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The Support Vector Classifier



Separable Case

• Training Data: (x1, y1), . . . , (xn, yn) with xi ∈ Rp; yi ∈ {−1, 1}.

• Aim: Find the separating hyperplane with biggest margin between
training points for class +1 and -1.418 12. Flexible Discriminants
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Optimization problem (if the margin is 2M)

max
β,β0,‖β‖=1

M subject to yi(x
t
iβ + β0) ≥M, i = 1, . . . , n
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Rephrasing the optimization problem

- Distance of xi to decision boundary is |xtiβ + β0|/‖β‖
- Let the xi’s on margin have |xtiβ + β0| = 1

- Then M = 1/‖β‖
Then optimization problem can be restated as

min
β,β0

‖β‖2 subject to yi(x
t
iβ + β0) ≥ 1, i = 1, . . . , n

• This is a QP problem with linear inequality constraints.
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Rephrasing the optimization problem

- Distance of xi to decision boundary is |xtiβ + β0|/‖β‖
- Let the xi’s on margin have |xtiβ + β0| = 1

- Then M = 1/‖β‖
Then optimization problem can be restated as

min
β,β0

‖β‖2 subject to yi(x
t
iβ + β0) ≥ 1, i = 1, . . . , n

• This is a QP problem with linear inequality constraints.



Non-separable Case

• Training Data: (x1, y1), . . . , (xn, yn) overlap

=⇒ no feasible solution to previous optimization
418 12. Flexible Discriminants
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Instead: Find hyperplane with biggest margin but allow some
points to be on the wrong side of the margin.

• Introduce slack variables ξ = (ξ1, ξ2, . . . , ξn) for each example with
ξi ≥ 0.
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Modify constraints: yi(x
t
iβ + β0) ≥M to yi(x

t
iβ + β0) ≥M − ξi

with ξi ≥ 0, ∀i and
∑
ξi ≤ C

• Intuitively appealing - measure amount of overlap in real distances to

margin - but it does not lead to a convex problem.

• Instead: Modify yi(x
t
iβ + β0) ≥M to yi(x

t
iβ + β0) ≥M(1− ξi)

with ξi ≥ 0, ∀i and
∑
ξi ≤ C

• Overlap now measured in relative distances which changes with M
but now have a convex problem !
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Modify constraints: yi(x
t
iβ + β0) ≥M to yi(x

t
iβ + β0) ≥M − ξi

with ξi ≥ 0, ∀i and
∑
ξi ≤ C

• Intuitively appealing - measure amount of overlap in real distances to

margin - but it does not lead to a convex problem.

• Instead: Modify yi(x
t
iβ + β0) ≥M to yi(x

t
iβ + β0) ≥M(1− ξi)

with ξi ≥ 0, ∀i and
∑
ξi ≤ C

• Overlap now measured in relative distances which changes with M
but now have a convex problem !
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• ξi ≥ 0 in

yi(x
t
iβ + β0) ≥M(1− ξi)

is the proportional amount by which the prediction
f(xi) = xtiβ + β0 is on the wrong side of the margin.

• ξ > 1 =⇒ prediction on wrong side of margin

• ∑
ξi ≤ K =⇒ at most K training pts on wrong side of margin.
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Optimization Statement I

max
β,β0,‖β‖=1

M subject to yi(x
t
iβ + β0) ≥M(1− ξi), ∀i

ξi ≥ 0, ∀i, ∑
ξi ≤ constant

• Can drop constraint ‖β‖ = 1 by choosing |xtiβ + β0| = 1 for xi on
the margin.

• =⇒ M = 1/‖β‖ and

constraint yi(x
t
iβ+β0) ≥M(1− ξi) becomes yi(x

t
iβ+β0) ≥ 1− ξi.
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗

j are on the wrong side of their margin by
an amount ξ∗

j = Mξj; points on the correct side have ξ∗
j = 0. The margin is

maximized subject to a total budget
P

ξi ≤ constant. Hence
P

ξ∗
j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xT β + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xT β + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xT β+β0 = 0. Since the classes are separable, we can find a function
f(x) = xT β + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥ M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)

• Optimization Statement II

min
β,β0

‖β‖2 subject to yi(x
t
iβ + β0) ≥ 1− ξi, ∀i

ξi ≥ 0, ∀i, ∑
ξi ≤ constant

• Note xi’s inside their class boundary do not play a role in shaping
the decision boundary.

• =⇒ β(SVM) differs from β(LDA) as β(LDA) is influenced by all the
training points.



Computing the Support Vector Classifier

• Optimization Statement III

min
β,β0

1

2
‖β‖2 + C

n∑

i=1

ξi subject to yi(x
t
iβ + β0) ≥ 1− ξi, ∀i

ξi ≥ 0, ∀i
where cost parameter C replaces the constraint

∑
ξi ≤ constant

(separable case corresponds to C =∞.)

• To solve this constrained optimization construct its Lagrangian

LP (β, β0, ξ, α, µ) =

1

2
‖β‖2 + C

n∑

i=1

ξi −
n∑

i=1

αi [yi(x
t
iβ + β0)− (1− ξi)]−

n∑

i=1

µi ξi

with αi ≥ 0 and µi ≥ 0 ∀i.

• If (β∗, β∗0 , ξ
∗) is minimum for the constraint problem then ∃α∗ and

µ∗ s.t. (β∗, β∗0 , ξ
∗, α∗, µ∗) is a stationary point of Lp.



The KKT conditions for the primal problem

For i = 1, . . . , n:

∂LP
∂β

= β −
∑
i

αixiyi = 0

∂LP
∂β0

= −
∑
i

αiyi = 0

∂LP
∂ξi

= C − αi − µi = 0

yi(x
t
iβ + β0)− (1− ξi) ≥ 0

ξi ≥ 0

αi ≥ 0

µi ≥ 0

αi
[
yi(x

t
iβ + β0)− (1− ξi)

]
= 0

µiξi = 0



Computing the Lagrangian Dual

• Set the derivatives ∂Lp/∂β, . . . to 0 gives

β =

n∑

i=1

αi yi xi

0 =

n∑

i=1

αi yi

αi = C − µi, ∀i

• Remember αi, µi, ξi ≥ 0, ∀i

• By substituting these into the Lagrangian get the dual

LD(α, µ) = inf
β,β0,ξ

LP (β, β0, ξ, α, µ)

=

n∑

i=1

αi −
1

2

n∑

i=1

n∑

i′=1

αi αi′ yi yi′ x
t
i xi′



Dual optimization problem

• Maximize

LD(α) =

n∑

i=1

αi −
1

2

n∑

i=1

n∑

i′=1

αi αi′ yi yi′ x
t
i xi′

subject to the constraints

0 ≤ αi ≤ C for i = 1, . . . , n and
∑

i

αiyi = 0

• An easier QP than the original primal problem especially if p > n.

• Solving the dual problem for the SVM is equivalent to solving the
primal problem as

- The primal problem is convex and

- constraints are affine



Comments on the solution

• Solution for β has the form

β̂ =

n∑

i=1

α̂i yi xi

- α̂i is non-zero only if yi(β̂
t
i xi + β̂0) = 1− ξi

- These observations are the support vectors.

