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Simple Bayesian Reasoning

BAYESIAN LEARNING, CONT:
P(DIh)P(h)

P(D) = 5

Danica Kragic

P(D) = 5 PIDI)P(h)

e For each hypothesis h; we need to know the probability of generating any
combination of data D

FKTHE

veTEnsKar 3 e The number of all posibble data sets is exponential in the number of basic

data attributes
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e Requires huge amount of data usually not available (sparse data problem)!
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Most Probable Classification of New Instances et
e So far we've sought the most probable hypothesis given the data D (i.e.,
hMAP)

e Assumption: training set consists of instances described as conjuctions of
attribute values , target classification based on finite set of classes V

A classifier

Class assignment

Select max

e Task: predict the correct class for a new instance < &, a, .... a, >

Consider:

Discriminant functions @@ @
Features ° e e @

e Three possible hypotheses:

P(h|D) = .4, P(hp|D) = .3, P(hg|D) = .3
e Given new instance X,

h(X) =+, ha(x) = —, h3(x) = —

e What's most probable classification of x?
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Bayesian Classification Bayes Optimal Classifier

e Instead of asking “What is the most probable hypothesis given training

e \We want to determine the most probable classification based on the com-
data?”, ask

bined prediction of all hypotheses, weighted by their posterior probabilities
e “What is the most probable classification of the new instance given training

° e LetV be a set of all possible classifications
data

e Instead of learning "hypothesis function”, h, the Bayes optimal classifier as-

i i P(vj|D) = ;P(lehi)P(hi|D)
signs the most probable class to the input data he

Types: e Bayes Optimal Classification
e Bayes Optimal Classifier
e Gibbs Classifier

e Naive Bayes Classifier

V= argm{\i/)P(vj\D) = argm@f%4 P(vj|h)P(hi|D)

e also known as model averaging - averaging predictions of lots of models

« Bayesian Belief Network (Bayes Net) based on the posterior probability of the model's parameters
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Bayes Optimal Classifier

Bayes optimal classification:
argmax ZH P(vj|h)P(h|D)

Example:

P(hy|D)=.4, P(~|hy) =0, P(+|hy)=1
P(h,D) = .3, P(—|hp) =1, P(+]h)=0
P(hs|D) =.3, P(—|hg)=1, P(+lhs)=0

therefore
Z P(+/hi)P(hi|D) = 0.4,

heH

P(~|n)P(h|D) = 0.6
hieH

argvrggﬁ; P(v;|h)P(hi|D)
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A classifier

Class assignment

Select max

Discriminant functions

Features

o with V = {v4,....vs} being categories/labels/classes
* Bayes - g;(X) = Tren P(vi(X)hi)P(hi|X)

e MAP - g;(X) = P(humap [X)

o ML - gj(X) = P(X|hw,)
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Naive Bayes Classifier

Assume discrete target function f(x): X — V, where each instance x described by attributes
(a1,a2...an) and f(x) takes any value from finite set V.
Most probable target value of his:

argmax’(cylay, @ .. an)

cjeC

Vmap

P(ag,ay. ..
argma (81,82 .an|Vj)P(v})
vjev P(as,a...an)

argmaP(ay, ;. .. aq|Vvj)P(vj)

viev

Naive Bayes assumption:
P(ay,a;...an|vj) = [ P(ailv;)
i

which gives

Naive Bayes classifiervyg = argmaxP(v;)
vjev

|_| P(ailvj)
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Gibbs Classifier

Bayes optimal classifier provides best result, but can be expensive if many hy-
potheses.
Gibbs algorithm:

1. Choose one hypothesis at random, according to P(h|D)
2. Use this to classify new instance

Surprising fact: Assume target concepts are drawn at random from H according
to priors on H. Then:

E[errorgibng < 2E[€rrorgayesoptimdi

o |ts expected error no worse than twice Bayes optimal
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Naive Bayes Classifier

Along with decision trees, neural networks, nearest nbr, one of the most practi-
cal and common learning methods.

