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Projection Pursuit Regression



Projection Pursuit Regression

Projection Pursuit Regression model:

f(X) =

M∑

i=1

gm(w
t
mX)

where X ∈ Rp and have targets Y ∈ R.

• Additive model in the derived features Vm = wtmX.

• gm(wtmX) the ridge function in Rp - only varies in direction of wm.

• PPR model can approximate any continuous function in Rp if M
arbitrarily large and appropriate choice of gm’s.

• =⇒ PPR model is a universal approximator.



Example Ridge Functions
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FIGURE 11.1. Perspective plots of two ridge functions.
(Left:) g(V ) = 1/[1 + exp(−5(V − 0.5))], where V = (X1 + X2)/

√
2.

(Right:) g(V ) = (V + 0.1) sin(1/(V/3 + 0.1)), where V = X1.

mated along with the directions ωm using some flexible smoothing method
(see below).

The function gm(ωT
mX) is called a ridge function in IRp. It varies only

in the direction defined by the vector ωm. The scalar variable Vm = ωT
mX

is the projection of X onto the unit vector ωm, and we seek ωm so that
the model fits well, hence the name “projection pursuit.” Figure 11.1 shows
some examples of ridge functions. In the example on the left ω = (1/

√
2)(1, 1)T ,

so that the function only varies in the direction X1 + X2. In the example
on the right, ω = (1, 0).

The PPR model (11.1) is very general, since the operation of forming
nonlinear functions of linear combinations generates a surprisingly large
class of models. For example, the product X1 ·X2 can be written as [(X1 +
X2)

2 − (X1 − X2)
2]/4, and higher-order products can be represented simi-

larly.
In fact, if M is taken arbitrarily large, for appropriate choice of gm the

PPR model can approximate any continuous function in IRp arbitrarily
well. Such a class of models is called a universal approximator. However
this generality comes at a price. Interpretation of the fitted model is usually
difficult, because each input enters into the model in a complex and multi-
faceted way. As a result, the PPR model is most useful for prediction, and
not very useful for producing an understandable model for the data. The
M = 1 model, known as the single index model in econometrics, is an
exception. It is slightly more general than the linear regression model, and
offers a similar interpretation.

How do we fit a PPR model, given training data (xi, yi), i = 1, 2, . . . , N?
We seek the approximate minimizers of the error function

N∑

i=1

[
yi −

M∑

m=1

gm(ωT
mxi)

]2

(11.2)

• Left graph

g(V ) =
1

1 + exp{−5(V − 0.5)} , V =
(X1 +X2)√

2

• Right graph

g(V ) = (V + 0.1) sin

(
1

V/3 + .1

)
, V = X1



How to fit a PPR model ?

• Have training data {(xi, yi)}ni=1.

• Seek to minimize

n∑

i=1

[
yi −

M∑

m=1

gm(w
t
mxi)

]2

over functions gm and directions wm, m = 1, . . . ,M .

• How??

• General approach

- Build model in a forward stage-wise manner.
Add a pair (wm, gm) at each stage.

- At each stage iterate

* Fix wm and update gm
* Fix gm and update wm
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How to fit a PPR model ?

• Fix w and update g

• Must impose complexity constraints on gm to avoid
overfitting.

• Fix g and update w

g(wtxi) ≈ g(wtoldxi) + g′(wtoldxi)(w − wold)
t xi

to give
n∑

i=1

[
yi − g(wt xi)

]2 ≈
n∑

i=1

g′(wt
oldxi)

2

[(
wt

oldxi +
yi − g(wt

oldxi)

g′(wt
oldxi)

)
− wtxi

]2
To minimize the rhs:

- Perform least squares regression (no intercept (bias) term).

- Input wt xi has target wtold xi +
yi − g(wtoldxi)
g′(wtoldxi)

- Weight errors with g′(wtoldxi)
2

- This produces the updated coefficient vector wnew.



How to fit a PPR model ?

Iterate these two steps until convergence

• Fix w and update g

• Fix g and update w



Neural Networks



Single hidden layer, feed-forward network
11.3 Neural Networks 393
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FIGURE 11.2. Schematic of a single hidden layer, feed-forward neural network.

Thinking of the constant “1” as an additional input feature, this bias unit
captures the intercepts α0m and β0k in model (11.5).

The output function gk(T ) allows a final transformation of the vector of
outputs T . For regression we typically choose the identity function gk(T ) =
Tk. Early work in K-class classification also used the identity function, but
this was later abandoned in favor of the softmax function

gk(T ) =
eTk

∑K
!=1 eT!

. (11.6)

This is of course exactly the transformation used in the multilogit model
(Section 4.4), and produces positive estimates that sum to one. In Sec-
tion 4.2 we discuss other problems with linear activation functions, in par-
ticular potentially severe masking effects.

The units in the middle of the network, computing the derived features
Zm, are called hidden units because the values Zm are not directly ob-
served. In general there can be more than one hidden layer, as illustrated
in the example at the end of this chapter. We can think of the Zm as a
basis expansion of the original inputs X; the neural network is then a stan-
dard linear model, or linear multilogit model, using these transformations
as inputs. There is, however, an important enhancement over the basis-
expansion techniques discussed in Chapter 5; here the parameters of the
basis functions are learned from the data.



K-classification

• Input: X = (X1, X2, . . . , Xp) and say it belongs to class k

• Ideal output: Y1, . . . , YK where

Yi =

{
0 if i 6= k

1 if i = k

• The 2 layer neural network estimates the outputs by

- deriving features Z1, . . . , ZM - hidden units - from linear

combinations of X

- the target Yk is modeled as a function of linear combinations

of Z1, . . . , ZM .