- For support vectors with ξi = 0 (on the margin) then 0 < α̂i < C

- The other support vectors have ξi > 0 with α̂i = C



The Mixture Example
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Training Error: 0.270
Test Error:       0.288
Bayes Error:    0.210
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•

Training Error: 0.26
Test Error:       0.30
Bayes Error:    0.21

C = 0.01

FIGURE 12.2. The linear support vector boundary for the mixture data exam-
ple with two overlapping classes, for two different values of C. The broken lines
indicate the margins, where f(x) = ±1. The support points (αi > 0) are all the
points on the wrong side of their margin. The black solid dots are those support
points falling exactly on the margin (ξi = 0, αi > 0). In the upper panel 62% of
the observations are support points, while in the lower panel 85% are. The broken
purple curve in the background is the Bayes decision boundary.
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Training Error: 0.270
Test Error:       0.288
Bayes Error:    0.210

C = 10000
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•

Training Error: 0.26
Test Error:       0.30
Bayes Error:    0.21

C = 0.01

FIGURE 12.2. The linear support vector boundary for the mixture data exam-
ple with two overlapping classes, for two different values of C. The broken lines
indicate the margins, where f(x) = ±1. The support points (αi > 0) are all the
points on the wrong side of their margin. The black solid dots are those support
points falling exactly on the margin (ξi = 0, αi > 0). In the upper panel 62% of
the observations are support points, while in the lower panel 85% are. The broken
purple curve in the background is the Bayes decision boundary.

Support vectors are points

• on the wrong side of the boundary and

• on the correct side of the boundary but in the margin



The Support Vector Machines and Kernels



Computing the SVM for Classification

• Can find non-linear decision boundaries by using basis
expansion.

• Select basis functions hm(x),m = 1, . . . ,M and proceed as
before.

• Fit SV classifier using inputs h(xi) = (h1(xi), . . . , hM (xi))
t

• This produces the non-linear function

f̂(x) = h(x)tβ̂ + β̂0

• The classifier is Ĝ(x) = sign{f̂(x)}

• The Support Vector Machine is an extension of this idea
where M can get very large or even infinite.



Computing the SVM for Classification

• Can find non-linear decision boundaries by using basis
expansion.

• Select basis functions hm(x),m = 1, . . . ,M and proceed as
before.

• Fit SV classifier using inputs h(xi) = (h1(xi), . . . , hM (xi))
t

• This produces the non-linear function

f̂(x) = h(x)tβ̂ + β̂0

• The classifier is Ĝ(x) = sign{f̂(x)}

• The Support Vector Machine is an extension of this idea
where M can get very large or even infinite.



Computing the SVM for Classification

• Can represent the optimization problem

max
β,β0

1

2
‖β‖2 + C

n∑

i=1

ξi subject to yi(h(xi)
tβ + β0) ≥ 1− ξi, ∀i

ξi ≥ 0, ∀i

and its solution that only involves input features via inner
products.

• =⇒ for particular choices of h these inner products can be
computed very cheaply.



Computing the SVM for Classification

• The dual optimization problem is to maximize

LD =

n∑

i=1

αi −
1

2

n∑

i=1

n∑

j=1

αiαjyiyj〈h(xi), h(xj)〉

subject to
∑
i αiyi = 0 and 0 ≤ αi ≤ C for i = 1, . . . n.

• The solution function f̂(x) can be written as

f̂(x) = h(x)tβ̂ + β̂0

=

n∑

i=1

α̂iyi〈h(x), h(xi)〉+ β̂0

• Both these equations only involve h(x) through inner-products.

• =⇒ only need knowledge of the kernel function that computes
the inner-product in the transformed space

K(x, x′) = 〈h(x), h(x′)〉



The Kernel function

• The solution f̂ can then be written as

f̂(x) = h(x)tβ̂ + β̂0

=

n∑

i=1

α̂iyi〈h(x), h(xi)〉+ β̂0

=

n∑

i=1

α̂iyiK(x, xi) + β̂0

• K should be a symmetric positive semi-definite function.

• Popular choices for K in the SVM literature are

dth-Degree polynomial : K(x, x′) = (1 + 〈x, x′〉)d

Radial basis: K(x, x′) = exp{−γ‖x− x′‖2}
Neural network : K(x, x′) = tanh{γ1〈x, x′〉+ γ2}



Example: Kernel and induced feature mapping

• Consider a 2D feature vector X = (X1, X2) and a polynomial
kernel of degree 2:

K(X,X ′) = (1 + 〈X,X ′〉)2

= (1 +X1X
′
1 +X2X

′
2)2

= 1 + 2X1X
′
1 + 2X2X

′
2 + (X1X

′
1)2 + (X2X

′
2)2 + 2X1X

′
1X2X

′
2

• In this case M = 6 with

h1(X) = 1 h2(X) =
√

2X1

h3(X) =
√

2X2 h4(X) = X2
1

h5(X) = X2
2 h6(X) =

√
2X1X2

• Obviously then

K(X,X ′) = 〈h(X), h(X ′)〉



Example SVM decision boundaries

12.3 Support Vector Machines and Kernels 425

SVM - Degree-4 Polynomial in Feature Space
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Training Error: 0.180
Test Error:       0.245
Bayes Error:    0.210
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Training Error: 0.160
Test Error:       0.218
Bayes Error:    0.210

FIGURE 12.3. Two nonlinear SVMs for the mixture data. The upper plot uses
a 4th degree polynomial kernel, the lower a radial basis kernel (with γ = 1). In
each case C was tuned to approximately achieve the best test error performance,
and C = 1 worked well in both cases. The radial basis kernel performs the best
(close to Bayes optimal), as might be expected given the data arise from mixtures
of Gaussians. The broken purple curve in the background is the Bayes decision
boundary.

12.3 Support Vector Machines and Kernels 425
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Training Error: 0.180
Test Error:       0.245
Bayes Error:    0.210

SVM - Radial Kernel in Feature Space
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Training Error: 0.160
Test Error:       0.218
Bayes Error:    0.210

FIGURE 12.3. Two nonlinear SVMs for the mixture data. The upper plot uses
a 4th degree polynomial kernel, the lower a radial basis kernel (with γ = 1). In
each case C was tuned to approximately achieve the best test error performance,
and C = 1 worked well in both cases. The radial basis kernel performs the best
(close to Bayes optimal), as might be expected given the data arise from mixtures
of Gaussians. The broken purple curve in the background is the Bayes decision
boundary.

C = 1 in both cases

Dashed purple line is the Bayes decision boundary.

Dashed black lines are yf(x) = ±1.



The Role of C

• Large C discourages any positive ξi which may lead to overfit
wiggly boundary.

• Small C encourages a small value of ‖β‖ =⇒ a smoother
decision boundary.



The SVM as a Penalization Method

With f(x) = h(x)tβ + β0 consider this optimization problem:

min
β,β0

n∑

i=1

max(0, 1− yif(xi)) +
λ

2
‖β‖2

• This cost function has the form

Loss + Penalty

• soln this optimization problem = soln to typical formulation of SVM

if λ = 1/C.

• Loss function max(0, 1− yf(x)) is known as the Hinge Loss.



Comparison of loss functions
426 12. Flexible Discriminants

−3 −2 −1 0 1 2 3

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

Hinge Loss
Binomial Deviance
Squared Error
Class Huber

L
o
ss
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FIGURE 12.4. The support vector loss function (hinge loss), compared to the
negative log-likelihood loss (binomial deviance) for logistic regression, squared-er-
ror loss, and a “Huberized” version of the squared hinge loss. All are shown as a
function of yf rather than f , because of the symmetry between the y = +1 and
y = −1 case. The deviance and Huber have the same asymptotes as the SVM
loss, but are rounded in the interior. All are scaled to have the limiting left-tail
slope of −1.

12.3.2 The SVM as a Penalization Method

With f(x) = h(x)T β + β0, consider the optimization problem

min
β0, β

N∑

i=1

[1 − yif(xi)]+ +
λ

2
‖β‖2 (12.25)

where the subscript “+” indicates positive part. This has the form loss +
penalty, which is a familiar paradigm in function estimation. It is easy to
show (Exercise 12.1) that the solution to (12.25), with λ = 1/C, is the
same as that for (12.8).