When to use
e Moderate or large training set available

e Assumption: attributes that describe instances are conditionally indepen-
dent given classification (even if violated works well)

Successful applications:
e Diagnosis
o Classifying text documents
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- ftemp: windy  play
mild fals=  no
codl fals=  yes
het I
mild me o
outlook temperature hurnidity windy play
yes no yes no yes no yes no s no
sunmy 23 hot 2 2 high 3 4 false & 2 a B
overcast 4 0 mild 4 2 normal 61 rue 33
rainy 3z cool 31
yes no yes no yes no yes no s no
sunny 29 35 hot 29 25 high 30 45 false B0 25 914 514
owvercast 49 /5 mild 45 25 normal 69 15 true 3/9 A5
rainy am 25 cool 3/9 175
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Consider PlayTennis again, and new instance

Naive Bayes: Example

(Outlk = sun Temp= cool, Humid = high,Wind = strong
Want to compute:

e = argmaP(c;) ] P(ailc))
VieV

1
« playtennis (9+,5-): P(yes) = 9/14, P(no) = 5/14
o wind = strong (3+, 3-): P(strong | yes) = 3/9, P (strong | no)= 3/5

P(y)P(surly)P(coolly)P(highly)P(strongy) = .005
P(n)P(surin)P(cool|n)P(high/n)P(strongn) = .021

— Vg = NO
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Naive Bayes: Estimating Probabilities

Palv))=0 and P(vj)[]P(alv;) =0

Typical solution is Bayesian estimate for ﬁ’(a\vj): m-estimate of probability

ny,+mp
n+m

ﬁ(ai‘vj) -
where

« nis the total number of training examples for which v=v;,
o n, number of examples for whichv=v; anda= g

e pis prior estimate for ﬁ(ai\vj)
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Learns: 1) probability terms P(w|v;) - a randomly drawn word from an email of class v; is wg, and

2) priors p(vj).
Learnnaive Bayestext(ExamplesV)
1. collect all words and other tokens that occur in Examples
o Vocabulary— all distinct words and other tokens in Examples
2. calculate the required P(v;) and P(w|v;) probability terms
« For each target value v; in V do
— emailg — subset of Exampledor which the target value is v;

|emails|
- P(Vl)  [Examples

— Text « a single document created by concatenating all members of emailg
— n« total number of word positions in all training examples whose target value is v;

— for each word w in Vocabulary
* Nk — number of times word w occurs in Texj

n+1
* P(WV)) — Srvosabarary
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What if none of the training instances with target value v; have attribute value &? Then

e mis weight given to prior - how heavily to weight p relative to the observed data

p - if no additional knowledge, set p = 1/k where k is the number of values an attribute can have
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Naive Bayes: Independence Violation

e Conditional independence assumption is often violated
P(ay,az...anlvj) = [ | P(ailv))
I

— ...but it works surprisingly well anyway.
—Note! Don't need estimated posteriors P(v;|x) to be correct; need only
that

argmax®(v;) [ P(ai|v;) = argEnJa>P(v,-)P(a1. - anlvj)
i vj

Viev

— Naive Bayes posteriors often unrealistically close to 1 or 0

Danica Kragic

2D1431 Machine Learning Danica Kragic

S,
FKTHS
wéicn KONST 3%

o

Learning to Classify Email

Target concept SPAM? : {+,—}
1. Represent each email by vector of words
o One attribute per word position in document
2. Learning: Use training examples to estimate
o P(+)
o P(—)
Naive Bayes conditional independence assumption
lengtt(email)

|] P(a = wilvj)

where P(a = wqv;) is probability that word in position i is wy, given v;

P(emailv;) =

one more assumption: P(a = w|v;j) = P(am = Wy|vj),¥i,m
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Return the estimated target value for the email Email. & denotes the word found in the ith position
within Email.
Classifynaive Bayestext(E mail)

o positions— all word positions in Email that contain tokens found in Vocabulary

e Return vyg, Where
Vng = argmaxP(v;) P(a|vj)

viev iepositions
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BAGGING and BOOSTING
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Coping with “bad features”

—End result: a k-dimensional space,
—in which each dimension is a feature

—containing N (labelled) samples (objects)

Feature |
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Combine Classifiers

Choice: different training sets, different feature sets, ....

