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1. a) Derive the fundamental solution for the initial value problem
w(t) + a(t)u(t) = f(t), 0<t<T, u(0) = up.
b) Prove the stability estimates

>a>0 = [u(t)] < e ol + & (1 - ™) maxocs<|£(5)|
i) a(t) 20 = |u(®)| <|uol + [y [£(s)|ds.

2. Show that for a(t) > 0, and for N = 1,2,..., the piecewise linear ap-
proximate solution U for the problem 1 satisfies the a posteriori error
estimate

lu(ty) — Un| < max k(U +aU = f)|, k=ky, for ty_1 <t < tp.
N

3. Prove a priori and a posteriori error estimates, in the energy norm ||v||% =
[|v'|[24a||v||?, for the ¢G(1) approximation of the boundary value problem

—u"(z) + v/ (z) + au(z) = f(z), 0<z <1, u(0)=wu(l)=0, a>0.

4. a) Formulate a ¢G(1) finite element method for the following system

{ u(z) +0"(z) = f(z), v(0)=v(1)=0, <z<I,
u"(z) —v(z) =0, u(0) = u(1) =0,

and show how the approximate solution (U, V') can be computed from the
load vector F', using mass- and stiffness matrises.

b) Derive stability estimates for v and v, in terms of f, (e.g., through
multiplying the first equation by u and the second by —v).

5. Consider the following Schrédinger equation
+1Au=0, in €, u =0, on 09,
where i = v/—1 and u = uy + fus. a) Show that the the Ly norm of the
solution, i.e., [, |u/® is time independent.

Hint: Multiply the equation by & = u1 —ius, integrate over € and consider
the real part.

b) Consider the corresponding eigenvalue problem, of finding (A, u # 0),
such that
—Au=Au in €, u=0, on 0.

Show that A > 0, and give the relation between ||u|| and ||Vu|| for the
corresponding eigenfunction w.

c) What is the optimal constant C (expressed in terms of smallest eigen-
value A1), for which the inequality ||u|| < C||Vu|| can fullfil for all func-
tions u, such that w = 0 on 9Q2?
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