Examination of the “hinge” loss function L(y, f) = [1− yf ]+ shows that
it is reasonable for two-class classification, when compared to other more
traditional loss functions. Figure 12.4 compares it to the log-likelihood loss
for logistic regression, as well as squared-error loss and a variant thereof.
The (negative) log-likelihood or binomial deviance has similar tails as the
SVM loss, giving zero penalty to points well inside their margin, and a

Loss function L(y, f(x)) Minimizing f(x)

Binomial deviance log(1+exp{−yf(x)}) log
P (Y =1|x)
P (Y =0|x)

SVM Hinge Loss max{0,1−yf(x)} sign{P (Y=1|x)−.5}

Squared error (1−yf(x))2 2P (Y=1|x)−1

Huberised squared err

{
−4yf(x) if yf(x) < 1

max{0,1−yf(x)} otherwise
2P (Y=1|x)−1



Function Approximation and Reproducing Kernels

• Suppose positive definite kernel K has eigen-expansion

K(x, x′) =

∞∑

m=1

δm φm(x)φm(x) =

∞∑

m=1

hm(x)hm(x)

if hm(x) =
√
δm φm(x).

• Then f(x) = β0 +
∑
m βmhm(x) = β0 +

∑
m βm

√
δm φm(x)

• Let θm =
√
δm βm =⇒ can write the SVM cost function as

min
β0,θ

n∑

i=1

max{0, 1− yi(β0 +
∑∞
m=1 θm φm(xi))}+ λ

2

∑
m
θ2m
δm

• Theory of RKHS guarantees ∃ a finite dimensional solution

f̂(x) = β̂0 +
n∑

i=1

α̂iK(x, xi)



Function Approximation and Reproducing Kernels

• An equivalent version of the SVM optimization is

min
β0,α

n∑

i=1

max{0, 1− yi (β0 +

n∑

j=1

αjK(xj , xi))}+
λ

2
αtKα

where K = (K(xi, xj))ij is the n× n matrix of pairwise
kernel evaluations.

• Such models are quite general and can be expressed more
generally as

min
f∈H

n∑

i=1

max{0, 1− yi f(xi)}+ λJ(f)

where H is the structured space of functions and J(f) is a
regularizer on this space.



Function Approximation and Reproducing Kernels

Example

• Suppose H is the space of additive functions

f(x) =

p∑

j=1

fj(xj) and J(f) =

p∑

j=1

∫
{f ′′j (xj)}2dxj

• Then the solution to

min
f∈H

n∑

i=1

max{0, 1− yi f(xi)}+ λJ(f)

is an additive cubic spline and has a kernel representation

f(x) = β0 +

n∑

i=1

αiK(x, xi) with K(x, x′) =
∑p
j=1Kj(xj , x

′
j)

• Each of the Kj is the kernel appropriate for the univariate

smoothing spline in xj .



Function Approximation and Reproducing Kernels

• If have

- any of the kernels mentioned and

- any convex loss function

then optimization leads to a finite representation

n∑

i=1

L(yi, f(xi)) + λJ(λ) =⇒ f̂(x) = β̂0 +

n∑

i=1

α̂iK(x, xi)

• Can use the binomial log-likelihood as a loss function.

• In this case

f̂(x) = β̂0 +

n∑

i=1

α̂iK(x, xi) = log
P̂ (Y = +1 | x)

P̂ (Y = −1 | x)



Example decision boundaries log-likelihood loss

430 12. Flexible Discriminants

LR - Degree-4 Polynomial in Feature Space
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Training Error: 0.190
Test Error:       0.263
Bayes Error:    0.210

LR - Radial Kernel in Feature Space
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Training Error: 0.150
Test Error:       0.221
Bayes Error:    0.210

FIGURE 12.5. The logistic regression versions of the SVM models in Fig-
ure 12.3, using the identical kernels and hence penalties, but the log-likelihood
loss instead of the SVM loss function. The two broken contours correspond to
posterior probabilities of 0.75 and 0.25 for the +1 class (or vice versa). The bro-
ken purple curve in the background is the Bayes decision boundary.

430 12. Flexible Discriminants

LR - Degree-4 Polynomial in Feature Space

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . .. . . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . .. . . . . . . . . .. . . . . . . .. . . . . . .. . .

o
o

ooo

o

o

o

o

o

o

o

o

o
o

o

o o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o
o o

oo

o
o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o
oo

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o ooo
o

o

o
oo o

o

o

o

o

o

o

o

oo
o

o
oo

oo
o

o

o

oo
o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o
o

o
oo

o

o

o

o

o

o

oo
o

o
o oo

o

o

o

o

o

o

o

o

o

o

Training Error: 0.190
Test Error:       0.263
Bayes Error:    0.210

LR - Radial Kernel in Feature Space
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Training Error: 0.150
Test Error:       0.221
Bayes Error:    0.210

FIGURE 12.5. The logistic regression versions of the SVM models in Fig-
ure 12.3, using the identical kernels and hence penalties, but the log-likelihood
loss instead of the SVM loss function. The two broken contours correspond to
posterior probabilities of 0.75 and 0.25 for the +1 class (or vice versa). The bro-
ken purple curve in the background is the Bayes decision boundary.

Dashed purple line is the Bayes decision boundary.

Dashed black lines are posterior probabilities of 0.75 and 0.25 for the +1.



SVMs and the Curse of Dimensionality

• For the 2nd degree polynomial kernel of p dimensional
features is

K(X,X ′) = 1 + 2

p∑
j=1

XjX
′
j +

p∑
j=1

(XjX
′
j)

2 + 2

p∑
i=1

p∑
j=i+1

XiX
′
iXjX

′
j

• Kernel cannot adapt to concentrate on just a subset of the
features.

• Disaster if p is large and only a small subset of features are
relevant.

• If knew beforehand which features were relevant could adapt
the kernel accordingly, but....

• =⇒ SVM kernel methods alone are not ideal for discovering
structure.



SVMs and the Curse of Dimensionality

Example

• Case I: No noise features

- Class 1:

X = (X1, X2, X3, X4)t where each Xi ∼ N (0, 1) and are indept.

- Class 2:

X = (X1, X2, X3, X4)t with Xi ∼ N (0, 1) and 9 ≤∑4
j=1 X

2
j ≤ 16

• Case II: case I augmented with noise features

- Class 1:

X = (X1, . . . , X10)t where each Xi ∼ N (0, 1) and are indept.

- Class 2:

X = (X1, . . . , X10)t with Xi ∼ N (0, 1) and 9 ≤∑4
j=1 X

2
j ≤ 16



SVMs and the Curse of Dimensionality

For the two cases

• Generated 100 training examples for each class and 1000 test
examples.

• Ran 50 simulations and averaged the test error.

12.3 Support Vector Machines and Kernels 431

TABLE 12.2. Skin of the orange: Shown are mean (standard error of the mean)
of the test error over 50 simulations. BRUTO fits an additive spline model adap-
tively, while MARS fits a low-order interaction model adaptively.