• In maths...



K-classification

• Computation of the kth output

Yk = fk(X) = gk(T1, . . . , TK)

where

Tk = βk0 +
∑M

m=1 βkmZm,

Zm = σ
(
αm0 +

∑p
l=1 αmlXl

)

the activation function σ can be defined

σ(v) =
1

1 + exp{−v} ←− sigmoid function

and the output function gk

gk(T1, . . . , TK) =
exp{Tk}∑K
l=1 exp{Tl}

←− softmax function



The Activation Function

Shown is σ(sv) for s = .5, 1, 10394 Neural Networks
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FIGURE 11.3. Plot of the sigmoid function σ(v) = 1/(1+exp(−v)) (red curve),
commonly used in the hidden layer of a neural network. Included are σ(sv) for
s = 1

2
(blue curve) and s = 10 (purple curve). The scale parameter s controls

the activation rate, and we can see that large s amounts to a hard activation at
v = 0. Note that σ(s(v − v0)) shifts the activation threshold from 0 to v0.

Notice that if σ is the identity function, then the entire model collapses
to a linear model in the inputs. Hence a neural network can be thought of
as a nonlinear generalization of the linear model, both for regression and
classification. By introducing the nonlinear transformation σ, it greatly
enlarges the class of linear models. In Figure 11.3 we see that the rate of
activation of the sigmoid depends on the norm of αm, and if ‖αm‖ is very
small, the unit will indeed be operating in the linear part of its activation
function.

Notice also that the neural network model with one hidden layer has
exactly the same form as the projection pursuit model described above.
The difference is that the PPR model uses nonparametric functions gm(v),
while the neural network uses a far simpler function based on σ(v), with
three free parameters in its argument. In detail, viewing the neural network
model as a PPR model, we identify

gm(ωT
mX) = βmσ(α0m + αT

mX)

= βmσ(α0m + ‖αm‖(ωT
mX)), (11.7)

where ωm = αm/‖αm‖ is the mth unit-vector. Since σβ,α0,s(v) = βσ(α0 +
sv) has lower complexity than a more general nonparametric g(v), it is not
surprising that a neural network might use 20 or 100 such functions, while
the PPR model typically uses fewer terms (M = 5 or 10, for example).

Finally, we note that the name “neural networks” derives from the fact
that they were first developed as models for the human brain. Each unit
represents a neuron, and the connections (links in Figure 11.2) represent
synapses. In early models, the neurons fired when the total signal passed to
that unit exceeded a certain threshold. In the model above, this corresponds

• If σ is the identity =⇒ each Tk = wk0 +
∑p
i=1 wklXl

• Can think of neural networks as a non-linear generalization of the
linear model.

• Rate of activation of the sigmoid depends on the norm of αm where
Zm = σ

(
αm0 +

∑p
l=1 αmlXl

)
• When ‖σm‖ small =⇒ unit operates in the linear part of its

activation function.



Neural Network is a universal approximator

A NN with one hidden units, can approximate arbitrarily well any
functional continuous mapping from one finite dimensional space
to another, provided number of hidden units is sufficiently large.



Fitting Neural Networks



Error measure

• This 2-layer neural network has unknown parameters, θ,

{αm0, αm1, . . . , αmp; m = 1, . . . ,M} M(p+ 1) weights

{βk0, βk1, . . . , βkM ; k = 1, . . . ,K} K(M + 1) weights

• Aim: Estimate parameters, θ, from labeled training data:

{xi, gi}ni=1 with each xi ∈ Rp, gi ∈ {1, . . . ,K}
• Do this by minimizing a measure-of-fit such as

R(θ) =

n∑

i=1

K∑

k=1

(yik − fk(xi))2 ←− sum-of-squared error

or

R(θ) = −
n∑

i=1

K∑

k=1

yik log fk(xi) ←− cross-entropy error



Minimizing R(θ)

• Typically don’t want

θ̂ = argmin
θ

R(θ)

=⇒ an overfit solution.

• Some form of regularization is required - will come back to this.

• Generic approach to minimizing R(θ) is by gradient descent
a.k.a. back-propagation.

• This amounts to implementation of the chain rule for
differentiation.



Back-propagation for squared-error loss

• Let zi = (z1i, . . . , zMi) and

zim = σ(αm0 + αtmxi) where αm = (αm1, . . . , αmp)

• Have

R(θ) =

n∑

i=1

Ri =

n∑

i=1

K∑

k=1

(yik − fk(xi))2

with derivatives

∂Ri(θ)

∂βkm
= −2 (yik − fk(xi)) g

′
k(β10 + βt

1zi, . . . , βK0 + βt
Kzi) zim = δki zim

∂Ri(θ)

∂αml
=

K∑
k=1

δki βkm σ′(αm0 + αt
mxi)xil

= xil σ
′(αm0 + αt

mxi)

K∑
k=1

δki βkm = xil smi



Back-propagation for squared-error loss

• Given these derivatives update at the (r + 1)st iteration

β
(r+1)
km = β

(r)
km − γr

n∑

i=1

∂Ri(θ)

∂βkm

∣∣∣∣
βkm=β

(r)
km

α
(r+1)
ml = α

(r)
ml − γr

n∑

i=1

∂Ri(θ)

∂αml

∣∣∣∣
αml=α

(r)
ml

where γr is the learning rate.

