, since |A| < n'/? and
p <log(n)/v/n,
?) = #n0(*) +n°PO(P°).  (15)

A3
h(e) = =" + AO(") + An*O(¢T) + n* Oy

5), the second factor becomes

)+ (p([ (©)]*) :63—1—83(%2+e3(9(ng02)—|—0(n5/3g04),
O

Combining (14) and (1
h(e

proving the claim.

We now compute the part of the integral (13) from ¢ = 0 to ¢q:

Claim 4.4. We have that

I 71T/0<po Re[ewf(ew)]d‘p < _W + 0 (;ﬁ) + 0O <107§/6n> .

Proof of Claim. By the previous claim,

¥0 2
1 / 6_02% <_€A B S3— i 630(71%02) + O(n5/3@4)> <1 + O <10g2/3n>> d@
0

I==
us 2
%2 2 . o
TP = ¢~ Ulog”(n) — m since 02 = O(n), this is

Using Lemma 2.3 and 2.4 and noting that e

A 3 5/3 log™ 1
L—|__° S3 O?Sn)_{_(’)(n5 ) <1+O(0g n>>+ _ ‘
2521 6o5\or | o o n2/3 nSlogn)
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Now,

n i 1 w3 i w; 3¢3
S| = ) _wiqip;(0F — ¢})| = E: =
7j=1 7j=1 7j=1 7j=1
" wle; " (w? — wj)ej + €A n w —w; eA
_ JJ 3 _ J J/=7 3 J 3
— 2:417+60my_§: i +E0(n) <€)+ || +0(n).
7=1 7=1 7j=1
Y (wi—w))
Recall that 1 -3 = W Together with the bound o2 = " j J 1 w this
.

gives
3
w

Zi— (1—ﬁ)§§n: 2 < 5e(1 - )—2
€j:1 4 = 4j:1wj_ € 1

Thus [S3| < 3¢(1 — B)o? + ‘%’ + €30(n), which together with 02 = ©(n) implies that

€ — (0) 47’L
ve e (o (Gim)) roo () -0 (m)

The claim now follows from |A| < n'/3, which gives

_ 4 1/3 1004 4
e(A 1+ﬂ)0 log*n _0 n/"log"n _ 0 log*n
oV8rm n2/3 nl/2p2/3 n5/6

= 3e(1 — B)o? + E0(n).

IN

O
Letting @ — 0 and summing all integrals we get
n—1 1 1 ((A—-14+73) 1 log’n
Pr(X< < = )= —
r( -2 ) - 2+O<n> oV8r o 4D +0 n5/6
1 «(A-1+p3) , 3 1 log* n
O

In order to extend this bound to larger (negative) A’s we use the central limit theorem with
explicit error bounds:

Theorem 4.5 (Berry-Esseen). Let Y =Y, +--- +Y, be a sum of independent random variables
satisfying E[Y;] = 0 for all i, /> E[Y?] = o, and > E[|Y;|?] = p3. Then
sup | Pr[Y < z] — ®(z/0)| < Cpsz/o®,
x
where ® is the cdf of a standard Gaussian random variable, and C is an absolute constant. It has
been shown that one can take C' = 0.7915 [16].

Lemma 4.6. Fizx 0 < e < 1. Let X = w1 X1 + -+ +w,X,, be a sum of n independent Bernoulli
random variables with positive integer weights of total sum W = 2?21 wj, and suppose Pr(X; =

1) = H;xj where —1 < z; < 1. Further, let 0> = Var X and A = > iy wjz;. Then, if A <0,

>S4

n 3
Pr X>W+1 1 eA B C Z]‘:le.
= 27 ovEr  (1— P32 p32
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Proof. As before we let €¢; = ex;, pj = H;j and ¢j = 1 —p;. Now, let Y; = w;(X; —p;) and

Y =Yi +--- + Y,. Then E[Y;] =0,

n n n 1—62- 1—62
ZE[Yf]:JQ:ZwJZVaer:Zw? 1 L>n 1
j=1 =1 =1

and

n n i 1—et Iiwd
D_ENP = wilpiq) +awi) =) wj—F <>
=1

J=1 Jj=1 J=1
Further, we have

w WL €A

Applying Berry-Esseen and using ®(z) < 5 + \/% for & > 0 this is at most

0(52) -G T <
( _

2 1—e2)3/2 p3/2

1,o—eA  C X
2 oV8r  (1—€2)3/2 p3/2

We are now ready to prove Theorem 4.1 by combining the bounds for small and large A.

