
Master’s test 1 for course DD2447, grades A B

It is possible to solve this problem in two ways (e.g., analytically and nu-
merically) and check that results agree. Cooperation is not allowed, see code of
honour: http://www.csc.kth.se/utbildning/hederskodex/.

You are allowed to use material found on the web, BUT IF YOU DO YOU
MUST REFER TO IT. In any case, you must yourself formulate the entire
solution. Note: there are several incorrect solutions published on the web, but
it is possible that there is also a correct one.

Taxi Cab Problem

Assume you are in an unknown city and want to estimate the number of taxi
cabs in it. You assume that the number you see on a cab is a serial number for a
permit, that all permits are currently in use, that permits and their numbers are
randomly assigned to cabs. Thus, the numbers you see on cars can be assumed
randomly, uniformly, and independently drawn (with or without replacement)
from the numbers 1, 2, ...N , for some number N that is the total number of taxi
cabs you want to estimate.

Since N may be large and is constrained to be positive, it seems reasonable
to use the (approximate) Jeffrey’s prior P (N) = c/N , where you do not, it turns
out, have to worry about the actual value of the normalization constant c which
will dissappear in the laundering. Actually, since the sum of 1/N diverges, there
is no normalization constant. The prior, like Jeffrey’s continuous prior 1/x, is
improper.

i) Find the likelihood for an observation of one taxi with number n.
ii) Find the likelihood for an observation of two taxi cabs with numbers
n1 and n2.
iii) Find the posterior distribution for the observation in i).
iv) Find the posterior distribution for the observation in ii).
v) Decide if the posteriors obtained are proper or improper.
vi) Give the three standard (mean, median and MAP/mode) estimates for

N , the number of taxi cabs in the town, for one or two observed taxi cab
numbers. Note: You should get at least one somewhat surprising result. You
can approximate the solution by assuming that n and N are real numbers and
the prior is the continuous function 1/x. If you do not give an analytic solution,
you can tabulate the answer as a function of n, and indicate the precision of the
answers.

vii) (Optional) Would you suggest to use a different prior from the one
proposed? Which one and why?
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