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ABSTRACT
NP-completeness is one of the most central concepts in com-
puter science, which has been applied in many diverse appli-
cation areas. Despite this, students have problems grasping
the concept and, more specifically, applying it to new prob-
lems. In this paper, we describe the approach we used while
teaching NP-completeness in our courses and we present
some very promising preliminary results. Our approach is
mainly based on the idea of making more evident the fact
that proving a new NP-completeness result is not at all dif-
ferent from designing a new algorithm. On the ground of
this idea, we used tools typically applied to the teaching of
algorithms (such as automatic program assessment and al-
gorithm visualization systems), accompanied by other activ-
ities mainly devoted to augmenting the motivation to study
computational complexity and forcing students to think and
take stand.

1. INTRODUCTION
In his 1997 invited talk at a theoretical computer science

conference [17], Christos Papadimitriou observed how the
notion of NP-completeness has become a pervasive and in-
fluential concept in many diverse disciplines, ranging from
“statistics and artificial life to automatic control and nu-
clear engineering”, and gave some very interesting and valu-
able reasons for this success. One of these reasons is that
NP-completeness is a “valuable intermediary between the
abstraction of computational models and the reality of com-
putational models”. As a consequence, it now is a widely
accepted fact that NP-completeness is a fundamental con-
cept that “any CS professional should understand and be
able to apply” [14].

On the other hand, it is also quite well-known that compu-
tational complexity is not easy to teach or to learn and, in
general, the problem of presenting theoretical foundations
of computer science in an integrated and motivating way
has been studied since several decades ago (see, for exam-
ple, [15]) and it is still an interesting and valuable research
area in computer science education (see, for example, [10]).

Motivation of the usefulness of a subject is important for
learning [13]. For example, Light et al write:

In professional courses, the match between
a student’s understanding of what it means to
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be an engineer or a doctor and what the course
seems to be providing can be crucial both for
motivation and intellectual development.

So if the students have trouble seeing the usefulness of sub-
jects like computational complexity they might be less mo-
tivated to learn.

We have seen that many students have trouble grasping
the central ideas and concepts of computational complexity,
whose most central concept is the reduction between prob-
lems — the transformation (in polynomial time) of the input
of one problem into the input of another problem. In our
experience, students have trouble with reductions in com-
putational complexity on three levels: to come up with the
idea for a reduction, to prove that the reduction is correct,
and to describe what the implications of the existence of a
reduction are, for instance getting the direction of the re-
duction right in a proof, is considered hard. Now, getting
an idea for a reduction is very similar to getting an idea
for any algorithm that we want to design. Proving it to be
correct is connected to mathematical skills and knowledge
of proof techniques. The implications of a reduction in the
context of a NP completeness proof, what characteristics
of a problem is “transferred” or “preserved” during a reduc-
tion, is a somewhat separate set of facts and connections
that needs separate attention. The reduction is supposed to
be used in a proof, but the motivation for doing so is the
same for all NP completeness proofs. Without seeing that
this is the purpose of designing a reduction in this context,
many students end up constructing total search algorithms
while working on their proofs. Either the students are not
motivated enough, or the structure of the teaching is bad.

If the perceived hardness of reductions is not due to the
lack of application, it might be that one missing ingredient
while teaching these concepts is that the concepts themselves
are just another way of usefully applying the algorithmic way
of thinking which is usually taught to all computer science
students. In other words, a further motivation to learn NP-
completeness is that designing reductions can be, in a certain
sense, exactly the same as designing efficient algorithms: a
student enjoying this latter activity should also enjoy the
former one.

If the hardness is due to the fact that there is a very spe-
cific use for reductions in this context, maybe we could pin-
point exactly that without simultaneously keeping students’
attention on the algorithmic aspects. Previous research on
reductions have found that when confronted with the task
to construct an algorithm based on a reduction, students
tend to try reducing abstraction by “opening up the black



box” [3, 4] , involving themselves with the details of the
problem that should be reduced instead of the properties of
the reduction, which easily leads to algorithms for solving
the original problem instead of reducing it.