Proof of Theorem 4.1. Let z* be the optimal solution to the linear program in Azp. for some
€ > 0 that we will specify later. By Lemma 4.2 and 4.6 we have the following lower bounds on the
probability that the i’th constraint sgn(L;(X)) with bias E(L;(X)) = eL;(z*) > €A} is satisfied:

L4829 4 30 (1)3+ o0 (52), if Ay <nlf?

oV/8m vn nb/6
1 eA} C > wi : *
2 + o éw - (1—€2)3/2  n3/2 > if AZ <0

Here we have used the fact that having a larger expected value of the linear form L;(z*) than its
lower bound AY can only increase the probability of a constraint being satisfied. Since by (12),
A* > 1—6§ > 0, and further Ay <1 for all i, we must have A} > —nl/3 for at least a fraction
1-— nl% of the constraints. Thus, the expected fraction of satisfied constraints is

Adv(App (T))+17 _ 1 e(A*—1+03) 1 log*n
E ! = .
5 5 + = + €0 N +O 576
1 C  Xiaw
nl/3(1—e2)32 p3/2
1. Now, by Lemma 3.5, we have ) 7, w? < 64n and also 0 = ©(y/n).
1 — 4 implies that

v

where we used that
This together with A*

E[AdV(ALp(T))] > €(B — 6)Q (\}ﬁ) + €0 (%) +0 <1°7§6”> .

Now, letting € = (8 — §)/2¢) for some absolute constant ¢y > 0 small enough so that the first term
dominates the second by a constant factor for any n, we have

EAdV(ALp(T))] = (4 — 620 (%) +0 (ﬁg:/? ) -

<
>
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4.2 Application to Majority

As g =1 for Maj,, the following result follows directly from Theorem 3.3 (by also adjusting the
hidden constants in (11) so that this expression becomes non-positive when 200logn > n):

Corollary 4.7. (Formal statement of Theorem 1.1) For all 1 — n%rl satisfiable instances I of
Maz-Maj-n, where § < 1, we have

E[Adv(ALp(T))] = (1 - 6)*/2Q) (\}ﬁ) -0 (long;gl> 7

where ¢ = (1 — §)/2¢y and ey > 0 is an absolute constant.

5 Unique Games Hardness

In this section, we show hardness of approximation results for majority-like predicates under the
Unique Games Conjecture. This complements our algorithmic results obtained in Sections 3 and 4.

5.1 The Basic Tool

The hardness results in this section are under the increasingly prevalent assumption that the Unique
Games Conjecture (UGC) holds (see Appendix A for a definition). The basic tool that we use
is the result by Austrin and Mossel [2], which states that the UGC implies that a predicate is
approximation resistant if it supports a uniform pairwise independent distribution, and hard to
approximate if it “almost” supports a uniform pairwise independent distribution. We now state
their result in a simplified form tailored for the application at hand:

Theorem 5.1 ([2]). Let P: {—1,1}" — {—=1,1} be a n-ary predicate and let p be a balanced
pairwise independent distribution over {—1,1}". Then, for any € > 0, the UGC implies that it is
NP-hard to distinguish between those instances of Max-CSP(P)

e that have an assignment satisfying at least a fraction Pryc_11yn ) [P(x) = 1] — € of the
constraints;

e and those for which any assignment satisfies at most a fraction |P~(1)|/2" + € of the con-
straints.

5.2 Application to the Majority Predicate

We now give a fairly easy application of Theorem 5.1 to the predicate Maj,,. Later, we generalize
this approach to more general homogeneous linear threshold predicates.