• The quantities δki and smi are “errors” from the current model at
the output and hidden layer units respective

∂Ri(θ)

∂βkm
= δki zim,

∂Ri(θ)

∂αml
= xil smi

• Remember the errors satisfy

smi = σ′(αm0 + αtmxi)

K∑

k=1

δki βkm



Back-propagation update equations

The updates can be implemented in a two-pass algorithm:

• Forward pass: current weights are fixed and compute f̂k(xi)

• Backward pass: Compute errors δki and then
back-propagated with

smi = σ′(αm0 + αtmxi)

K∑

k=1

δki βkm

to give the errors smi.

• Use both sets of errors to compute the gradients for the
updates.



Details of back propagation

• Can do updates with batch learning.

Parameters updated by summing over all training examples.

• Can do updates with online learning.

Parameters updated after each training example.

=⇒ can train network with very large trained datasets.

• Training epoch ≡ one sweep through the entire training set.

• Learning rate: γr

- Batch learning - usually taken to be constant and can be
optimized by a line search.

- Online learning - γr → 0 as r →∞

• Note: Back-prop is very slow.



Some Issues in Training Neural Networks



Training Neural Networks

• Training a neural networks is non-trivial!

Why?

- Model is overparametrized

- Optimization problem is nonconvex and unstable

• Book summarizes some of the important issues...



Starting Values

• If weights are near zero

=⇒ σ(·) is roughly linear

=⇒ neural network collapses into an approx linear model.

• Usually start with random values close to zero.

=⇒ model starts out linear and becomes non-linear as weights increase.

• Use of exact zero weights gives zero derivatives, perfect
symmetry and the algorithm never moves.

• Starting with large weights often leads to poor solutions.



Combating Overfitting

Neural networks will overfit at the global minimum of R.

Therefore different approaches to regularization have been adopted:

• Early stopping

- Only train the model for a while.

- Stop before converging to a minimum of R(θ).

- As initial weights are close to 0

=⇒ initially have a highly regularized linear solution

=⇒ early stopping shrinks the model towards a linear model.

- Can use a validation dataset to determine when to stop.

• Weight decay
- Add a penalty to the error function R(θ) + λJ(θ), where

J(θ) =
∑
km β

2
km +

∑
ml α

2
ml

and λ ≥ 0 is a tuning parameter.

- Larger values of λ tend to shrink weights towards zero.
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Effect of Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

11.5 Some Issues in Training Neural Networks 399

Neural Network - 10 Units, No Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

• Both use softmax gk and cross-entropy error.

• Bayes optimal decision boundary is the purple curve



Weights learnt
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FIGURE 11.5. Heat maps of the estimated weights from the training of neural
networks from Figure 11.4. The display ranges from bright green (negative) to
bright red (positive).

solution. At the outset it is best to standardize all inputs to have mean zero
and standard deviation one. This ensures all inputs are treated equally in
the regularization process, and allows one to choose a meaningful range for
the random starting weights. With standardized inputs, it is typical to take
random uniform weights over the range [−0.7,+0.7].

11.5.4 Number of Hidden Units and Layers

Generally speaking it is better to have too many hidden units than too few.
With too few hidden units, the model might not have enough flexibility to
capture the nonlinearities in the data; with too many hidden units, the
extra weights can be shrunk toward zero if appropriate regularization is
used. Typically the number of hidden units is somewhere in the range of
5 to 100, with the number increasing with the number of inputs and num-
ber of training cases. It is most common to put down a reasonably large
number of units and train them with regularization. Some researchers use
cross-validation to estimate the optimal number, but this seems unneces-
sary if cross-validation is used to estimate the regularization parameter.
Choice of the number of hidden layers is guided by background knowledge
and experimentation. Each layer extracts features of the input for regres-
sion or classification. Use of multiple hidden layers allows construction of
hierarchical features at different levels of resolution. An example of the
effective use of multiple layers is given in Section 11.6.

11.5.5 Multiple Minima

The error function R(θ) is nonconvex, possessing many local minima. As a
result, the final solution obtained is quite dependent on the choice of start-

• Both use softmax gk and cross-entropy error.

• The display ranges from bright green (negative) to bright red
(positive).



Combating Overfitting

• Scaling the Inputs

- Scale of inputs determines scale of bottom layer weights.

- At beginning best to standardize all inputs to have mean 0 and

standard deviation 1

- Ensures all inputs are treated equally in the regularization

process.

• Number of Hidden Units and Layers

- Generally better to have too many than too few hidden units.

- Fewer hidden units =⇒ less flexibility in the model

- Proper regularization should shrink unnecessary hidden unit

weights to zero.

- Multiple hidden layers allows construction of hierarchical

features at different resolutions.



Combating Overfitting

• Multiple Minima

- R(θ) non-convex =⇒ final solution depends on initial weights.

- Option 1:
Learn different networks for different random initial weights.

Choose the network with lowest penalized error.

- Option 2:
Learn different networks for different random initial weights.

For a test example average the prediction of each network.

- Option 3: (bagging)
Learn different networks from random subsets of the training
data.

For a test example average the prediction of each network.



Example: Simulated Data



Example 1: Underlying model

• Generated data from this additive model

Y = σ(at1X) + σ(at2X) + ε

where

X = (X1, X2)
t with Xi ∼ N (0, 1) for i = 1, 2

at1 = (3, 3),

at2 = (3,−3),
ε ∼ N (0, σ2)

and σ2 is chosen so the s-n-r is 4 that is

Var{f(X)} = 4σ2

• ntrain = 100 and ntest = 10000



Example 1: Neural network fit

• Fit neural network with weight decay and various number of hidden
units.

• Recorded the average test error for 10 random starting weights.

