Written Examination: Mathematical Models,
Analysis and Simulation, Part |

Stockholm, March 27, 2009

Closed book examination 4 hours. A sum of credits of 40, homework included, is
certainly enough to pass. The results will be announcedteotlaan April 15, 2009.

Read all the questions first. They are not necessarily sortetier of ascending
difficulty. Work the easy ones first. Good luck!

1. The defining property of the delta functiodk) is

| 8xg(xdx=g(0)
for every smooth functiog(x).
(a) How does this give “area = 1” undéfx)? What is d(x — 3)g(x)dx, and

why? 3
(b) The functionab is the weak limit of very high, very thin square wa\i8§:

1 for|x <h,

SN (x) = {%’ has/_o0 SNV(x)g(x)dx — g(0) ash — 0.

0, forx>h,

For a constang(x) = 1 and eveng(x) = x", show that/ SNV (x)g(x)dx —
9(0). 3
(c) The derivative ob(x) is thedoublet & (x). Integrate by parts to compute

/_0:0 g(x)d (x)dx = — /w (?)d(x)dx = (??) for smoothg(x).
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(d) The cubic splicec(x) solves the fourth-order equatiaff” = d(x). What
is the complete solution(x) with four arbitrary constants? Choose those
constants such that1) = u”’(1) = u(—1) = u’(—1) = 0! This gives the
bending of a uniform simply supported beam under a point.lodat:
What is the integral 0d(x)? (3)

2. A predator-prey model is
dx

at - X(1—-2y)
dy
= —y(x—1
g = Yx—1)
(&) Which is the predator and which is the prey? 2
(b) Show thatD = {(x,y)|x > 0,y > 0} is a positively invariant set, i.e., no
solution trajectory can leave. 2
(c) What is/are the critical point(s)? What is the type ofghportrait close to
the strictly positive critical poinfx*, y*)? 3
(d) Compute approximately the period of solutions startiloge to(x*,y*).
2
3. The initial-boundary value problem
ou _d%u
i BW, u(x,0) = f(x) =x(1-x), u(0,t)=0, u(lt)=1

is discretized by the method of lines using the finite elenmeathod with the
standard piecwise linear finite elements of lengtihe nodes are given by

h=1/N, x = jh.

The basis functions are denoteddpysuch thathj(x) = &;j. The discrete solu-
tion is
N-1
Un(Xt) = > Uj(t)9;(x) +ado(X) +bdn(X).
=1
We obtain the linear system of ordinary differential eqoiasi
)"

Mui—Au=Db, u=(up...,uN-1

(a) What are the values @fandb? What are the initial valuesg(0)? Give

formulas withf (x) defined above. (3)
(b) Give formulas for the elements AfandM in terms of the basis functions.
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(c) Give formulas for the elements of the mathk and the vectob. (i.e.,
evaluate the integrals appearing in (b).) 4

4. For the skew-symmetric “cross product equation”

0O ¢ —-b U
u=| —c 0 a U | =Au,
b -a 0 us

(a) write outu}, U, uz and confirm thati;u; + u,uy + usuz = 0. (2
(b) show that the enerdy = 3(u? + u3 + u3) is constant 2)
(c) find the eigenvalues & 3
(d) Show that the matrix exponentldl(t) = exp(At) is unitary, i.eUTU =1,

for realt. 3