Test Error (SE)
Method No Noise Features Six Noise Features

1 SV Classifier 0.450 (0.003) 0.472 (0.003)
2 SVM/poly 2 0.078 (0.003) 0.152 (0.004)
3 SVM/poly 5 0.180 (0.004) 0.370 (0.004)
4 SVM/poly 10 0.230 (0.003) 0.434 (0.002)
5 BRUTO 0.084 (0.003) 0.090 (0.003)
6 MARS 0.156 (0.004) 0.173 (0.005)

Bayes 0.029 0.029

12.3.4 SVMs and the Curse of Dimensionality

In this section, we address the question of whether SVMs have some edge
on the curse of dimensionality. Notice that in expression (12.23) we are not
allowed a fully general inner product in the space of powers and products.
For example, all terms of the form 2XjX

′
j are given equal weight, and the

kernel cannot adapt itself to concentrate on subspaces. If the number of
features p were large, but the class separation occurred only in the linear
subspace spanned by say X1 and X2, this kernel would not easily find the
structure and would suffer from having many dimensions to search over.
One would have to build knowledge about the subspace into the kernel;
that is, tell it to ignore all but the first two inputs. If such knowledge were
available a priori, much of statistical learning would be made much easier.
A major goal of adaptive methods is to discover such structure.

We support these statements with an illustrative example. We generated
100 observations in each of two classes. The first class has four standard
normal independent features X1,X2,X3,X4. The second class also has four
standard normal independent features, but conditioned on 9 ≤ ∑

X2
j ≤ 16.

This is a relatively easy problem. As a second harder problem, we aug-
mented the features with an additional six standard Gaussian noise fea-
tures. Hence the second class almost completely surrounds the first, like the
skin surrounding the orange, in a four-dimensional subspace. The Bayes er-
ror rate for this problem is 0.029 (irrespective of dimension). We generated
1000 test observations to compare different procedures. The average test
errors over 50 simulations, with and without noise features, are shown in
Table 12.2.

Line 1 uses the support vector classifier in the original feature space.
Lines 2–4 refer to the support vector machine with a 2-, 5- and 10-dimension-
al polynomial kernel. For all support vector procedures, we chose the cost
parameter C to minimize the test error, to be as fair as possible to the

BRUTO fits an additive spline model adaptively.

MARS fits a low-order interaction model adaptively.
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TABLE 12.2. Skin of the orange: Shown are mean (standard error of the mean)
of the test error over 50 simulations. BRUTO fits an additive spline model adap-
tively, while MARS fits a low-order interaction model adaptively.

Test Error (SE)
Method No Noise Features Six Noise Features

1 SV Classifier 0.450 (0.003) 0.472 (0.003)
2 SVM/poly 2 0.078 (0.003) 0.152 (0.004)
3 SVM/poly 5 0.180 (0.004) 0.370 (0.004)
4 SVM/poly 10 0.230 (0.003) 0.434 (0.002)
5 BRUTO 0.084 (0.003) 0.090 (0.003)
6 MARS 0.156 (0.004) 0.173 (0.005)

Bayes 0.029 0.029

12.3.4 SVMs and the Curse of Dimensionality

In this section, we address the question of whether SVMs have some edge
on the curse of dimensionality. Notice that in expression (12.23) we are not
allowed a fully general inner product in the space of powers and products.
For example, all terms of the form 2XjX

′
j are given equal weight, and the

kernel cannot adapt itself to concentrate on subspaces. If the number of
features p were large, but the class separation occurred only in the linear
subspace spanned by say X1 and X2, this kernel would not easily find the
structure and would suffer from having many dimensions to search over.
One would have to build knowledge about the subspace into the kernel;
that is, tell it to ignore all but the first two inputs. If such knowledge were
available a priori, much of statistical learning would be made much easier.
A major goal of adaptive methods is to discover such structure.

We support these statements with an illustrative example. We generated
100 observations in each of two classes. The first class has four standard
normal independent features X1,X2,X3,X4. The second class also has four
standard normal independent features, but conditioned on 9 ≤ ∑

X2
j ≤ 16.

This is a relatively easy problem. As a second harder problem, we aug-
mented the features with an additional six standard Gaussian noise fea-
tures. Hence the second class almost completely surrounds the first, like the
skin surrounding the orange, in a four-dimensional subspace. The Bayes er-
ror rate for this problem is 0.029 (irrespective of dimension). We generated
1000 test observations to compare different procedures. The average test
errors over 50 simulations, with and without noise features, are shown in
Table 12.2.

Line 1 uses the support vector classifier in the original feature space.
Lines 2–4 refer to the support vector machine with a 2-, 5- and 10-dimension-
al polynomial kernel. For all support vector procedures, we chose the cost
parameter C to minimize the test error, to be as fair as possible to the

• Note: For each SVM classifier an optimal C was used.

• A hyperplane cannot separate classes =⇒ linear SVM does poorly.

• Polynomial SVMs do better but are affected by the noise features.

• Second-degree polynomial kernel does best as true decision
boundary is a 2nd-degree polynomial.

• Higher degree kernels do much worse.
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of the test error over 50 simulations. BRUTO fits an additive spline model adap-
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For example, all terms of the form 2XjX
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j are given equal weight, and the

kernel cannot adapt itself to concentrate on subspaces. If the number of
features p were large, but the class separation occurred only in the linear
subspace spanned by say X1 and X2, this kernel would not easily find the
structure and would suffer from having many dimensions to search over.
One would have to build knowledge about the subspace into the kernel;
that is, tell it to ignore all but the first two inputs. If such knowledge were
available a priori, much of statistical learning would be made much easier.
A major goal of adaptive methods is to discover such structure.

We support these statements with an illustrative example. We generated
100 observations in each of two classes. The first class has four standard
normal independent features X1,X2,X3,X4. The second class also has four
standard normal independent features, but conditioned on 9 ≤ ∑

X2
j ≤ 16.

This is a relatively easy problem. As a second harder problem, we aug-
mented the features with an additional six standard Gaussian noise fea-
tures. Hence the second class almost completely surrounds the first, like the
skin surrounding the orange, in a four-dimensional subspace. The Bayes er-
ror rate for this problem is 0.029 (irrespective of dimension). We generated
1000 test observations to compare different procedures. The average test
errors over 50 simulations, with and without noise features, are shown in
Table 12.2.

Line 1 uses the support vector classifier in the original feature space.
Lines 2–4 refer to the support vector machine with a 2-, 5- and 10-dimension-
al polynomial kernel. For all support vector procedures, we chose the cost
parameter C to minimize the test error, to be as fair as possible to the

• BRUTO performs well as the decision boundary is additive.

• Both BRUTO and MARS can ignore redundant variables

• =⇒ their performances do not deteriorate so much with the
addition of noise features



A Path Algorithm for the SVM Classifier

• C is the regularization parameter for the SVM.

• High C leads to overfitting.

• Must consider parameters of the kernel when setting C:
432 12. Flexible Discriminants
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FIGURE 12.6. Test-error curves as a function of the cost parameter C for the
radial-kernel SVM classifier on the mixture data. At the top of each plot is the
scale parameter γ for the radial kernel: Kγ(x, y) = exp −γ||x − y||2. The optimal
value for C depends quite strongly on the scale of the kernel. The Bayes error
rate is indicated by the broken horizontal lines.

method. Line 5 fits an additive spline model to the (−1,+1) response by
least squares, using the BRUTO algorithm for additive models, described
in Hastie and Tibshirani (1990). Line 6 uses MARS (multivariate adaptive
regression splines) allowing interaction of all orders, as described in Chap-
ter 9; as such it is comparable with the SVM/poly 10. Both BRUTO and
MARS have the ability to ignore redundant variables. Test error was not
used to choose the smoothing parameters in either of lines 5 or 6.

In the original feature space, a hyperplane cannot separate the classes,
and the support vector classifier (line 1) does poorly. The polynomial sup-
port vector machine makes a substantial improvement in test error rate,
but is adversely affected by the six noise features. It is also very sensitive to
the choice of kernel: the second degree polynomial kernel (line 2) does best,
since the true decision boundary is a second-degree polynomial. However,
higher-degree polynomial kernels (lines 3 and 4) do much worse. BRUTO
performs well, since the boundary is additive. BRUTO and MARS adapt
well: their performance does not deteriorate much in the presence of noise.