Classifier 1
Classifier 2

Classifier 4

2D1431 Machine Learning

COMBINING CLASSIFIERS:

Sl Computer Vision
—Sensors give measurements, which should be converted to features

(can be pure measurements, e.g. pixels!)

—Ideally, a feature value is identical for all samples in one class

TEYY
-

—~However:

—Measurement, discretisation noise
—_— e

— Variation between samples

L

—Poor features

Danica Kragic
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Coping with “bad features”

S
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Discriminant functions

1. Choose class of decision functions in feature space.
2. Estimate the function parameters from the training set.
Classify a new pattern on the basis of this decision rule.

(color

) . -]
£
¢

¢ e

x,(roundness)
ifh(x)>k x-—>pear

<k x —apple
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e Linear Discriminant Functions

Linear Discriminant Functions

(>0 @
T
hix)=w'x+w, h(x]:\\'rx—o—ub{ ( —>XE :I ‘
B o B s < .
is a linear function of the features x. . L2
where w determines the slope of the or, sharter,
; = - (color)
plane and w; determines the offset. 0 &
. " viz > Xe
If we define [\ 0 @,
z=(Lx...x,f. v= (w1 w, [ with
- . . r T
then the function can be written as z :[L_\I....‘.\'p } . :[“h- Weeis Wy } N
hix)=v'z X xl(roundne;;ﬁ
WX+ =0 Webb writes this as follows. Suppose
v, =z forx, € @ andy, =—z, forx, € w,
then weseek for a value of v for which
b * vy, >0 forally, corresponding to the x, in the train set.
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Classification problem
Bagging and Boosting

e Assume a set Sof N instances x € X each belonging to one of M classes
{ct,...,cM}

e The trainig set consists of pairs (x;, Cj)

e Bagging and Boosting aggregate multiple hypotheses generated by the
same learning algorithm invoked over different distributions of training data
[Breiman 1996, Freund and Schapire 1996]

e Bagging and Boosting generate a classifier with a smaller error on the train-
ing data as it combines multiple hypotheses which individually have a large
error

e A classifier C assigns a classification
C(x) € {c%,...,c} to an instance x

e The classifier learned in trial t is denoted C! while C * is the composite
bagged or boosted classifier

2D1431 Machine Learning Danica Kragic Danica Kragic
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Bagai
Bagging and Boosting agging

e For each trial, generate new training set of size N with replacements (multi-

e Bagging replicates training sets by sampling with replacement from the train- ple occurence of instances)
ing instances.
) . . . e A classifier C ' is generated for each training set
e Boosting uses all instances but weights them and therefore produces differ-

ent classifiers. e Final classifier C * is formed by aggregating the T classifiers

e Classifiers are then combined by voting to create a composite classifier. e An instance x is classified by counting votes for which

e Bagging: classifiers have same votes; Cl(x) =k

e Boosting: vote dependant on the classifiers’ accuracy and C *(x) represents the class with most votes
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Bagging £KTHY Bagging
» For each trial t=1,2,...,T create a bootstrap sample St. = From the overall training S set randomly sample (with
« Obtain an hypothesis G! on the bootstrap sample St replacement) T different training sets S,....,5, of size N.