Finally, if the hardness is due to their experience with
proofs, knowing what we always want to prove for an NP
reduction might help, but this is a larger issue that possibly
needs an cross-curricular approach and is better attacked
by special courses like the ones described by [16]. Also the
attempt to make reductions “a habit of mind” [4] might
fit into that approach. In order to implement this strategy
for improving the motivation to learn NP-completeness, we
decided to try to improve the teaching and the learning of
complexity in our courses in two different countries, refer-
enced as School 1 and School 2 respectively, by making the
theoretical subject of computational complexity into some-
thing more concrete. We decided to make use of two typical
tools for teaching the design and the analysis of computer al-
gorithms; an automated program assessment system and an
algorithm visualization system (it is worth observing that
even though NP-completeness is one of the concepts stu-
dents typically struggle with, as far as we know this concept
is not well covered by educational software: the only two ex-
periences we are aware of are the ones described in [5, 18]).
We also supported the use of these two tools with other
activities mainly devoted to highlighting the usefulness of
learning computational complexity and to forcing students
to think and to take stand. This paper describes these activ-
ities that we introduced in our courses and how the students
responded to them.

2. THE COURSES
The experiment was performed during 2011 in the courses

described below.

2.1 The School 1 course (TCS)
Theoretical Computer Science (TCS) is a third-year course

of the Computer Science bachelor program at School 1, given
by the first author. The prerequisites for this course are Al-
gorithms and Data Structures, Computer Architecture, Dis-
crete Mathematics and Logic, and Programming. The course
is formed by three parts: a part devoted to the theory
of computation (approximately, 36 hours), one devoted to
the theory of formal languages (approximately, 24 hours),
and the last one devoted to the theory of computational
complexity (approximately, 12 hours). The topics covered
during this latter part were the following: time complexity
and the class P (2 hours), 2-satisfiability, polynomial-time
reducibility, and 2-colorability (2 h), the maximum bipar-
tite matching and the tower problem (2 h), the class NP,
NP-completeness, and 3-satisfiability (2 h), 3-colorability,
Hamiltonian path, and Subset sum (2 h), the Cook-Levin
theorem (2 h), and the class EXP, the class PSPACE, and
the Savitch theorem (2 h).

2.2 The School 2 course (ADC)
Algorithms, Data structures and Complexity (ADC) is a

compulsory third-year course in the 5-year Computer Sci-
ence and Engineering program at School 2. The prerequi-
sites for this course are the same as for the School 1 course.

In 2011 ADC consisted of 32 lectures (the first three two
hours and the rest one hour), given by the third author,
12 two hour tutorials in three groups, given by PhD and

Why do you need to learn computational complexity?

1. Prerequisite to advanced courses (e.g. cryptography).

2. Will help you to attack hard real problems as an en-
gineer.

3. Makes you more attractive to several companies.

Figure 1: Arguments for learning complexity.

master students, and 12 computer lab sessions. Besides the
computer labs the assessment consisted of two homeworks
and a written theory exam. There was also an optional oral
exam for students aspiring to get the highest grades.

The first 18 lectures, 7 tutorials and 3 computer labs cov-
ered construction and analysis of algorithms and data struc-
tures. The following lectures covered reductions (1 h), in-
troduction to complexity (1 h), Turing machines and unde-
cidability (2 h), Cook-Levin theorem (1 h), NP-reductions
and NP-completeness (3 h), approximation algorithms and
heuristics (3 h), other complexity classes (2 h). The tu-
torials in parallel covered reductions and undecidability (2
h), NP-reductions and NP-completeness (4 h), approxima-
tion algorithms (2 h), solution to the complexity homework
(1 h), and complexity classes (1 h).

3. THE ACTIVITIES
We have developed several activities meant to improve the

learning of computational complexity. Some of them were
used before in one of the courses but not in both.

3.1 The usefulness of learning complexity
The main motivational problem could be that the students

don’t think that they will benefit anything from learning
complexity, outside of the course.

In order to get proof of the industrial usefulness of compu-
tational complexity we sent the following questions to some
former students now working in industry:

1. Describe a case where knowledge of computational com-
plexity has helped you in your work.

2. Do you regard algorithmic knowledge and knowledge
of complexity as a merit when recruiting computer sci-
entists?

We got several positive answers, leading to a 5 minute
motivational part of the lecture where complexity was in-
troduced in ADC. Three arguments were presented to the
students, see Figure 1. An example of attacking hard real
problems (second argument) came from Gustav Grundin:

At Racasse we developed the price compari-
son service RedElvis. It was to find the cheapest
way to order books, music and video on the web,
considering delivery terms, discounts etc. We
showed that the complexity of the problem is too
high. Therefore we implemented some heuristics
instead of an optimal algorithm, and found that
Simulated annealing gave solutions which in ev-
ery test were equal to or better than the best
solution a human could obtain.