• Zero hidden unit model refers to linear least squares regression.
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FIGURE 11.6. Boxplots of test error, for simulated data example, relative to
the Bayes error (broken horizontal line). True function is a sum of two sigmoids
on the left, and a radial function is on the right. The test error is displayed for
10 different starting weights, for a single hidden layer neural network with the
number of units as indicated.

panel of Figure 11.6 that it does poorly in this case, with the test error
staying well above the Bayes error (note the different vertical scale from
the left panel). In fact, since a constant fit (such as the sample average)
achieves a relative error of 5 (when the SNR is 4), we see that the neural
networks perform increasingly worse than the mean.

In this example we used a fixed weight decay parameter of 0.0005, rep-
resenting a mild amount of regularization. The results in the left panel of
Figure 11.6 suggest that more regularization is needed with greater num-
bers of hidden units.

In Figure 11.7 we repeated the experiment for the sum of sigmoids model,
with no weight decay in the left panel, and stronger weight decay (λ = 0.1)
in the right panel. With no weight decay, overfitting becomes even more
severe for larger numbers of hidden units. The weight decay value λ = 0.1
produces good results for all numbers of hidden units, and there does not
appear to be overfitting as the number of units increase. Finally, Figure 11.8
shows the test error for a ten hidden unit network, varying the weight decay
parameter over a wide range. The value 0.1 is approximately optimal.

In summary, there are two free parameters to select: the weight decay λ
and number of hidden units M . As a learning strategy, one could fix either
parameter at the value corresponding to the least constrained model, to
ensure that the model is rich enough, and use cross-validation to choose
the other parameter. Here the least constrained values are zero weight decay
and ten hidden units. Comparing the left panel of Figure 11.7 to Figure
11.8, we see that the test error is less sensitive to the value of the weight

Test error quoted relative to the Bayes error, λ = 0.0005



Example 1: Effect of weight decay on test error

11.6 Example: Simulated Data 403
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FIGURE 11.7. Boxplots of test error, for simulated data example, relative to the
Bayes error. True function is a sum of two sigmoids. The test error is displayed
for ten different starting weights, for a single hidden layer neural network with
the number units as indicated. The two panels represent no weight decay (left)
and strong weight decay λ = 0.1 (right).
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Example 1: Fixed number of hidden units, vary λ
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Example 2: Underlying model

• Generated data from this additive model

Y =

10∏

j=1

φ(Xj) + ε

where

X = (X1, . . . , X10)
t with Xi ∼ N (0, 1) for i = 1, 2

φ(v) = exp{−v2/2}/
√
2π,

ε ∼ N (0, σ2)

and σ2 is chosen so the s-n-r is 4 that is

Var{f(X)} = 4σ2

• ntrain = 100 and ntest = 10000



Example 2: Neural network does not produce a good fit

• Fit neural network with weight decay and various number of hidden
units.

• Recorded the average test error for 10 random starting weights.

• Zero hidden unit model refers to linear least squares regression.
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FIGURE 11.6. Boxplots of test error, for simulated data example, relative to
the Bayes error (broken horizontal line). True function is a sum of two sigmoids
on the left, and a radial function is on the right. The test error is displayed for
10 different starting weights, for a single hidden layer neural network with the
number of units as indicated.

panel of Figure 11.6 that it does poorly in this case, with the test error
staying well above the Bayes error (note the different vertical scale from
the left panel). In fact, since a constant fit (such as the sample average)
achieves a relative error of 5 (when the SNR is 4), we see that the neural
networks perform increasingly worse than the mean.

In this example we used a fixed weight decay parameter of 0.0005, rep-
resenting a mild amount of regularization. The results in the left panel of
Figure 11.6 suggest that more regularization is needed with greater num-
bers of hidden units.

In Figure 11.7 we repeated the experiment for the sum of sigmoids model,
with no weight decay in the left panel, and stronger weight decay (λ = 0.1)
in the right panel. With no weight decay, overfitting becomes even more
severe for larger numbers of hidden units. The weight decay value λ = 0.1
produces good results for all numbers of hidden units, and there does not
appear to be overfitting as the number of units increase. Finally, Figure 11.8
shows the test error for a ten hidden unit network, varying the weight decay
parameter over a wide range. The value 0.1 is approximately optimal.

In summary, there are two free parameters to select: the weight decay λ
and number of hidden units M . As a learning strategy, one could fix either
parameter at the value corresponding to the least constrained model, to
ensure that the model is rich enough, and use cross-validation to choose
the other parameter. Here the least constrained values are zero weight decay
and ten hidden units. Comparing the left panel of Figure 11.7 to Figure
11.8, we see that the test error is less sensitive to the value of the weight

Test error quoted relative to the Bayes error, λ = 0.0005



Convolutional Neural Networks



Neural Nets and image recognition tasks

• A black box neural network applied to pixel intensity data
does not perform well for image pattern recognition task.

• Why?

- Because the pixel representation of the images lack
certain invariances (such as small rotations of the image).

- Huge number of parameters

• Solution
Introduce constraints on the network to allow for more
complex connectivity but fewer parameters.

• Prime Example: Convolutional Neural Networks
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Property 1: Convolutional Neural Networks

Sparse Connectivity
• CNNs exploit spatially local correlation by enforcing a local

connectivity pattern between units of adjacent layers.

• The hidden units in the m-th layer are connected to a local
subset of units in the (m− 1)-th layer, which have spatially
contiguous receptive fields.

Example of a convolutional layer



Property 2: Convolutional Neural Networks

Shared Weights
• In CNNs, each sparse filter is replicated across the image.

• These “replicated” units form a feature map.

Example of a convolutional layer

The k-th feature map hk, whose filters are defined by the weights W k

and bias bk, is (with tanh used for non-linearities):

hkij = tanh{(W k ∗ x)ij + bk}



Property 3: Convolutional Neural Networks

Max Pooling

• Max-pooling partitions the input image into a set of
non-overlapping rectangles and, for each such sub-region,
outputs the maximum value.