Theorem 5.2. (Formal statement of Theorem 1.2) For any € > 0 the UGC implies that it is
NP-hard to distinguish between those instances of Maz-Maj-n

1
n+1
e and those for which any assignment satisfies at most a fraction 1/2 + € of the constraints.

e that have an assignment satisfying at least a fraction 1 — — € of the constraints;

Proof. Consider the following distribution p over {—1,41}": with probability n%_l, all the bits in
are fixed to -1, and with probability -2, u samples a vector with (n +1)/2 ones, chosen uniformly
at random among all possibilities. To see that this gives a pairwise independent distribution

let X = (X1,...,X,) be drawn from p. Then E[} ! | X;] = n%_l (-n) + 7 -1 = 0 and
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E [szl Xin] =E [(Z?:l XZ-)Q] —n= n%_l - (n?) + 747 - 1 —n = 0. Because of the symmetry
G

of the coordinates, it follows that for all ¢, E[X;] = 0 and for every i # j, E[X;X;] = 0. Therefore,
the distribution u is balanced pairwise independent. Theorem 5.1 now gives the result. O

For predicate Maj,,, we can also obtain a hardness result for almost satisfiable instances:
Theorem 5.3. (Formal statement of Theorem 1.3) For any € > 0 the UGC implies that it is
NP-hard to distinguish between those instances of Max-Maj-n

e that have an assignment satisfying at least a fraction 1 — € of the constraints;

e and those for which any assignment satisfies at most a fraction %+cnﬁ+e of the constraints,
vn (n — 2> ]2

2n—2 \ ol T

where

Cn

Proof. Let k = n—2 and consider the predicate P: {—1,1}¥ — {—1,1} defined as P(z) = sgn(z1 +
-+ 4+ x + 2). Our interest in P stems from the fact that Max-Maj-n is at least as hard to
approximate as Max-CSP(P). Indeed, given an instance of Max-CSP(P), we can construct an
instance of Max-Maj-n by letting each constraint P(ly,...[lx) equal Maj, (y1,y2,1,...,lx) for two
new variables y; and g9, that are the same in all constraints and always appear in the positive form.
As any good solution to the instance of Max-Maj-n sets both y; and ys to one, we can conclude
that any optimal assignments to the two instances satisfy the same fraction of constraints.

Now consider the following distribution p over {—1,1}*: with probability %“rl’ all the bits in u
are fixed to ones, and with probability k—_’ﬁl, p samples a vector with (k + 1)/2 minus ones, chosen
uniformly at random among all possibilities. The same argument as in the proof of Theorem 5.2
shows that the distribution w is uniform and pairwise independent. Theorem 5.1 now gives that for
any € > 0 the UGC implies that it is NP-hard to distinguish between those instances of Max-CSP(P)
that have an assignment satisfying a fraction 1 — € of the constraints; and those for which any
assignment satisfies at most a fraction

k1 K
P 1k 1 () 1
2k+e_2kjgo j)te=gt o te=g5 o tol/k) +e

The result now follows from the observation above that we can construct an instance of Max-Maj-n
from an instance of Max-CSP(P) such that optimal assignments to the two instances satisfy the
same fraction of the constraints. O

Taking the convex combination of the results in Theorems 5.2 and 5.3 yields:

Corollary 5.4. For any § : 0 < <1 and any € > 0, the UGC implies that it is NP-hard to find

an assignment x to a given 1 — %H — € satisfiable instance of Max-Maj-n achieving
1
Adv(z) > (1 — 5)6,1% + €,

where ¢, 1s the constant defined in Theorem 5.5.
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5.3 Hardness for More General Predicates

We will now prove hardness of approximation for more general predicates than majority. Let us first
recall the main idea for proving hardness of Maj,,. Since all weights are one, we have wpax = 1. One
can now observe that the constructed balanced pairwise independent distribution p over {—1,1}"
in Theorem 5.2 can be defined as follows. With probability %H sample a vector where the jth bit
is set to 1 with probability 0 = % independent of the other bits, and with probability 1 — +1
sample a vector X such that Z?Zl X; =1, or equivalently Z _ 1 Wi X = Wmax, chosen uniformly
at random among all possibilities.