Employability arguments were also given: at interviews at
Vodaphone or Google it is safe to assume that some ques-
tions will be about complexity.

3.2 Visualizations of reductions
As stated in [6], a reduction is for all purposes an algo-

rithm, which transforms instances of a starting problem into
instances of a target problem: it is then natural to use al-
gorithm visualization techniques while teaching reductions.
In both courses we used the AlViE system [1] to present the
visualizations of two reductions in the following way.

Two of the three reductions from 3-satisfiability to Sub-
set sum, 3-colorability and Vertex cover (inspired by [12,
19]) were selected and presented theoretically in a lecture.
During the reduction explanation, the teacher made use of
the visualizations, which were successively made available on
the AlViE web site, so that the students could experiment
themselves. The two visualizations not only show how the
starting instance x is transformed into the target instance x′,
but they also show how a solution of x can be transformed
into a solution of x′.

3.3 Implementation of a reduction
Kattis is an automated program assessment system. The

typical way of using this system in teaching is described in
[9]. The specific exercise that the students were presented
with was a reduction task, where they could choose between
inputs for two NP complete problems, and then reduce it to
input for a new problem that was described in their instruc-
tions. The task is to produce source code that achieves this
goal, and to be able to explain why it works. During the
process of solving the task, students had access to Kattis,
and could make use of it in any way preferred. Source code
is submitted to Kattis, and the system runs secret test cases
and interprets the output of the submitted code, and then
reports the results to the students via email and/or a web
interface. The feedback from Kattis for this problem con-
sists of information on whether the solution was working or
not, and in case it was not, sometimes small hints on what
could have happened, and always information on whether a
“yes” instance had been transformed to a “no” instance or
vice versa. This is a slight change in the feedback compared
to [8], where this particular exercise is described further.

3.3.1 Introduction to Kattis
The ADC students had already used Kattis in two labs

when starting to work on the NP reduction lab. The TCS
students had to be introduced in two steps in order to be-
come acquainted with the system itself and with the way it
specifies the input data.

After the first 2 hours, the TCS students were asked to
submit a first very simple program, that is, a program print-
ing the message Hello World!. After the first 6 hours, the
students were also asked to solve the sorting problem and to
submit their solution to the Kattis system.

3.3.2 The reduction computer lab 1 – Peer review
The students were given the text of the laboratory exer-

cise. The text also contained six theory questions that the
students were asked to answer before solving the exercise.

After the first 12 hours of the complexity part of TCS
(10 hours of ADC), the students were asked to perform a
peer review of the answers given to the theory questions

included in the laboratory exercise text. This activity took
15 minutes.

3.3.3 The reduction computer lab 2 – Submission
During the next week, the students had to submit to the

Kattis system their solution of the laboratory exercise. In
the ADC course the students also had to discuss their solu-
tion with a TA during the scheduled computer lab hours.

3.4 Low budget clickers at lectures
The advantages with clicker questions are well-known, es-

pecially for teaching physics [7]. For example, they acti-
vate the students by forcing every student to think and take
stand, they reveal misconceptions immediately both to the
teacher and each student, and the result is often interesting
to discuss: why did some/many students answer different
than the rest? A goal is to reveal and remedy misconcep-
tions as early as possible in the learning process.

At School 2 there is no clicker system, so we constructed
our own low-budget system. We divided coloured (yellow
and blue) A4 sheets into four cards and distributed one yel-
low and one blue card to each student at the beginning of
the lecture. During the lecture questions with two answer
alternatives, marked yellow and blue, were presented. Every
student was supposed to answer by showing either the yel-
low or blue card. Then the teacher summarized the result
in percentage and discussed it.

In the course the clicker questions were introduced in an
algorithm lecture before the complexity lectures. At the
end of the lecture we asked (using the cards) whether we
should continue to ask such questions. Everyone answered
yes! We then used clicker questions in most complexity lec-
tures to reveal and remedy misconceptions on undecidability
and reductions. Some questions required discussion among
the students and some questions required fast response.