• Reduces the computational complexity for upper layers.

• Provides a form of translation invariance.



The Full Model

Sparse, convolutional layers and max-pooling are at the heart of
the LeNet family of models.

Graphical depiction of a LeNet model.



Example: ZIP Code Data



The data

404 Neural Networks

FIGURE 11.9. Examples of training cases from ZIP code data. Each image is
a 16 × 16 8-bit grayscale representation of a handwritten digit.

decay parameter, and hence cross-validation of this parameter would be
preferred.

11.7 Example: ZIP Code Data

This example is a character recognition task: classification of handwritten
numerals. This problem captured the attention of the machine learning and
neural network community for many years, and has remained a benchmark
problem in the field. Figure 11.9 shows some examples of normalized hand-
written digits, automatically scanned from envelopes by the U.S. Postal
Service. The original scanned digits are binary and of different sizes and
orientations; the images shown here have been deslanted and size normal-
ized, resulting in 16× 16 grayscale images (Le Cun et al., 1990). These 256
pixel values are used as inputs to the neural network classifier.

A black box neural network is not ideally suited to this pattern recogni-
tion task, partly because the pixel representation of the images lack certain
invariances (such as small rotations of the image). Consequently early at-
tempts with neural networks yielded misclassification rates around 4.5%
on various examples of the problem. In this section we show some of the
pioneering efforts to handcraft the neural network to overcome some these
deficiencies (Le Cun, 1989), which ultimately led to the state of the art in
neural network performance(Le Cun et al., 1998)1.

Although current digit datasets have tens of thousands of training and
test examples, the sample size here is deliberately modest in order to em-

1The figures and tables in this example were recreated from Le Cun (1989).

Each image is a 16× 16 8-bit grayscale representation of a handwritten digit.

For the experiments in the book: ntrain = 320 and ntest = 160.



Five networks fit to the data

• Net-1
No hidden layer, equivalent to multinomial logistic regression.

• Net-2
One hidden layer, 12 hidden units fully connected.

• Net-3
Two hidden layers locally connected.

- 1st hidden layer (8 × 8 array), each unit takes
inputs from a 3×3 patch of the input layer after
subsampling by 2.

- 2nd hidden layer, inputs are from a 5× 5 patch
of the input layer after subsampling by 2.

- Local connectivity makes each unit responsible
for extracting local features from the layer be-
low.

11.7 Example: ZIP Code Data 405
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FIGURE 11.10. Architecture of the five networks used in the ZIP code example.

phasize the effects. The examples were obtained by scanning some actual
hand-drawn digits, and then generating additional images by random hor-
izontal shifts. Details may be found in Le Cun (1989). There are 320 digits
in the training set, and 160 in the test set.

Five different networks were fit to the data:

Net-1: No hidden layer, equivalent to multinomial logistic regression.

Net-2: One hidden layer, 12 hidden units fully connected.

Net-3: Two hidden layers locally connected.

Net-4: Two hidden layers, locally connected with weight sharing.

Net-5: Two hidden layers, locally connected, two levels of weight sharing.

These are depicted in Figure 11.10. Net-1 for example has 256 inputs, one
each for the 16×16 input pixels, and ten output units for each of the digits
0–9. The predicted value f̂k(x) represents the estimated probability that
an image x has digit class k, for k = 0, 1, 2, . . . , 9.



Five networks fit to the data

• Net-4 (convolutional neural network)
Two hidden layers, locally connected with weight sharing.

- 1st hidden layer has two 8× 8 arrays. Each unit
takes inputs from a 3 × 3 patch of the input
layer after subsampling by 2. The units in the
feature map share the same set of nine weights
(but have their own bias parameter).

- 2nd hidden layer, inputs are from a 5 × 5 × 2
volume of the two input layers after subsampling
by 2. It has no weight sharing.

- Local connectivity makes each unit responsible
for extracting local features from the layer be-
low.

11.7 Example: ZIP Code Data 405
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FIGURE 11.10. Architecture of the five networks used in the ZIP code example.

phasize the effects. The examples were obtained by scanning some actual
hand-drawn digits, and then generating additional images by random hor-
izontal shifts. Details may be found in Le Cun (1989). There are 320 digits
in the training set, and 160 in the test set.

Five different networks were fit to the data:

Net-1: No hidden layer, equivalent to multinomial logistic regression.

Net-2: One hidden layer, 12 hidden units fully connected.

Net-3: Two hidden layers locally connected.

Net-4: Two hidden layers, locally connected with weight sharing.

Net-5: Two hidden layers, locally connected, two levels of weight sharing.

These are depicted in Figure 11.10. Net-1 for example has 256 inputs, one
each for the 16×16 input pixels, and ten output units for each of the digits
0–9. The predicted value f̂k(x) represents the estimated probability that
an image x has digit class k, for k = 0, 1, 2, . . . , 9.



Five networks fit to the data

• Net-5 (convolutional neural network)
Two hidden layers, locally connected, two levels of weight
sharing.

- 1st hidden layer has two 8× 8 arrays. Each unit
takes inputs from a 3 × 3 patch of the input
layer after subsampling by 2. The units in the
feature map share the same set of nine weights
(but have their own bias parameter).

- 2nd hidden layer has four 4 × 4 feature maps.
Inputs are from a 5 × 5 × 2 volume of the two
input layers after subsampling by 2. The units in
the feature map share the same set of 50 weights
(but have their own bias parameter).

- Local connectivity makes each unit responsible
for extracting local features from the layer be-
low.