: _— - _ = For each sample set S; obtain a hypothesis Ct .
= The final classification is the majority class i ) o .
= To an unseen instance x assign the majority classification
CpalX) = argmax .. X, 8(¢;,Ci(x)) cpa(x) among the hypotheses Ct classifications c,(x).

| ca=argmax .. %, 5(c,c.(0) |

A
[c] oo™ [c]

T train T train T train T train T train T train
[ Training set, | |Training set, | ... 3
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Boosting

e Construct a hypothesis C' from the current distribution of instances de-
scribed by wt

o Adjust the weights according to the classification error €' of classifier Ct

Boosting

e Boosting maintains a weight w; for each instance (x;, ..., c) in the training set
e The strength a; of a hypothesis depends on its training error o; = %In((l—

&)/&)

e The higher the weight w;, the more the instance x; influences the next hy-
potheses learned

e At each trial, the weights are adjusted to reflect the performance of the pre- learn
viously learned hypothesis, with the result that the weight of correctly classi- hypothesis
fied instances is decreased and the weight of incorectly classified instances Set of weighted Hypothesis Ct
is increased
instances (x; , vvit ) strength o ¢
adjust weights

2D1431 Machine Learning
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Boosting Boosting

e Let w denote the weight of an instance x; at trial t, for every x, w'=1/N.
The weight W reflects the importance (e.g. probability of occurrence) of the
instance x; in the sample set S

e The final hypothesis cgo aggregates the individual hypotheses C!' by
weighted voting
T

Geo(X) = a'ggla’j; ar 3(cj, &) e Ateach trial t = 1,..., T, an hypothesis C! is constructed from the given in-
stances under the distribution wf. This requires that the learning algorithm

e Each hypothesis vote is a function of its accuracy can deal with fractional examples.
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Boosting

e The error of the hypothesis C' is measured with respect to the weights

& = > wi/y wi

Vi such that G(x)#c ]

.= Sn((1-20/%)

e Update the weights wt of correctly and incorrectly classified instances by
wi=wl e ™ if C'(x) =g

wt=wh e if Cl(x) # ¢

e Afterwards normalize the wit? such that they form a proper distribution

Wt =

2D1431 Machine Learning

Boosting

Given {(X1,C1), ..., (Xm,Cm) }, initialize w = 1/m

Fort=1,....T

train weak learner using distribution wt

get weak hypothesis C' : X — C with error

&= wf/wa

Vi suchthat C(x)#c T

choose oy = 3In((1—&)/&)

update
wit=w e ™ if C'(x)=g

Wt =wi & if C'(x) £
Output the final hypothesis
T

cso(x) = argmaxy a;d(cj,q(x))
cjeC =

2D1431 Machine Learning

Boosted Bayes MAP Hypothesis

e Boosted Bayes MAP hypothesis has more complex decision surface than
individual hypothesis alone
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Boosting

o The classification cgo(x) of the boosted hypothesis is obtained by summing the votes of the
hypotheses C1,C2, ...,CT where the vote of each hypothesis C! is weight oy

\\_

[o] |e®
T traN
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Ceo(X) = argmax ;.. X7 €€ (0)
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e Bayes MAP hypothesis for two classes x and o

Bayes MAP Hypothesis

e red: incorrect classified instances
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weak classifiers = vertical or horizontal half-planes
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B Solution to the Prince and King problem

Under assumption that prince chooses door A initially and that king opens door B (YET ANOTHER) HISTORY OF LIFE AS WE KNOW IT...
The a priori probability that the princess is behind any door X, P(X) = 1/3

The probability that King opens door B if the princess was behind A, P(King opens B | A) =
1/2

The probability that King opens door B if the princess was behind B, P(King opens B | B) =0
The probability that King opens door B if the princess was behind C, P(King opensB | C) =1

The probability that King opens door B is then
p(King opens B) = p(A)*p(K.o. B | A) + p(B)*p(K.0. B | B) + p(C)*p(K.0. B| C)=1/6 + 0 + 1/3
=1/2

Then, by Bayes’ Theorem,
P(A | K.0. B) = p(A)*p(K.0. B | A)/p(K.0. B) = (1/6)/(1/2)= 1/3
P(C | K.0. B) = p(C)*p(K.0. B | C)/p(K.0. B) = (1/3)/(1/2) = 2/3

In other words, the probability that the princess is behind door C is higher when King opens
door B, and prince SHOULD switch!

HOHO HOKO HOHO HOHO HOHO
APRIORIUS PRAGHATICUS FREQUERTISTUS SAPIERS BAYESIANIS
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