4. EVALUATION
We have evaluated the new activities in both courses in

several ways, described below. Unfortunately we were not
able to organize control groups, but in the ADC course we
as a part of the post-test asked the students which of the
new activities they had attended.

4.1 The pre-test
After the first 6 hours of TCS (3 hours of ADC), the

students were asked to take a pre-test on the notion of
polynomial-time reducibility. In TCS they were asked to
prove that two problems belong to the class P by making
use of the reduction technique. The students had 30 min-
utes to solve these two problems. In ADC the students had
20 minutes to solve one NP-reducibility assignment, see Fig-
ure 2, and to prove a given NP-reduction from Subset Sum
to Partition to be correct. The assignment in Figure 2 is
solely about what we know of the problems involved in a re-
duction, and does not involve what the reduction looks like.
Just asking the students this type of question, that they
normally are not asked, directs their attention to the fact
that this is important in it self. We had not used this type
of question before, but it was appreciated by both students
and teaching assistants.

4.2 The post-test



A, B, C, D and E are decision problems. Suppose that B
is NP-complete and that there are polynomial-time Karp
reductions between the problems in the following way:

E ← A → B → C
l
D

What will we know about the complexity of A, C, D,
E? Mark with a cross each square that corresponds to
something we know for sure.

in NP NP-complete NP-hard
A
C
D
E

Figure 2: Assignment 1 from the pre-test (ADC)

At the end of the course, the students were asked to take
a post-test on the notion of polynomial-time reducibility. In
TCS they were asked to prove that two problems are NP-
complete and that one problem belongs to the class P by
making use of the reduction technique. The students had 30
minutes to solve these three problems. In ADC the post-test
was similar to the pre-test, 20 minutes with a first assign-
ment of the same type as Figure 2 and a second assignment
to prove a given NP-reduction from Clique to Vertex cover
to be correct.

4.3 The evaluation surveys
At the end of the courses, the students were asked to fill

in a short questionnaire concerning the new activities and
the usefulness of the teaching material used during the last
part of the course.

4.4 Comparison to results of the assessments
It is very hard to show that a change in a course has a

positive effect by comparing assessment results, since there
are so many other variables involved.However, we have tried
to do this in the School 2 experiment. Since we have at least
partial information about which new activities each student
attended we can compare the number of activities to the
student’s performance on the two homework assignments of
the ADC course.

5. RESULTS
We will report the results of the evaluations separately for

each course.

5.1 The School 1 experiment
The experiment took part in May and June 2011, with

twelve participating students. According to statistics over
their grade on previous partial exams, the student sample
was mostly formed by medium/high level students.

5.1.1 The exercise results
The pre- and post-tests were each assigned grades between

0 and 6 by the teacher. The grade of the peer review (which
was assigned by the students themselves) was between 0
and 3. Finally, the result for the reduction computer lab

Student Pre- Peer Computer Post-

test review lab test

s1 5 3 Accepted 2
s2 5 3 Rejected 0
s3 3 3 Rejected 3
s4 2 2 Accepted 0
s5 0 1 Accepted 0
s6 1 3 Accepted 2
s7 4 3 Not submitted 2
s8 3 3 Accepted 3
s9 6 2 Accepted 6
s10 4 3 Accepted 3
s11 5 2 Rejected 5
s12 0 2 Accepted 1

Table 1: The grades obtained by the students in all
the activities (School 1)

either Accepted or Rejected (in this latter case, there was
also some sort of justification for the rejection). The grades
obtained by the students in all the activities are summarized
in Table 1. It seems that the activities performed between
the pre-test and the post-test did not cause an improvement
in the obtained grade.

5.1.2 The survey results
The survey contained four questions concerning the use-

fulness of the lectures, the lecture notes, the algorithm re-
duction visualization, and the reduction computer lab. The
questions were to be answered with a score between 0 (not
useful at all) and 4 (very useful). The results are summa-
rized in the following table.

Score
0 1 2 3 4

Lectures 0 0 1 3 8
Notes 0 2 1 4 5
Visualization 0 0 1 5 6
Computer lab 1 4 3 4 0

5.2 The School 2 experiment
The ADC course ran from September to December 2011,

and the experiment took place in October and November
with about 140 students.