11.7 Example: ZIP Code Data 405
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phasize the effects. The examples were obtained by scanning some actual
hand-drawn digits, and then generating additional images by random hor-
izontal shifts. Details may be found in Le Cun (1989). There are 320 digits
in the training set, and 160 in the test set.

Five different networks were fit to the data:

Net-1: No hidden layer, equivalent to multinomial logistic regression.

Net-2: One hidden layer, 12 hidden units fully connected.

Net-3: Two hidden layers locally connected.

Net-4: Two hidden layers, locally connected with weight sharing.

Net-5: Two hidden layers, locally connected, two levels of weight sharing.

These are depicted in Figure 11.10. Net-1 for example has 256 inputs, one
each for the 16×16 input pixels, and ten output units for each of the digits
0–9. The predicted value f̂k(x) represents the estimated probability that
an image x has digit class k, for k = 0, 1, 2, . . . , 9.
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TABLE 11.1. Test set performance of five different neural networks on a hand-
written digit classification example (Le Cun, 1989).

Network Architecture Links Weights % Correct

Net-1: Single layer network 2570 2570 80.0%
Net-2: Two layer network 3214 3214 87.0%

Net-3: Locally connected 1226 1226 88.5%

Net-4: Constrained network 1 2266 1132 94.0%

Net-5: Constrained network 2 5194 1060 98.4%

reduces considerably the total number of weights. With many more hidden
units than Net-2, Net-3 has fewer links and hence weights (1226 vs. 3214),
and achieves similar performance.

Net-4 and Net-5 have local connectivity with shared weights. All units
in a local feature map perform the same operation on different parts of the
image, achieved by sharing the same weights. The first hidden layer of Net-
4 has two 8×8 arrays, and each unit takes input from a 3×3 patch just like
in Net-3. However, each of the units in a single 8×8 feature map share the
same set of nine weights (but have their own bias parameter). This forces
the extracted features in different parts of the image to be computed by
the same linear functional, and consequently these networks are sometimes
known as convolutional networks. The second hidden layer of Net-4 has
no weight sharing, and is the same as in Net-3. The gradient of the error
function R with respect to a shared weight is the sum of the gradients of
R with respect to each connection controlled by the weights in question.

Table 11.1 gives the number of links, the number of weights and the
optimal test performance for each of the networks. We see that Net-4 has
more links but fewer weights than Net-3, and superior test performance.
Net-5 has four 4 × 4 feature maps in the second hidden layer, each unit
connected to a 5 × 5 local patch in the layer below. Weights are shared
in each of these feature maps. We see that Net-5 does the best, having
errors of only 1.6%, compared to 13% for the “vanilla” network Net-2.
The clever design of network Net-5, motivated by the fact that features of
handwriting style should appear in more than one part of a digit, was the
result of many person years of experimentation. This and similar networks
gave better performance on ZIP code problems than any other learning
method at that time (early 1990s). This example also shows that neural
networks are not a fully automatic tool, as they are sometimes advertised.
As with all statistical models, subject matter knowledge can and should be
used to improve their performance.

This network was later outperformed by the tangent distance approach
(Simard et al., 1993) described in Section 13.3.3, which explicitly incorpo-
rates natural affine invariances. At this point the digit recognition datasets
become test beds for every new learning procedure, and researchers worked



Results
406 Neural Networks

Training Epochs

%
 C

or
re

ct
 o

n 
Te

st
 D

at
a

0 5 10 15 20 25 30

60

70

80

90

100

Net-1

Net-2

Net-3

Net-4
Net-5

FIGURE 11.11. Test performance curves, as a function of the number of train-
ing epochs, for the five networks of Table 11.1 applied to the ZIP code data.
(Le Cun, 1989)

The networks all have sigmoidal output units, and were all fit with the
sum-of-squares error function. The first network has no hidden layer, and
hence is nearly equivalent to a linear multinomial regression model (Exer-
cise 11.4). Net-2 is a single hidden layer network with 12 hidden units, of
the kind described above.

The training set error for all of the networks was 0%, since in all cases
there are more parameters than training observations. The evolution of the
test error during the training epochs is shown in Figure 11.11. The linear
network (Net-1) starts to overfit fairly quickly, while test performance of
the others level off at successively superior values.

The other three networks have additional features which demonstrate
the power and flexibility of the neural network paradigm. They introduce
constraints on the network, natural for the problem at hand, which allow
for more complex connectivity but fewer parameters.

Net-3 uses local connectivity: this means that each hidden unit is con-
nected to only a small patch of units in the layer below. In the first hidden
layer (an 8×8 array), each unit takes inputs from a 3×3 patch of the input
layer; for units in the first hidden layer that are one unit apart, their recep-
tive fields overlap by one row or column, and hence are two pixels apart.
In the second hidden layer, inputs are from a 5 × 5 patch, and again units
that are one unit apart have receptive fields that are two units apart. The
weights for all other connections are set to zero. Local connectivity makes
each unit responsible for extracting local features from the layer below, and

The networks all have sigmoidal output units, and were all fit with
the sum-of-squares error function.
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The networks all have sigmoidal output units, and were all fit with the
sum-of-squares error function. The first network has no hidden layer, and
hence is nearly equivalent to a linear multinomial regression model (Exer-
cise 11.4). Net-2 is a single hidden layer network with 12 hidden units, of
the kind described above.

The training set error for all of the networks was 0%, since in all cases
there are more parameters than training observations. The evolution of the
test error during the training epochs is shown in Figure 11.11. The linear
network (Net-1) starts to overfit fairly quickly, while test performance of
the others level off at successively superior values.