12.3.5 A Path Algorithm for the SVM Classifier

The regularization parameter for the SVM classifier is the cost parameter
C, or its inverse λ in (12.25). Common usage is to set C high, leading often
to somewhat overfit classifiers.

Figure 12.6 shows the test error on the mixture data as a function of
C, using different radial-kernel parameters γ. When γ = 5 (narrow peaked
kernels), the heaviest regularization (small C) is called for. With γ = 1

• Usually set C with cross-validation.
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Efficient computation of the SVM models obtained by varying C.

• The solution of loss+penalty formulation of SVM is

βλ =
1

λ

n∑

i=1

αiyixi

where αi’s are Lagrange multipliers and each αi ∈ [0, 1].12.3 Support Vector Machines and Kernels 433
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FIGURE 12.7. A simple example illustrates the SVM path algorithm. (left
panel:) This plot illustrates the state of the model at λ = 0.05. The ‘‘ + 1”
points are orange, the “−1” blue. λ = 1/2, and the width of the soft margin
is 2/||β|| = 2 × 0.587. Two blue points {3, 5} are misclassified, while the two or-
ange points {10, 12} are correctly classified, but on the wrong side of their margin
f(x) = +1; each of these has yif(xi) < 1. The three square shaped points {2, 6, 7}
are exactly on their margins. (right panel:) This plot shows the piecewise linear
profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi

for the model in the left plot.

(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1

λ

N∑

i=1

αiyixi. (12.33)

The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:
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Path algorithm relies on the observation

• Labelled points (xi, yi) fall into 3 distinct groups

- Correctly classified and outside their margin =⇒ αi = 0

- Correctly classified and on margin =⇒ αi ∈ (0, 1)

- Inside their margins (yif(xi) < 1) =⇒ αi = 1
12.3 Support Vector Machines and Kernels 433
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panel:) This plot illustrates the state of the model at λ = 0.05. The ‘‘ + 1”
points are orange, the “−1” blue. λ = 1/2, and the width of the soft margin
is 2/||β|| = 2 × 0.587. Two blue points {3, 5} are misclassified, while the two or-
ange points {10, 12} are correctly classified, but on the wrong side of their margin
f(x) = +1; each of these has yif(xi) < 1. The three square shaped points {2, 6, 7}
are exactly on their margins. (right panel:) This plot shows the piecewise linear
profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi

for the model in the left plot.

(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1

λ

N∑

i=1

αiyixi. (12.33)

The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:



A Path Algorithm for the SVM Classifier

• The idea for the path algorithm is:

Initially λ is large =⇒ margin, 1/‖βλ‖, is wide
=⇒ all points have yif(xi) < 1
=⇒ all αi = 1

As λ decreases =⇒ margin narrows
=⇒ pts move from inside to outside their margins
=⇒ their αi’s will change from 1 to 0

• By the continuity of the αi(λ) these transition points will linger on

the margin during the transition.

• All that changes as λ decreases are the αi ∈ (0, 1) of those points

on the margin - yif(xi) = 1.

• This gives a small set of linear equations that prescribe how αi(λ)

and βλ change during these transitions.

• This results in a piecewise linear path for each αi(λ).
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panel:) This plot illustrates the state of the model at λ = 0.05. The ‘‘ + 1”
points are orange, the “−1” blue. λ = 1/2, and the width of the soft margin
is 2/||β|| = 2 × 0.587. Two blue points {3, 5} are misclassified, while the two or-
ange points {10, 12} are correctly classified, but on the wrong side of their margin
f(x) = +1; each of these has yif(xi) < 1. The three square shaped points {2, 6, 7}
are exactly on their margins. (right panel:) This plot shows the piecewise linear
profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi

for the model in the left plot.

(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1

λ

N∑

i=1

αiyixi. (12.33)

The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:
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panel:) This plot illustrates the state of the model at λ = 0.05. The ‘‘ + 1”
points are orange, the “−1” blue. λ = 1/2, and the width of the soft margin
is 2/||β|| = 2 × 0.587. Two blue points {3, 5} are misclassified, while the two or-
ange points {10, 12} are correctly classified, but on the wrong side of their margin
f(x) = +1; each of these has yif(xi) < 1. The three square shaped points {2, 6, 7}
are exactly on their margins. (right panel:) This plot shows the piecewise linear
profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi

for the model in the left plot.

(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1

λ

N∑

i=1

αiyixi. (12.33)

The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:

λ = .05



Support Vector Machines for Regression

• Can adapt SVMs for regression with a quantitative response.

• Consider the linear regression model

f(x) = xtβ + β0

• To estimate β consider minimization of

H(β, β0) =

n∑

i=1

V (yi − f(xi)) +
λ

2
‖β‖2

with the ε-sensitive error measure

Vε(r) =

{
0 if |r| < ε

|r| − ε otherwise



ε-sensitive Error Measure
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FIGURE 12.8. The left panel shows the ε-insensitive error function used by the
support vector regression machine. The right panel shows the error function used
in Huber’s robust regression (blue curve). Beyond |c|, the function changes from
quadratic to linear.

where

Vε(r) =

{
0 if |r| < ε,

|r| − ε, otherwise.
(12.37)

This is an “ε-insensitive” error measure, ignoring errors of size less than
ε (left panel of Figure 12.8). There is a rough analogy with the support
vector classification setup, where points on the correct side of the deci-
sion boundary and far away from it, are ignored in the optimization. In
regression, these “low error” points are the ones with small residuals.

It is interesting to contrast this with error measures used in robust re-
gression in statistics. The most popular, due to Huber (1964), has the form

VH(r) =

{
r2/2 if |r| ≤ c,

c|r| − c2/2, |r| > c,
(12.38)

shown in the right panel of Figure 12.8. This function reduces from quadratic
to linear the contributions of observations with absolute residual greater
than a prechosen constant c. This makes the fitting less sensitive to out-
liers. The support vector error measure (12.37) also has linear tails (beyond
ε), but in addition it flattens the contributions of those cases with small
residuals.

If β̂, β̂0 are the minimizers of H, the solution function can be shown to
have the form

β̂ =

N∑

i=1

(α̂∗
i − α̂i)xi, (12.39)

f̂(x) =

N∑

i=1

(α̂∗
i − α̂i)〈x, xi〉 + β0, (12.40)

Vε(r) =

{
0 if |r| < ε

|r| − ε otherwise



Properties of ε-sensitive Error

Vε(r) =

{
0 if |r| < ε

|r| − ε otherwise

• “Low-error” points are ignored by Vε.

• Vε has linear tails =⇒ less sensitive to outliers.

• But Vε flattens the contributions of points with small
residuals.



Solution to SVR

H(β, β0) =

n∑

i=1

V (yi − f(xi)) +
λ

2
‖β‖2

• If β̂, β̂0 minimize H then

β̂ =

n∑

i=1

(α̂∗i − α̂i)xi

and

f̂(x) =
n∑

i=1

(α̂∗i − α̂i) 〈x, xi〉+ β̂0

where α̂∗i , α̂i are positive and solve the QP problem..



Solution to SVR

f̂(x) =

n∑

i=1

(α̂∗i − α̂i) 〈x, xi〉+ β̂0

• Where α̂∗i , α̂i are positive and solve the QP problem

min
α∗,α

n∑
i=1

(α∗i + αi)−
n∑
i=1

yi(α
∗
i − αi) +

1

2

n∑
i,j=1

(α∗i − αi)(α∗j − αj)〈xi, xj〉

subject to the constraints

0 ≤ αi, α∗i ≤ 1/λ, ∀i
n∑

i=1

(α∗i − αi) = 0

α∗iαi = 0, ∀i



Solution to SVR

f̂(x) =

n∑

i=1

(α̂∗i − α̂i) 〈x, xi〉+ β̂0

• Normally only a subset of the (α̂∗i − α̂i) are nonzero.