We will prove (in Theorem 5.6) that a distribution p essentially defined as above is an almost
balanced pairwise distribution for homogeneous linear threshold predicates of the form sgn(wjzq +
woxy + -+ + wpxy,) with 400logn unit weights and Z’;:l w;’ < 100n. We then, using a general
result show that such a distribution can be slightly adjusted to obtain a perfect balanced pairwise
distribution. These two results are then combined, in Theorem 5.5 below (proved in Section 5.3.3),
to obtain the desired hardness results.

Theorem 5.5. Suppose we are given positive integers (wj) ', such that Z 1w3 < 100n and
2]21 wj s odd. Further, suppose that for at least 400logn dzﬁer@nt values ij we have w; = 1.
Let P(x) = sgn(wizy + - -+ + wpxy,), then, for any € > 0, the UGC implies that it is NP-hard to
distinguish between those instances of Maz-CSP(P)

4
e that have an assignment satisfying at least a fraction 1 — O (%) — € of the constraints;

e and those for which any assignment satisfies at most a fraction 1/2 + € of the constraints.

5.3.1 Almost Balanced Pairwise Distribution

In this section we prove the following:

Theorem 5.6. Suppose we are given positive integers (wj)?zl such that Z?Zl wg-’ < 100n and
=1 for at least 400logn different values of j. Then there is a distribution u over {—1,1}"
satisfying

n w2
P wi X, > 0] = 10 (Uh)
E[X;] =0 fori=1,....n
E[X; X] = 0 (%) fori,j:1<i<j<n.

The technical part of proving this theorem is captured by the following lemma.

Lemma 5.7. Suppose we are given positive integers (w]) _, satisfying the conditions of Theo-
rem 5.6. Let Wmax be the smallest integer such that Wmax > max; w; and ZFl Wj + Wmax = 0
mod 2, then there is a distribution v over {—1,1}" with support {x : Z?Zl W;jxj = Wmax} Satisfying

E[X]] = wzgx +O< rnax) forj:17'_"n
ElXiX;l = —wo +O< max) fori<i<j<n,
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Before giving the proof, let us see how this lemma implies Theorem 5.6. The Distribution v is

such that E[X;] = w; Zw"“x 5 + Bj where 3; = O( m‘”‘) for j =1,...,n. Let Omax = max; |F;| and

let T =02, + (1 + Bmax)W?. Now define the distribution z over {—1, 1}™ as follows:

wi

; J—
with probability % sample a vector where the j:th bit is set to 1 with probability —gmax
independent of the other bits;

with probability WT(Q): sample a vector from v; and

B

-
LW: sample a vector where the j:th bit is set to 1 with probability ﬂ.

with probability
To verify that p satisfies E[X;] = 0 and E[X;X;] = O(%) is now an easy task and left to the
reader. Furthermore, i satisfies (as required)

W(Z) W(2) 1 ﬂmax + wmax
T w?nax (1 + ﬁmaX)W@) N wr2nax (1 —+ ﬁmax)W(Q) B

2 2
= 140 <wmax> 1+0 (wmax) ’
n n

where we used that Wmax < Wmax + 1. Let us remark that the O(-) terms of Lemma 5.7 arise

when we estimate probabilities using complex integrals. If we omit those terms then the distri-

bution p, defined as above with (4, = 0, would be balanced pairwise independent and satisfy
2

Pr(>% w;X;] > Wf) =1- #M’ i.e., essentially matching the bound of Theorem 5.10.

We proceed with the proof of Lemma 5.7.

n
Pr Z’u}ij >0
j=1

Vv

Proof. That the set {X : 370} w;X;j = Wmax} is non-empty follows from that 3 7} w; + Wmax = 0
mod 2 and that the assumptions on the weights (w;)7_; imply that wpax < 5nl/3, w; < 5 for at
least n/5 different values of j, and w; = 1 for at least 400logn different values of j. Now let v be
the distribution over {—1,1}" that samples uniformly at random among all possibilities a vector in
{X 0270 0 X = Wmax}-

By definition, we have that the support of v is {z : 29:1 w;xj = Wmax}. We proceed by
analyzing the expectation of X, with respect to v for a fixed jo : 1 < jo < n. Let W = 2?21 W
and let Y = > w;Y; be the weighted sum of n — 1 balanced Bernoulli random variables.