5.2.1 The exercise results
At the (non-mandatory) tutorial sessions, students were

asked to take the pre-test and the post-test. They did not
have to complete it, and they could choose whether to put
their names on the paper. The tests were for research pur-
poses only and did not count to their grade. 47 students
were identified as having participated in both, using their
real names or pseudonyms. At the post-test, the students
were asked to what extent they had been participating in the
different activities investigated here. 73 students filled in the
post-test, out of which the majority (67 of them) responded
with their names which makes it possible to compare their
results on the rest of the course with their answers.

For the non-anonymous students, the average score im-
proved by a bit over two points on the first task, and with
less than one on the second. The distribution of grades
looked the same for the second task on both tests. Also,



several students got the highest score on the second task
of the pre-test by showing that the reduction in the second
task was polynomial, whereas no one got credits for this at
the post-test.

5.2.2 The survey results
At the final written theory exam each student received

one of two evaluation surveys. The first one was an open
question survey with questions about the pedagogical pur-
pose of each activity and whether this purpose was fulfilled.
The result of this survey will be analyzed in a future pa-
per. The second survey consisted of closed questions on the
meaningfulness and usefulness of the activities. All students
who got this survey answered it except two students who
had not taken part in any of the activities, a total of 59.

The number of students in the survey who had attended
each activity was: motivational lecture: 28, clicker ques-
tions: 52, reduction visualizations: 38, reduction computer
lab: 52. Each row below shows the ratio for the students par-
ticipating in that activity. Each question also had a “don’t
know” alternative, which is not presented in the summary.

1. Was the pedagogical purpose of the activity clear?
yes questionable no

motivational lecture 86% 11% 4%
clicker questions 92% 8%
reduction visualizations 80% 16% 3%
reduction computer lab 90% 6% 4%

2. Did you find the activity meaningful?
yes yes not not
very some- espe- at

what cially all
motivational lecture 21% 61% 7%
clicker questions 38% 44% 13% 4%
reduction visualizations 28% 38% 26% 8%
reduction computer lab 65% 35%

3. Did you learn some computational complexity by working
with the activity?

yes no
clicker questions 50% 40%
reduction visualizations 45% 34%
reduction computer lab 94% 4%

4. Do you think that activities like this one can make it
easier to learn computational complexity?

yes no
clicker questions 69% 19%
reduction visualizations 95% 5%
reduction computer lab 96% 2%

5. Did the activity add something to the course?
yes no

motivational lecture 75% 4%
clicker questions 83% 6%
reduction visualizations 76% 13%
reduction computer lab 94% 2%

Even if almost all students thought that they had learned
complexity in the NP reduction computer lab, both students
who did not instead thought that they had learned complex-
ity by both clicker questions and the NP reduction visual-
izations. This shows that it is useful to combine different
types of activities, since students are different and learn in
different ways.

Activities hw1 grade hw1 grade mean grade
attended >hw2 grade <hw2 grade hw1 hw2

>4 10 18 3.2 3.6
2 to 4 18 16 2.8 2.9
<2 18 1 1.7 0.6

Table 2: Number of students with different perfor-
mance between homeworks 1 and 2 (hw1 and hw2)
depending on the number of new activities attended
(ADC)

5.2.3 Comparison to assessments
In the ADC course there are two homeworks, the first is on

algorithm construction and the second one is on complexity.
Both homeworks are graded from A to F and are counted
equally for the final grade.

We want to compare the results on the complexity home-
work with the number of attended activities, where the NP
reduction computer lab is counted as 1.5 if submitted early.
Like in School 1, we could not see that students more suc-
cessfully solved their tasks with the activities than without
them. 23 out of 120 students failed on the complexity home-
work (the remaining students did not hand it in), and also
when looking at the group that attended more than two
activities, around 10 % failed.

We have also studied differences in the performances of the
students between the two homeworks. 113 students handed
in both homeworks. 35 students received a better grade
in the second homework (complexity) than in the first (al-
gorithms), 46 students received a better grade in the first
homework than in the second, and 32 students received the
same grades. The two homeworks had the same mean grades
2.6, in a linear scale where A is 5 and F is 0.