• xi’s, with non-zero (α̂∗i − α̂i), are the support vectors.

• If scale responses, Vε(r/σ), then can use preset values for ε.

• Quantity λ can be estimated by cross-validation.

• As solution only depends on 〈xi, xj〉’s can generalize the
method to richer spaces using kernels.



Regression and Kernels

• Approximate of f with a set of basis functions {hm(x)}Mm=1

f(x) =

M∑

m=1

βmhm(x) + β0

• To estimate β and β0 minimize

H(β, β0) =

n∑

i=1

V (yi − f(xi)) +
λ

2

M∑

m=1

β2m

for some error measure V (r).

• For any choice of V (r) the solution f̂(x) has the form

f̂(x) =
∑n

i=1 α̂iK(x, xi)

with K(x, y) =
∑M

m=1 hm(x)hm(y).



Regression and Kernels: Squared Error

Consider the case when V (r) = r2 and β0 = 0.

• Let H be the n×M matrix


h1(x1) h2(x1) · · · hM (x1)
h1(x2) h2(x2) · · · hM (x2)

...
...

...
...

h1(xn) h2(xn) · · · hM (xn)




• Suppose M > n.

• Estimate β by minimizing

H(β) = (y −Hβ)t(y −Hβ) + λ‖β‖2

• The solution is β̂ = (HtH + λIM )−1Hty

• For test point x its estimate is (h1(x), . . . , hM (x))β̂ = h(x)tβ̂



Regression and Kernels: Squared Error

This expression can be re-written as:

h(x)tβ̂ = h(x)t(HtH + λIM )−1Hty

= h(x)t(HtH + λIM )−1Ht(HHt + λIn)(HHt + λIn)−1y

= h(x)t(HtH + λIM )−1(HtHHt + λHt)(HHt + λIn)−1y

= h(x)t(HtH + λIM )−1(HHt + λIM )Ht(HHt + λIn)−1y

= h(x)tHt(HHt + λIn)−1y

= h(x)tHt(K + λIn)−1y, K = HHt

=

n∑

i=1

α̂iK(x, xi), α̂ = (K + λIn)−1y

where

K = HHt = ( 〈h(xi), h(xj)〉 )i,j = Gram matrix

Hh(x) =

h1(x1) . . . hM (x1)
...

...
...

h1(xn) · · · hM (xn)


 h1(x)

...
hM (x)

 =

K(x, x1)
...

K(x, xn)





Regression and Kernels

• Thus only the inner product kernel K(xi, xj) need be
evaluated, at the n training points for each i, j and at points
x for predictions.

• Careful choice of hm =⇒ HHt requires n2/2 evaluations of
K, rather than the direct cost n2M .

• This property depends on the choice of squared norm ‖β‖2 in
the penalty.

• It does not hold for the L1 norm, which may lead to a
superior model.



Generalizing Linear Discriminant Analysis



Virtues of LDA

• Simple prototype classifier

- Compute x’s Mahalanobis distance to each centroid.

- Assign x to class with closes centroid.

- Use a pooled covariance matrix for the Mahalanobis distance.

• LDA corresponds to Bayes classifier if

- points in each class are N (µk,Σ) ← same pooled covariance across classes

- This assumption unlikely to be true.

• LDA gives a linear decision boundary

- Results in simple decision rules

• LDA provides a low-dimensional view of the data

- For K classes can learn K − 1 orthogonal projections



Weaknesses of LDA

• Linear decision boundaries may not be adequate

• Single prototype may not be sufficient

• Many (correlated) parameters makes LDA perform poorly



Generalization of LDA presented

• FlexibleDA

- Recast LDA problem as a linear regression problem.

- Generalize linear regression to more flexible, nonparametric

regression.

• PenalizedDA

- Have a high dimensional and correlated set of predictors.

- Fit an LDA model, but penalize its coefficients to be smooth.

• MixtureDA

- Model each class by K ≥ 2 Gaussians with different centroids.

- Every component Gaussian has the same covariance matrix .



Flexible Discriminant Analysis



Optimal Scoring

• Have K classes each with a label {1, 2, . . . ,K}

• Let function

θ : {1, 2, . . . ,K} → R

assign a score to each class.

• For data {(xi, gi)}ni=1 with xi ∈ Rp and gi ∈ {1, 2, . . . ,K}
want to solve

min
β,θ

n∑

i=1

(θ(gi)− xtiβ)2

subject to

∑
i θ(gi) = 0 and 1

n

∑
i θ

2(gi) = 1



Optimal scoring in matrix notation

• Create the n×K indicator response matrix Y , that is

Yik =

{
1 if gi = k

0 otherwise

• Let Θ = (θ(1), θ(2), . . . , θ(k))t

• The optimization problem can be written as

min
Θ,β

(YΘ−Xβ)t(YΘ−Xβ)

subject to

1

n
ΘtY tYΘ = 1



Solution to optimal scoring

• The optimization problem

min
Θ,β

(YΘ−Xβ)t(YΘ−Xβ) subject to
1

n
ΘtY tYΘ = 1

is solved by

β̂ = (XtX)−1XtY Θ̂

where Θ̂ is a solution to the generalized e-value problem:

Y tX(XtX)−1XtYΘ = µY tYΘ



More general optimal scoring

• More generally can find up to L ≤ K − 1 indept scorings

θl : {1, 2, . . . ,K} → R, l = 1, . . . , L

and L vectors of linear coefficients β1, . . . , βL.

• Want to solve

min
{βl,θl}

L∑

l=1

n∑

i=1

(YΘl − xtiβl)2

subject to

1
nΘt

lY
tYΘl = 1 l = 1, . . . , L

and

Θt
l Θk = 0 for l 6= k



Link to LDA

• The sequence of discriminant vectors by LDA are identical to
the sequence β̂l up to a constant.

• Mahalanobis distance of point x to the kth class centroid µ̂k

δ(x, µ̂k) =

K−1∑

l=1

wl(β̂
t
lx− β̂tlµk)2 +D(x)

where wl is defined in terms of the mean squared residual r2
l of the

lth optimally scored fit

wl =
1

r2
l (1− r2

l )

• LDA can be performed by a sequence of linear regressions,
followed by classification to the closest class centroid in the
space of fits....



FDA

• Can replace the linear regression fits xtiβl with more flexible,
nonparametric fits: ηl(x)

• =⇒ more flexible classifier than LDA

• General form of the regression problem

ASR({(θl, ηl)}Ll=1) =
1

n

L∑

l=1

[
n∑

i=1

(θl(gi)− ηl(xi))2 + λJ(ηl)

]

where J is an appropriate regularizer.