The other three networks have additional features which demonstrate
the power and flexibility of the neural network paradigm. They introduce
constraints on the network, natural for the problem at hand, which allow
for more complex connectivity but fewer parameters.

Net-3 uses local connectivity: this means that each hidden unit is con-
nected to only a small patch of units in the layer below. In the first hidden
layer (an 8×8 array), each unit takes inputs from a 3×3 patch of the input
layer; for units in the first hidden layer that are one unit apart, their recep-
tive fields overlap by one row or column, and hence are two pixels apart.
In the second hidden layer, inputs are from a 5 × 5 patch, and again units
that are one unit apart have receptive fields that are two units apart. The
weights for all other connections are set to zero. Local connectivity makes
each unit responsible for extracting local features from the layer below, and

The networks all have sigmoidal output units, and were all fit with
the sum-of-squares error function.
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TABLE 11.2. NIPS 2003 challenge data sets. The column labeled p is the number
of features. For the Dorothea dataset the features are binary. Ntr, Nval and Nte

are the number of training, validation and test cases, respectively

Dataset Domain Feature p Percent Ntr Nval Nte

Type Probes
Arcene Mass spectrometry Dense 10,000 30 100 100 700
Dexter Text classification Sparse 20,000 50 300 300 2000
Dorothea Drug discovery Sparse 100,000 50 800 350 800
Gisette Digit recognition Dense 5000 30 6000 1000 6500
Madelon Artificial Dense 500 96 2000 600 1800

in three of the five datasets, and were 5th and 7th on the remaining two
datasets.

In their winning entries, Neal and Zhang (2006) used a series of pre-
processing feature-selection steps, followed by Bayesian neural networks,
Dirichlet diffusion trees, and combinations of these methods. Here we focus
only on the Bayesian neural network approach, and try to discern which
aspects of their approach were important for its success. We rerun their
programs and compare the results to boosted neural networks and boosted
trees, and other related methods.

11.9.1 Bayes, Boosting and Bagging

Let us first review briefly the Bayesian approach to inference and its appli-
cation to neural networks. Given training data Xtr,ytr, we assume a sam-
pling model with parameters θ; Neal and Zhang (2006) use a two-hidden-
layer neural network, with output nodes the class probabilities Pr(Y |X, θ)
for the binary outcomes. Given a prior distribution Pr(θ), the posterior
distribution for the parameters is

Pr(θ|Xtr,ytr) =
Pr(θ)Pr(ytr|Xtr, θ)∫
Pr(θ)Pr(ytr|Xtr, θ)dθ

(11.19)

For a test case with features Xnew, the predictive distribution for the
label Ynew is

Pr(Ynew|Xnew,Xtr,ytr) =

∫
Pr(Ynew|Xnew, θ)Pr(θ|Xtr,ytr)dθ (11.20)

(c.f. equation 8.24). Since the integral in (11.20) is intractable, sophisticated
Markov Chain Monte Carlo (MCMC) methods are used to sample from the
posterior distribution Pr(Ynew|Xnew,Xtr,ytr). A few hundred values θ are
generated and then a simple average of these values estimates the integral.
Neal and Zhang (2006) use diffuse Gaussian priors for all of the parame-
ters. The particular MCMC approach that was used is called hybrid Monte
Carlo, and may be important for the success of the method. It includes
an auxiliary momentum vector and implements Hamiltonian dynamics in
which the potential function is the target density. This is done to avoid

• Each dataset represents a two-class classification problems

• Emphasis on feature extraction

• Artificial “probes” (noise features) added to the data.

Winning method: Neal and Zhang (2006) used a series of

- preprocessing feature-selection steps,

- followed by Bayesian neural networks,

- Dirichlet diffusion trees, and

- combinations of these methods.
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Carlo, and may be important for the success of the method. It includes
an auxiliary momentum vector and implements Hamiltonian dynamics in
which the potential function is the target density. This is done to avoid

• Each dataset represents a two-class classification problems
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• Artificial “probes” (noise features) added to the data.

Winning method: Neal and Zhang (2006) used a series of

- preprocessing feature-selection steps,

- followed by Bayesian neural networks,

- Dirichlet diffusion trees, and

- combinations of these methods.



Overview of Neal & Zang’s approach

• Have training data Xtr, ytr

• Build a two-hidden layer network with parameters θ.

• Output nodes model P (Y = −1 | X, θ) and P (Y = +1 | X, θ).

• Given a prior distribution p(θ) then

p(θ | Xtr, ytr) =
p(θ)P (ytr | Xtr, θ)∫
p(θ)P (ytr | Xtr, θ) dθ

• For a test case Xnew the predictive distribution for Ynew is

P (Ynew | Xnew,Xtr, ytr) =

∫
P (Ynew | Xnew, θ) p(θ | Xtr, ytr) dθ

• MCMC methods are used to sample from p(θ | Xtr, ytr) and
hence to approximate the integral.



Overview of Neal & Zang’s approach

Also tried different forms of pre-processing the features

• univariate screening using t-tests,

• automatic relevance determination

Potentially 3 main features important for its success:

• the feature selection and pre-processing,

• the neural network model, and

• the Bayesian inference for the model using MCMC.

Authors of book wanted to understand the reasons for the success
of the Bayesian method.....



Authors’ opinion

“power of modern Bayesian methods does not lie in their
use as a formal inference procedure; most people would
not believe that the priors in a high-dimensional, complex
neural network model are actually correct. Rather the
Bayesian/MCMC approach gives an efficient way of
sampling the relevant parts of model space, and then
averaging the predictions for the high-probability
models.”



Bagging & Boosting also average models

• Bagging

- Perturbs the data in an i.i.d fashion and then

- re-estimates the model to give a new set of model parameters.