Our hypothesis was that students attending many activi-
ties should improve their grades to greater extent than stu-
dents not attending the activities. The results, which are
supporting the hypothesis, can be found in Table 2. Since
we don’t have full information about the activity attendance
from all students, a few students who should rightly be in the
middle group (2 to 4 activities) might have been counted in
the lowest row (<2) in the table. However, this won’t affect
the overall picture.

Of the 44 students who attended almost all (more than 4)
of the activities there were 8 (18%) more who improved their
grade on the complexity homework than got lower grade.
Of the 20 students who attended at most one activity there
were 17 (85%) more who got lower grade on the complexity
homework than improved their grade. Of the 49 students
who attended between 2 and 4 activities about the same
number got higher grade, lower grade and the same grade.
This is a clear indication that the activities had a positive
effect.

6. DISCUSSION
Why wasn’t the post-test results much better than the

pre-test results? Of course it is possible that the tests were
not valid for the abilities we wanted to trace, or that their
respective reliability differed. The pre-test might have been
easier than the post-test for both courses. For the School
1 course an explanation could be that the students were
already quite well acquainted with the notion of reducibility



because of the first part of the course, which was devoted to
the theory of computation.

At School 2, the fact that the students’ results on the
post-test only improved for the question type in Figure 2
also might have another explanation: Maybe students actu-
ally were not able to make use of their knowledge in a more
applied setting. If the tasks were equally difficult, the type
of knowledge tested in the second assignment was not devel-
oped during the course. Proving the correctness of a given
reduction might require students to have reached a higher
level in Bloom’s taxonomy [2] than they in fact did. Another
possibility is that the task is of a practical type rather than
theoretical — in order to prove reductions being concrete,
the student might need to acquire practical skills, that were
not practiced during the activities of the course. In either
case, we need to come up with more accurate ways of teach-
ing and examining exactly these skills as we seem to have
done by separating the issue of the first assignment from its
context in order for the students to be able to acknowledge
that it exists. Another explanation could simply be that 20
minutes was too short time for the students to solve both
problems!

When it comes to mentioning that the reduction should be
polynomial, the students performed worse at the post-test.
On the pre-test, students got descriptions of all conditions
that a reduction must satisfy, as they had not seen them
before at that time, and students had no pre-conception on
what to demand of a reduction, whereas on the post-test,
they got no hints. Students might during the course have
formed conceptions about what is generally difficult, forget-
ting to check “easier” parts.

That the assignment type in Figure 2 was not considered
especially difficult on the exam, shows that this was maybe
not that hard after all. The thing that had been the core
of many difficulties was not difficult in itself, after getting
the appropriate attention in teaching. It remains to inves-
tigate if this specific difficulty actually disappears also in
more complicated tasks. The disposition to reduce abstrac-
tion mentioned by [3, 4] also could not affect the students’
thinking about this exercise, since they knew nothing about
the problems involved.

In order to connect the three parts of reductions that stu-
dents find especially hard, we believe that we both need to
separate the different parts and direct attention to each in-
dependently of the others, but also that we need to show
how they relate to each other and to other parts of the
courses (which can be extended to other parts of the stu-
dents’ knowledge.) If a student has the preconception that
everything in the course will be about algorithms, the parts
about reductions and proofs might seem less important, and
the student would also not understand why a total search
was not as good as any other algorithm for the purpose of
proving NP completeness. This could possibly cause the
student to conclude that the complexity part is not related
to algorithm design at all, which would be a pity. On the
other hand, if a student clearly likes designing algorithms,
but thinks complexity is not related to this, it ought to be
easy for that student to learn what specific requirements are
always posed for the algorithms, i.e. reductions, that should
be constructed. By learning that there are such require-
ments, and learning which they are, the student could feel
more comfortable in designing reductions.

We found that the students liked the new activities and

that most of them thought that the activities helped them
to learn computational complexity. It is hard to prove that
more students now will pass the exam, but the statistics in-
dicate that the students who attended most of the activities
improved their grade by doing this.

It is hard for many students to understand and show cor-
rectness of reductions, at least at Scool 1 and 2. We think
that these problems are universal in complexity learning,
and some of the concepts could be considered as threshold
concepts. We plan to investigate possible threshold concepts
in computational complexity in our next study.
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