Simple Example
442 12. Flexible Discriminants

-2 0 2

-2
0

2

o

o

o o

o

o

o

o
o

o

o

o o

o

o

o

o
o

o

o
o oo

o

o
o

o

o

o

o

o o

o

oo

oo

o

o

o

o

o
o

o

o

o

oo

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o
o

o

o
o

o

o

o

o

o

o

o

o

o

oo
o

o

o

o

o

oo

o

FIGURE 12.9. The data consist of 50 points generated from each of N(0, I) and
N(0, 9

4
I). The solid black ellipse is the decision boundary found by FDA using

degree-two polynomial regression. The dashed purple circle is the Bayes decision
boundary.

in LDA their squares cancel out when comparing distances. We could have
achieved identical quadratic boundaries in a more conventional way, by
augmenting our original predictors with their squares and cross-products.
In the enlarged space one performs an LDA, and the linear boundaries in
the enlarged space map down to quadratic boundaries in the original space.
A classic example is a pair of multivariate Gaussians centered at the origin,
one having covariance matrix I, and the other cI for c > 1; Figure 12.9
illustrates. The Bayes decision boundary is the sphere ‖x‖ = pc log c

2(c−1) , which

is a linear boundary in the enlarged space.
Many nonparametric regression procedures operate by generating a basis

expansion of derived variables, and then performing a linear regression in
the enlarged space. The MARS procedure (Chapter 9) is exactly of this
form. Smoothing splines and additive spline models generate an extremely
large basis set (N ×p basis functions for additive splines), but then perform
a penalized regression fit in the enlarged space. SVMs do as well; see also
the kernel-based regression example in Section 12.3.7. FDA in this case can
be shown to perform a penalized linear discriminant analysis in the enlarged
space. We elaborate in Section 12.6. Linear boundaries in the enlarged space
map down to nonlinear boundaries in the reduced space. This is exactly the
same paradigm that is used with support vector machines (Section 12.3).

We illustrate FDA on the speech recognition example used in Chapter
4.), with K = 11 classes and p = 10 predictors. The classes correspond to

Dashed purple line is the Bayes decision boundary.

Black ellipse is the decision boundary found by FDA using 4 degree-two

polynomial regression.
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Flexible Discriminant Analysis -- Bruto

FIGURE 12.10. The left plot shows the first two LDA canonical variates for
the vowel training data. The right plot shows the corresponding projection when
FDA/BRUTO is used to fit the model; plotted are the fitted regression functions
η̂1(xi) and η̂2(xi). Notice the improved separation. The colors represent the eleven
different vowel sounds.

11 vowel sounds, each contained in 11 different words. Here are the words,
preceded by the symbols that represent them:

Vowel Word Vowel Word Vowel Word Vowel Word

i: heed O hod I hid C: hoard
E head U hood A had u: who’d
a: hard 3: heard Y hud

Each of eight speakers spoke each word six times in the training set, and
likewise seven speakers in the test set. The ten predictors are derived from
the digitized speech in a rather complicated way, but standard in the speech
recognition world. There are thus 528 training observations, and 462 test
observations. Figure 12.10 shows two-dimensional projections produced by
LDA and FDA. The FDA model used adaptive additive-spline regression
functions to model the η!(x), and the points plotted in the right plot have
coordinates η̂1(xi) and η̂2(xi). The routine used in S-PLUS is called bruto,
hence the heading on the plot and in Table 12.3. We see that flexible model-
ing has helped to separate the classes in this case. Table 12.3 shows training
and test error rates for a number of classification techniques. FDA/MARS
refers to Friedman’s multivariate adaptive regression splines; degree = 2
means pairwise products are permitted. Notice that for FDA/MARS, the
best classification results are obtained in a reduced-rank subspace.
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TABLE 12.3. Vowel recognition data performance results. The results for neural
networks are the best among a much larger set, taken from a neural network
archive. The notation FDA/BRUTO refers to the regression method used with
FDA.

Technique Error Rates
Training Test

(1) LDA 0.32 0.56
Softmax 0.48 0.67

(2) QDA 0.01 0.53
(3) CART 0.05 0.56
(4) CART (linear combination splits) 0.05 0.54
(5) Single-layer perceptron 0.67
(6) Multi-layer perceptron (88 hidden units) 0.49
(7) Gaussian node network (528 hidden units) 0.45
(8) Nearest neighbor 0.44
(9) FDA/BRUTO 0.06 0.44

Softmax 0.11 0.50
(10) FDA/MARS (degree = 1) 0.09 0.45

Best reduced dimension (=2) 0.18 0.42
Softmax 0.14 0.48

(11) FDA/MARS (degree = 2) 0.02 0.42
Best reduced dimension (=6) 0.13 0.39
Softmax 0.10 0.50

12.5.1 Computing the FDA Estimates

The computations for the FDA coordinates can be simplified in many im-
portant cases, in particular when the nonparametric regression procedure
can be represented as a linear operator. We will denote this operator by
Sλ; that is, ŷ = Sλy, where y is the vector of responses and ŷ the vector
of fits. Additive splines have this property, if the smoothing parameters are
fixed, as does MARS once the basis functions are selected. The subscript λ
denotes the entire set of smoothing parameters. In this case optimal scoring
is equivalent to a canonical correlation problem, and the solution can be
computed by a single eigen-decomposition. This is pursued in Exercise 12.6,
and the resulting algorithm is presented here.

We create an N × K indicator response matrix Y from the responses gi,
such that yik = 1 if gi = k, otherwise yik = 0. For a five-class problem Y
might look like the following:



Computing the FDA Estimate

• FDA computations simpler when can write

non-parametric regression as a linear operator

• =⇒ ŷ = Sλ y, e.g. additive splines

• Optimal scoring can be computed by a single
eigen-decomposition.

• The algorithm is as follows...



Computing the FDA Estimate

• Create the n×K indicator response matrix Y , that is

Yik =

{
1 if gi = k

0 otherwise

• Multivariate nonparametric regression:

- Fit a nonparametric regression of Y on X.

- Let Ŷ = Sλ Y .

- Let η∗(x) be the vector of fitted regression functions.

• Optimal scores:

- Compute the eigen-decomposition of Y tŶ = Y tSλ Y

- Eigenvectors Θ are normalized: ΘtY tYΘ/n = I

• Update the model: η(x) = Θtη∗(x).



Penalized Discriminant Analysis



Penalized Discriminant Analysis

• Consider

- linear regression onto a basis expansion with

- a quadratic penalty on the coefficients

• Find {(θl, βl)}Ll=1 which minimize

1

n

L∑

l=1

[
n∑

i=1

(θl(gi)− ht(xi)βl)2 + λβtlΩβl

]

• Choice of Ω depends on the problem.

• Generalization of LDA called penalized discriminant analysis
(PDA).



Steps of Penalized Discriminant Analysis

• Extract a basis expansion h(xi) of each xi.

• The penalized Mahalanobis distance to a class centroid is given by

D(x, µ) = (h(x)− h(µ))t(ΣW + λΩ)−1(h(x)− h(µ))

where ΣW = within-class covariance of the h(xi)’s.

• Decompose the classification subspace using a penalized metric

max
u

utΣBu subject to ut(ΣW + λΩ)u = 1

Note: Penalized Mahalanobis distance

• tends to give less weight to “rough” coordinates and more weight to
“smooth” ones.

• the same applies to linear combinations that are rough or smooth if Ω not
diagonal



Image Example: Classify Digits

4 1. Introduction

FIGURE 1.2. Examples of handwritten digits from U.S. postal envelopes.

prostate specific antigen (PSA) and a number of clinical measures, in 97
men who were about to receive a radical prostatectomy.

The goal is to predict the log of PSA (lpsa) from a number of measure-
ments including log cancer volume (lcavol), log prostate weight lweight,
age, log of benign prostatic hyperplasia amount lbph, seminal vesicle in-
vasion svi, log of capsular penetration lcp, Gleason score gleason, and
percent of Gleason scores 4 or 5 pgg45. Figure 1.1 is a scatterplot matrix
of the variables. Some correlations with lpsa are evident, but a good pre-
dictive model is difficult to construct by eye.

This is a supervised learning problem, known as a regression problem,
because the outcome measurement is quantitative.