J=1,j#3o -~
Further, let A and B be the events that Y = % and Y = %, respectively. With
this notation, the expectation E[X},] can be written as
Pr[A] — Pr[B
Pr[A] + Pr[B

Applying Lemma 2.5 and letting ¢o = 1‘\)%17

#o ~max — Wy 1
Pr[A] = / cos (cpw2wjo> h(p)dp + O <n4>
0

©o = .
Pr[B] = / cos (gpwmax; w]()) h(p)de + O <nl4> ,
0
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where (@) = [7_; j4;, cos(wjp/2). Using Taylor expansion, we may write

cos <¢11)m2—wg) + cos <¢wm2+wa> 24 0@, %)

and

7 — . 7 _|_ .
COs (@wmax2u}jo> — COoS ((pwmax2w30> - wmaijogp /2 + O( maijosp )

Substituting in these expansions give us that

| = 7 () (P50 0% 4+ O3 twineh) )i + O ()

E[Xj, 7O h(9) (2 + O(P*WR,0x))dp + O (57)

We now use Lemma 2.6 to evaluate this expression. Letting Sy = > " J=1,57j0 w2 we can thus write
E[X},] as

L oy () + O(agve) (5) ™
VR () Lo, (82) 7

As Sy = Q(n) and wpa = O(n'/3), this can be simplified to

(1+(’)(%)).

1+O mdx ﬁ~max o (2 - ~rnax max ~2
( ( )) 8 w w]O(S) (1+O(w )) _ U} a; w]0(1+0( rTnlaux»7

(1+ O(F)) v n 2

which in turn (since >2%_, w =(1+0( m‘“‘)) D01 %o wjz) equals

02 = ~4

ot (1 4 (s - ety o i)
2 i wy n D=1 Wj n
We complete the proof by analyzing the expectation of X;, X, with respect to v for fixed 4o, jo :
1 <ig < jo < n. The arguments are similar to the ones used above for E[X;] and sketched in the

following. Let now Y = > J=1,j¢{i0.jo} w;Y; be the weighted sum of n—2 balanced Bernoulli random

. Umax —2 4 —2wj D
variables. Further, let A, B,C, and D be the events that ¥ = Wi 2w° Ty = W*g’mx,
~max_2 [ ~maux_2 j
y — I/V-l—w2 wO,andY: W+w2 Wi
E[X;,Xj,] can be written as

, respectively. With this notation, the expectation

Pr[A] 4+ Pr[B] — Pr[C] — Pr[D]
Pr[A] + Pr[B] + Pr[C] + Pr[D]’
Applying Lemma 2.5, we obtain for F € {A, B,C, D}

el = /0% o <“’W) h() dgp + O <nl4>

where h(p) now is H;L:ng{imjo} cos(wjp/2) and g(A) = —(wi, + wj,), 9(B) = wi, + wjy, 9(C) =
—(wi, — wj, ), and g(D) = w;, — wj,. Similar to before, we use Taylor expansions to obtain

E[X; X;,] = — 0@0 h(@)(wzowmsﬁ’ + O(w maxwmwmgp ))dgo—i—(/)(%)
io <% jo O () (44 O(p*02,4,))de + O (1)
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and then evaluate the expression using Lemma 2.6 to get that this equals

™ S -3/2 ~ S: -5/2 ~
_ wigwi (%) 4 Ohwign) ()7 (| o e

2
27 (£2) 712 4 02, (£2) 77 n

where Sy = Z?:L id{iojo} w]?. Similar simplifications as before now yields the desired result. O

In the next section we discuss how to find a distribution with a prescribed set of correlations. We
later use this to make our almost pairwise independent distribution perfectly pairwise independent.