- Output is a simple average of the model predictions from

different bagged samples

• Boosting

- Fits a model that is additive in the models of each individual

base learner

- Base learners fit using non i.i.d. samples

• Bayesian Approach

- Fixes the data and

- perturbs the parameters according to current estimate of the

poste- rior distribution



Methods compared

• Bayesian Neural Nets (2 hidden layers of 20 and 8 units)

• Boosted trees

• Boosted Neural Nets

• Random forests

• Bagged Neural Networks
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TABLE 11.2. NIPS 2003 challenge data sets. The column labeled p is the number
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datasets.
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processing feature-selection steps, followed by Bayesian neural networks,
Dirichlet diffusion trees, and combinations of these methods. Here we focus
only on the Bayesian neural network approach, and try to discern which
aspects of their approach were important for its success. We rerun their
programs and compare the results to boosted neural networks and boosted
trees, and other related methods.

11.9.1 Bayes, Boosting and Bagging

Let us first review briefly the Bayesian approach to inference and its appli-
cation to neural networks. Given training data Xtr,ytr, we assume a sam-
pling model with parameters θ; Neal and Zhang (2006) use a two-hidden-
layer neural network, with output nodes the class probabilities Pr(Y |X, θ)
for the binary outcomes. Given a prior distribution Pr(θ), the posterior
distribution for the parameters is

Pr(θ|Xtr,ytr) =
Pr(θ)Pr(ytr|Xtr, θ)∫
Pr(θ)Pr(ytr|Xtr, θ)dθ

(11.19)

For a test case with features Xnew, the predictive distribution for the
label Ynew is

Pr(Ynew|Xnew,Xtr,ytr) =

∫
Pr(Ynew|Xnew, θ)Pr(θ|Xtr,ytr)dθ (11.20)

(c.f. equation 8.24). Since the integral in (11.20) is intractable, sophisticated
Markov Chain Monte Carlo (MCMC) methods are used to sample from the
posterior distribution Pr(Ynew|Xnew,Xtr,ytr). A few hundred values θ are
generated and then a simple average of these values estimates the integral.
Neal and Zhang (2006) use diffuse Gaussian priors for all of the parame-
ters. The particular MCMC approach that was used is called hybrid Monte
Carlo, and may be important for the success of the method. It includes
an auxiliary momentum vector and implements Hamiltonian dynamics in
which the potential function is the target density. This is done to avoid
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FIGURE 11.12. Performance of different learning methods on five problems,
using both univariate screening of features (top panel) and a reduced feature set
from automatic relevance determination. The error bars at the top of each plot
have width equal to one standard error of the difference between two error rates.
On most of the problems several competitors are within this error bound.

This analysis was carried out by Nicholas Johnson, and full details may
be found in Johnson (2008)3. The results are shown in Figure 11.12 and
Table 11.3.

The figure and table show Bayesian, boosted and bagged neural networks,
boosted trees, and random forests, using both the screened and reduced
features sets. The error bars at the top of each plot indicate one standard
error of the difference between two error rates. Bayesian neural networks
again emerge as the winner, although for some datasets the differences
between the test error rates is not statistically significant. Random forests
performs the best among the competitors using the selected feature set,
while the boosted neural networks perform best with the reduced feature
set, and nearly match the Bayesian neural net.

The superiority of boosted neural networks over boosted trees suggest
that the neural network model is better suited to these particular prob-
lems. Specifically, individual features might not be good predictors here

3We also thank Isabelle Guyon for help in preparing the results of this section.
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TABLE 11.3. Performance of different methods. Values are average rank of test
error across the five problems (low is good), and mean computation time and
standard error of the mean, in minutes.

Screened Features ARD Reduced Features
Method Average Average Average Average

Rank Time Rank Time

Bayesian neural networks 1.5 384(138) 1.6 600(186)
Boosted trees 3.4 3.03(2.5) 4.0 34.1(32.4)
Boosted neural networks 3.8 9.4(8.6) 2.2 35.6(33.5)
Random forests 2.7 1.9(1.7) 3.2 11.2(9.3)
Bagged neural networks 3.6 3.5(1.1) 4.0 6.4(4.4)

and linear combinations of features work better. However the impressive
performance of random forests is at odds with this explanation, and came
as a surprise to us.

Since the reduced feature sets come from the Bayesian neural network
approach, only the methods that use the screened features are legitimate,
self-contained procedures. However, this does suggest that better methods
for internal feature selection might help the overall performance of boosted
neural networks.

The table also shows the approximate training time required for each
method. Here the non-Bayesian methods show a clear advantage.

Overall, the superior performance of Bayesian neural networks here may
be due to the fact that

(a) the neural network model is well suited to these five problems, and

(b) the MCMC approach provides an efficient way of exploring the im-
portant part of the parameter space, and then averaging the resulting
models according to their quality.

The Bayesian approach works well for smoothly parametrized models like
neural nets; it is not yet clear that it works as well for non-smooth models
like trees.

11.10 Computational Considerations

With N observations, p predictors, M hidden units and L training epochs, a
neural network fit typically requires O(NpML) operations. There are many
packages available for fitting neural networks, probably many more than
exist for mainstream statistical methods. Because the available software
varies widely in quality, and the learning problem for neural networks is
sensitive to issues such as input scaling, such software should be carefully
chosen and tested.



Why Bayesian Neural Networks works best?

Authors conjecture that reasons are perhaps

• the neural network model is well suited to these five problems

• the MCMC approach provides an efficient way of exploring the
important part of the parameter space, and then averaging
the resulting models according to their quality.