Example 3: Handwritten Digit Recognition

The data from this example come from the handwritten ZIP codes on
envelopes from U.S. postal mail. Each image is a segment from a five digit
ZIP code, isolating a single digit. The images are 16×16 eight-bit grayscale
maps, with each pixel ranging in intensity from 0 to 255. Some sample
images are shown in Figure 1.2.

The images have been normalized to have approximately the same size
and orientation. The task is to predict, from the 16 × 16 matrix of pixel
intensities, the identity of each image (0, 1, . . . , 9) quickly and accurately. If
it is accurate enough, the resulting algorithm would be used as part of an
automatic sorting procedure for envelopes. This is a classification problem
for which the error rate needs to be kept very low to avoid misdirection of

Examples of handwritten digits from U.S. postal envelopes.



Set-up

• Data: {(gi, Ii)}ni=1 each gi ∈ {0, 1, . . . , 9}, Ii a 16× 16 binary image.

=⇒ have feature vectors xi ∈ [0, 1]162

← Ii’s vectorized

• The Laplacian penalty functional

J(f) =

∫
R

(
∂2f(x, y)

∂x2
+
∂2f(x, y)

∂y2

)2

dx dy

measures smoothness of the function f over the region R.

• Construct a discrete approximation for the coefficients β

J(β) = βt∆t∆β = βtΩβ

where ∆ = D ⊗ E16 + E16 ⊗D - E16 is the 16× 16 identity matrix - and

D =



−1 1
1 −2 1

1 −2 1
. . .

1 −2 1
1 −2 1

1 −1





Discriminant variates using LDA & PDA
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LDA: Coefficient 1 PDA: Coefficient 1 LDA: Coefficient 2 PDA: Coefficient 2 LDA: Coefficient 3 PDA: Coefficient 3

LDA: Coefficient 4 PDA: Coefficient 4 LDA: Coefficient 5 PDA: Coefficient 5 LDA: Coefficient 6 PDA: Coefficient 6

LDA: Coefficient 7 PDA: Coefficient 7 LDA: Coefficient 8 PDA: Coefficient 8 LDA: Coefficient 9 PDA: Coefficient 9

FIGURE 12.11. The images appear in pairs, and represent the nine discrim-
inant coefficient functions for the digit recognition problem. The left member of
each pair is the LDA coefficient, while the right member is the PDA coefficient,
regularized to enforce spatial smoothness.

It is also intuitively clear in these cases why regularization is needed.
Take the digitized image as an example. Neighboring pixel values will tend
to be correlated, being often almost the same. This implies that the pair
of corresponding LDA coefficients for these pixels can be wildly different
and opposite in sign, and thus cancel when applied to similar pixel values.
Positively correlated predictors lead to noisy, negatively correlated coeffi-
cient estimates, and this noise results in unwanted sampling variance. A
reasonable strategy is to regularize the coefficients to be smooth over the
spatial domain, as with images. This is what PDA does. The computations
proceed just as for FDA, except that an appropriate penalized regression
method is used. Here hT (X)β! = Xβ!, and Ω is chosen so that βT

! Ωβ!

penalizes roughness in β! when viewed as an image. Figure 1.2 on page 4
shows some examples of handwritten digits. Figure 12.11 shows the dis-
criminant variates using LDA and PDA. Those produced by LDA appear
as salt-and-pepper images, while those produced by PDA are smooth im-
ages. The first smooth image can be seen as the coefficients of a linear
contrast functional for separating images with a dark central vertical strip
(ones, possibly sevens) from images that are hollow in the middle (zeros,
some fours). Figure 12.12 supports this interpretation, and with more dif-
ficulty allows an interpretation of the second coordinate. This and other



First two penalized canonical variates of test points
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FIGURE 12.12. The first two penalized canonical variates, evaluated for the
test data. The circles indicate the class centroids. The first coordinate contrasts
mainly 0’s and 1’s, while the second contrasts 6’s and 7/9’s.Circles indicate the class centroids.



Mixture Discriminant Analysis



Overview: Mixture of Discriminant Analysis

• A method for classification (supervised) based on mixture
models.

• Extension of LDA

• The mixture of normals is used to obtain a density estimation
for each class.



MDA & Gaussian Mixture Models

• GMM for the k-th class has density

P (X | G = k) =

Rk∑

r=1

πkr φ(X;µkr,Σ)

where
∑Rk

r=1 πkr = 1

• Have Rk prototypes for each class and the same Σ for each
component.

• Class posterior probabilities are given by

P (G = k | X) =

∑Rk

r=1 πkr φ(X;µkr,Σ) Πk∑K
l=1

∑Rl

r=1 πlr φ(X;µlr,Σ) Πl

where Πk represents the class prior probabilities.



Estimation of Parameters

• Estimate the parameters by minimizing

K∑

k=1

∑

i∈Ik
log

{
Πk

Rk∑

r=1

πkr φ(xi;µkr,Σ)

}
, Ik = {i | gi = k}

=⇒ maximize the joint-likelihood P (G,X) of training data
{(xi, gi)}ni=1.

• Direct optimization hard =⇒ use EM.

• Steps of EM

- E-step: Given current estimate of parameters µ
(j)
kr ,π

(j)
kr .

Compute the responsibility for each point

w
(j)
kir =

π
(j)
kr φ(xi;µ

(j)
kr ,Σ)∑Rk

l=1 π
(j)
lr φ(xi;µ

(j)
lr ,Σ)

for r=1,...,Rk; i∈Ik; k=1,...,K

- M-step: Compute the weighted MLEs for all the parameters...
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Estimate Parameters

• Steps of EM

- E-step: Given current estimate of parameters Σ(j), µ
(j)
kr .

Compute the responsibility for each point

w
(j)
kir =

π
(j)
kr φ(xi;µ

(j)
kr ,Σ)∑Rk

l=1 π
(j)
lr φ(xi;µ

(j)
lr ,Σ)

for r=1,...,Rk; i∈Ik; k=1,...,K

- M-step: Compute the weighted MLEs for all the parameters

µ
(j+1)
kr =

∑
i∈Ik w

(j)
ikr xi∑

i∈Ik w
(j)
ikr

, π
(j+1)
kr =

∑
i∈Ik w

(j)
ikr

|Ik|

Σ =
1

n

K∑
k=1

∑
i∈Ik

Rk∑
r=1

w
(j)
ikr

(xi−µ(j)
kr

)(xi−µ(j)
kr

)t

• EM requires

- initialization of parameters and

- setting the values Rk for k = 1, . . . ,K.



Example decision boundaries

452 12. Flexible Discriminants
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Training Error: 0.185
Test Error:       0.235
Bayes Error:    0.210

MDA - 5 Subclasses per Class
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Training Error: 0.17
Test Error:       0.22
Bayes Error:    0.21

FIGURE 12.13. FDA and MDA on the mixture data. The upper plot uses
FDA with MARS as the regression procedure. The lower plot uses MDA with
five mixture centers per class (indicated). The MDA solution is close to Bayes
optimal, as might be expected given the data arise from mixtures of Gaussians.
The broken purple curve in the background is the Bayes decision boundary.

452 12. Flexible Discriminants

FDA / MARS - Degree 2
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Training Error: 0.185
Test Error:       0.235
Bayes Error:    0.210

MDA - 5 Subclasses per Class
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Training Error: 0.17
Test Error:       0.22
Bayes Error:    0.21

FIGURE 12.13. FDA and MDA on the mixture data. The upper plot uses
FDA with MARS as the regression procedure. The lower plot uses MDA with
five mixture centers per class (indicated). The MDA solution is close to Bayes
optimal, as might be expected given the data arise from mixtures of Gaussians.
The broken purple curve in the background is the Bayes decision boundary.

Dashed purple line is the Bayes decision boundary.