5.3.2 Existance of Correlated Random Bits

Given a matrix a € R™*" a necessary and sufficient condition for the existance of a random real
vector with covariance matrix « is that « is symmetric and positive semidefinite. For sufficiency it
is enough to consider a (possibly degenerate) normal distribution. However, for a random vector
of bits X € {—1,1}" this is not sufficient even if we require o;; = 1 for all i. An example is n = 3
and o j = —% for ¢ £ j. Although « is positive semidefinite no such distribution on bits exist since
for bits | X1 + X2 + X3| > 1, but such an o we imply

6
E[(X1+ Xo+ X3)%| = > a;j=3— 5 =0
,J

We will give a sufficient condition for random bits, but first we start with a classical lemma:

Lemma 5.8. Let Zy,Zy ~ Norm(0,1) be standard normals with covariance E[Z1Z5] = p. Then
Pr(sgn(Z1) # sgn(Z2)) = arccos(p)

™

Proof. Let Y ~ Norm(0, 1) be a standard normal variable independent of Z; and Z, and let

Zh = pZ1 + 1= p2Y = cos(¢)Z1 + sin(p)Y

where ¢ = arccos(p). Then (Z1,Zs) and (Z1, Z)) are identically distributed. Further Z} is the
first coordinate of the random vector (Z1,Y) rotated by an angle ¢. But since the distribution
of (Z1,Y) is rotationally symmetric, the probability that the sign of the first coordinate changes
under such a rotation is 2, i.e.
arccos
Pr(sen(Z:) # sen(2) = Pr(sen(Z2) # san(2)) = £ = 2]
O

Using this lemma we now show that for the existance of random bits it is sufficient to have
pairwise covariance bounded by %

Lemma 5.9. Let o € R™ "™ be a symmetric matriz with a;; = 1 and | j| < % foralli # j. Then
there exist a distribution on random bits X1, ..., X, taking values in {—1,1} such that E[X;] =0
and E[X;X;| = o 5, for alli,j € [n].

Proof. Let S € R™ "™ be defined by
. ™ ™
S;j = sin (50517]) = cos (5(1 — aw)>
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and note that S;; = 1 while |S; ;| < Z|a;;| < L for all i # j. Furthermore, S is positive semidefinite
since for any z € R™ \ {0} we have

n n n n
1 1 1
T 2 2
oSr >y ot Y —wmw> ) el - —lwl Y —=lwl 20,
i=1 n i=1 ¢:1\/ﬁ j:l\/ﬁ

B,€[n]:i]

where the last inequality follows from Cauchy-Schwarz. Since S is positive semidefinite we can
let Z ~ Norm(0, S) be a (possibly degenerate) n-dimensional normal with mean 0 and covariance
matrix S. We will take X; = sgn(Z;), for i = 1...n. Clearly E[X;] = 0, and further for any i, j we

have g
E[X;X;] =1 — 2Pr(sgn(Z;) # sgn(Z;)) = 1 — g recos(Sig) _ i,
™

where we have used Lemma 5.8. O

5.3.3 Proof of Theorem 5.5

n
E[X;] = 0 and E[X;X;] = B;;, where 3;; = O (%) Let fmax = max;j|G; ;| and let oy ; =
— P2 g all g # j. Let now v denote the distribution over {—1,1}" satisfying E[X;] = 0 and

max 7T
X;X;] = a;j. Such a distribution is guaranteed to exist by the sufficient condition shown in
Lemma 5.9 (since |a;;| < 2 for all i # j). Let p = 5majm+2 and consider the distribution D: with

probability p sample from p and with probability 1 — p sample from v. It is easy to see that this
distribution is balanced pairwise independent. Furthermore,

By Theorem 5.6, there is a distribution p over {—1,1}" satisfying Pr[P(X) =1 =1+ O (w‘%’a"),

Pr  [P(X)=1] > Pr  [P(X)=1]

Xe({-1,1}".D) pXG({—lal}”»M)
ﬂmaxﬂ'n Winax
( Bmax™n + 2 +0 n
= (e () (1o ("))
n n
4
rvo(th)
n

5.4 A Limitation of Our Technique

[N}
N———
N———

Theorem 5.1 now gives the result.

