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- Quadrature

- FEM in 2D/3D

- General assembly algorithm

- Boundary conditions

- FENnICS automated FEM software
- Modules (deadline)

Computer demonstration

Feedback
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|ntegration/Quadraturein 1D

Midpoint rule
m—+1

b
/ flw)de =3 f(=- 12+%>hz+E(f>
a 1=1

m—+1

Nl < Z —h2 max | f"|h;.

[x;—1,2;]

In other words: the rule can integrate linear polynomials exactly.

Possible to generate quadrature rules for any order of
(polynomial) accuracy.
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|ntegration/Quadraturein 2D

Midpoint rule

E(f)| < ) Chic | |D*f(x)|da

K

In other words: the rule can integrate quadratic polynomials in
2D exactly.

Possible to generate quadrature rules for any order of
(polynomial) accuracy in 2D/3D as well.
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Piecewise polynomialsin 2D

Construct triangulation 7" of domain €2
Define size of triangle K € T' is hx as diameter of triangle
Define NV as node (in this case vertex of triangle)

Want to define basis functions for vector space V},: space of
piecewise linear functions on T’

Requirement for nodal basis:

L, =3, . .
(N;) = i=1,... M 1
¢ (N;) {O, . iy ] (1)
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Piecewise polynomialsin 2D

Define local basis functions v* on triangle K with vertices
a' = (al,ab),i=1,2,3

vislinear = v(x) = ¢y + c1x1 + coxo
Values of v in vertices: v; = v(a*) (1 or 0)

Linear system for coefficients c:

1 ai a} Co U1
1 a? a3 c1 | = | v
1 a} a} C9 U3
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Piecewise polynomialsin 2D

Sum local basis functions:

¢ =Y v/, Ni=a (2)







Automated discretization in FEnICS

We will look at a general algorithm for FEM assembly of
matrix/vector.

This algorithm is implemented in FEnICS (software used in the
course).

Later in the course we will implement a simple variant of this
ourselves.
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General bilinear form a(-,

In general the matrix A;, representing a bilinear form
a(u,v) = (A(u),v),
IS given by
(An)ij = alypj, &i).
and the vector by, representing a linear form
L(v) = (f,v),

IS given by
(bn)i = L(&i)-

Example (Poisson 1D):
a(u,v) = (u/,0) = fol u'v'dx, (Ah)z] = a(¢pj, ;) = fo ¢ ¢idx
L(v) = (f,0) = Jy fvde, (bn)i = L(¢s) = fy fouda
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Computing (Ay);;

Note that

(An)ij = alp;, &) = Y ale), @ik
KeT

Iterate over all elements K and for each element K compute the
contributions to all (Ay);;, for which ¢; and ¢, are supported
within K.

FEMO9 - lecture 3 —p. 11




Assembly of discrete system

Noting that a(v,u) = ) gcq arx(v,u), the
matrix A can be assembled by
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The element matrix A* is defined by
Al = ax (i, ¢5)

for all local basis functions ¢; and ¢; on K
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Assembling A,

for all elements K € T
for all test functions ¢; on K
for all trial functions ¢; on K
1. Compute I = a(p;, pi) K
2. Add I to (Ap)ij
end
end

end
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Assembling b

for all elements K € T
for all test functions ¢; on K
1. Compute I = L(¢;) Kk
2. Add I to b;

end

end

FEMO9 - lecture 3 —p. 14



Computer demonstration




Boundary conditions

Essential BC:

- Homogenous Dirichlet BC: u(0) = 0
Enforce in function space:

V = {v ; fol v dx < C, fol(v’)2 dx < C, v(0) = O}

Natural BC:
- Neumann BC: —a(0)u/(0) = gn

 Robin BC: —a(0)u/(0) + v(u(0) — gp) = gn
~ IS a penalty parameter, with v = 0 = Neumann and
1

5= 0 = Dirichlet

Enforce in weak form:
fol(au’)v’ — fvdz 4+ avu'(1)v(1) — au/(0)v(0) = 0
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Computer demonstration
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