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1. Show that the linear interpolant 71 f of a function f on an interval I =
[a, b] satisfies the interpolation estimates:

@) f =" fllreoap) < (0= a)? 1" l| oo (o)
) M = () Lo apy) < (0= a)|f" Lo (ap)-

2. Let U be the ¢G(1) approximation of u satisfying the initial value problem
tt+au=f, t>0, u(0) = ug.

Let k be the time step and show that for a =1,

(= U)(D)| < min (|[k(f = U = Ul o0, T Kl | oogo, -

3. Show that the dual of the problem 2:
—<,b+a<p=0, 0<t<tn, (p(tN) = €en,
satisfies the stability estimate:

(1)) < exp(Atn)len|,  iffa(t)| <A forall 0 <t <ty
— | lewnl, if a(t) >0 for all 0 <t <ty.

4. Consider the boundary value problem
—(au)' =f, 0<z<1, u(0) = u'(1) = 0.

(a) Show that the solution of this problem minimizes the energy integral

Fw =y [ a2 [ 1

i.e., u € V where V is some function space and F(u) = min,cy F(v).

(b) Show that for a = 1 and a corresponding discrete minimum F(U) =
min,cy, F(v), with U € Vj, C V we have that

1
F(U) = F(u) + 5 |(u—UY|".
(c) Let @ = 1 and show an a posteriori error estimate for the discrete

energy minimum: i.e., for |F(U) — F(u)|, with V}, being the space of
piecewise linear functions on subintervals of length h.

5. Apply the finite element method ¢G(1) and prove an a posteriori error
estimate for the following Neumann problem:

—V-(aVu)+u=f, inQcCR? adyu =g, onl =0Q.
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