Finally, we give a limitation on the technique of proving hardness by constructing balanced pairwise
distributions.

Theorem 5.10. Let P(x) = sgn(wiz1 + - -+ + wpay) be a homogeneous linear threshold predicate.
For any balanced pairwise independent distribution p over {—1,1}",

Pr [P(z)=1<1— - max
xe({—l,l}",u)[ (@) =1]< 4375 w?

where Wyax = max; w;.
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Proof. Let X = Z?:l w;X; and let p be a pairwise independent distribution over {—1,1}".
Throughout the proof all expectations and probabilities are taken with respect to the distribu-
tion p. Since p is balanced and pairwise independent

Var[X] = E[X?] = zn:wj?.
j=1

Now let p = Pr[X < 0|X,, = —1]. By pairwise independence E[X|X,, = —1] = —w, = —Wnax-
Hence,
Wmax 2 w?
E[X[X <0,X, =-1] <~ and E[X%|X <0,X, = —1] > nax,
p P

To summarize, we have that

i 2 [ 2] pwr2na w?ﬂa

uf = ELX?) > § s e

= 2 p 2p

and since Pr[X < 0] > p/2 the statement follows. O

By the above theorem, a homogeneous linear threshold precidate can only partially support any
balanced pairwise independent distribution, and the gap shown by the theorem directly affects the
degree of satisfiability that one can expect from the almost satisfiable instances in Theorem 5.5.

6 Conclusions

We have studied, and obtained rather tight bounds for the approximability curve of “majority-like”
predicates. There are still many questions to be addressed and let us mention a few.

This work has been in the context of predicates given by Chow-robust threshold functions.
Within this class we already knew, by the results of Hast [7], that no such predicate can be approx-
imation resistant and our contribution is to obtain sharp bounds on the nature of how approximable
these predicates are. It is a very nice open question whether there are any approximation resistant
predicates given as thresholds of balanced linear functions. It is not easy to guess the answer to
this question.

Looking at our results from a different angle one has to agree that the approximation algorithm
we obtain is rather weak. For large values of n we only manage to do something useful on almost
satisfiable instances and in this case we beat the random assignment by a rather slim margin. On
the other hand we also prove that this is the best we can do. One could ask the question whether
there is any other predicate that genuinely depends on n variables, accepts about half the inputs
and which is easier to approximate than majority. It is not easy to guess what such a predicate
would be but there is also very little information to support the guess that majority is the easiest
predicate to approximate.

Using the results of Austrin and Mossel, Austrin and Hastad [1] proved that almost all predicates
are approximation resistant. One way to interpret the results of this paper is that it indicates that
the following statement might be true. For the few predicates of large arity where we can get some
nontrivial approximation, we should not hope for too strong positive results.
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A The Unique Games Conjecture

Although we do not directly use the Unique Games Conjecture (UGC), we define it here for the
sake of completeness. An instance of Unique Games £ = (G(V, W, E), [L], {7yw}(v,u)) consists of
a regular bipartite graph G(V, W, E) and a set [L] of labels. For each edge (v,w) € E there is a
constraint specified by a permutation 7, ,, : [L] — [L]. The goal is to find a labeling £ : (VUW) —
[L] so as to maximize val({) := Pr.cg[l satisfies e], where a labeling ¢ is said to satisfy an edge e =
(v,w) if £(v) = 7y w(f(w)). For a Unique Game instance £, we let OPT(L) = max,.yuw.(r] val(£).
The now famous UGC that has been extensively used to prove strong hardness of approximation
results can be stated as follows.

Conjecture A.1 ([11]). For any constants (,y > 0, there is a sufficiently large constant L =
L(¢,v) such that, for Unique Game instances L with label set [L], it is NP-hard to distinguish
between OPT(L) > 1— ¢ and OPT(L) < .
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