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1. Introduction and preliminaries. Let X1, Xo,..., X, be a sample of in-
dependent identically distributed random variables with common continuous distri-
bution function F. In our study all distribution functions are assumed to be left-
continuous. We denote X1, =max{Xi};c(;o  np Xom =max{Xit,cr1o oy for
L the index of the first maximum, and X, , = min{Xi}ie{LZ,...w}' The sequence
Xon £ -+ £ X £ -+ £ Xy, is the ordered sample. The random variables
Xnmny-ooys Xk, X1,n are called upper order statistics and Xy, ,, is the kth upper
order statistic (u.0.s.).

Gnedenko’s paper “Sur la distribution limite du terme maximum d’une série
aléatoire,” (Ann. of Math. (2), 44 (1943), pp. 423-453) marked the beginning of a
new branch in modern stochastics, the extreme value theory. In this paper, he stated
three limit distributions (®,, a > 0 — Fréchet, ¥, a > 0 — Weibull, A — Gumbel)
for the normalized maxima of independent identically distributed random variables
using linear normalization. He also gave the criteria for the domain of attraction.
In [5], the author studied the limit distributions for normalized maxima using regular
power transformation. The limit class in this case contains six distributions.

The first statements concerning the kth order statistic were made in 1949, by
Smirnov [9]. More on their properties is given in [8] and [10]. The asymptotic theory
for the order statistics on a high theoretical level is generalized in [1] and [2].

The case of increasing ranks (k,), with the intermediate property k,/n — 0 as
n — 0o, was considered in [9] and [4]. Chibisov [4] derived the possible types of the
limit distributions of the k,th order statistics and their domain of attraction under
linear normalization. In [9], Smirnov also considered the case of sequence (k) with
the central order property k,/n — 6 € (0,1) as n — oco. The appropriate restrictions
for the (k,,) are min{k,, n—k,} — oo and (k,, —np,)/(npn(1—pn))/? — 7. In that
case, Fi, n(un) := P{Xk, n < un} —> ®(7) as n — oo. In order to obtain a unique
limit distribution, usually one assumes the second order condition y/n(k/n —6) — 0
as m — 00.
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Furthermore, in the case of the central order statistics, Smirnov [9] proved that
the condition

F(apx +b,)—0

VB g

— 7(x)

is equivalent to the asymptotic relation
Fr, n(anz + by) = &(7(2)).
By solving the functional equation
7(x) = Vnr(apz + B,) for a, >0, B, €R, n> 1,

under certain conditions which hold for a,, 8, (stated at the end of our section 4),
Smirnov derived four different types of limit distributions H = ® o 7. The first has a
jump of 1/2 in the left end point of the support and the second has a jump of 1/2 in
the right end point. The third is continuous, and the last is a two jump distribution
with jumps of height 1/2.

The recent results given by Barakat and Omar [6] state limit theorems for order
statistic under nonlinear normalization. The authors claim that they used some of the
results of [5] and extended them to order statistics with increasing rank. But in fact,
in [5] there are no results concerning Xy, ,,. The properties of the norming mappings
are derived from the max-stability functional equation, which here we do not have.
This is the main reason for us to fill these gaps, giving precise analysis of the solutions
to the functional equation for 7(x) using regular norming mappings.

Let (ky) be a sequence of integers such that k,/n — 0 € (0,1) and X, », the k,th
upper order statistic. We denote by GMA the group of max-automorphisms on R, i.e.,
strictly increasing, continuous mappings that preserve the operation maximum. Also
let C(f) be the set of all continuity points of f. We use the abbreviation FF =1 — F.

THEOREM 1. Let H be a nondegenerate distribution function, k,/n — 0 € (0,1),
and let {G,} be a sequence of norming mappings in GMA. Then

(1) Fryn(Gn(x)) = P{Gnil(kan) <} %H(x)
if and only if

6 — F(Gn(x)) LT(!E),

(2) Vi

where 7(x) is a nondecreasing function uniquely determined by the equation

@
3) H(z) = \/LQ_W/_ ==/ 4y = B(r(z)).

Remark. Let lg = inf{z € R|H(x) > 0} be the left end point of the support
of H and ry = sup{x € R|H(z) < 1} be the right end point. From H = ® o 7 it
follows that supp H = supp7 and C(H) = C(7). Let us denote S = (Ig,ry) and
notice that 7 is defined on S.

DEFINITION 1. The sequence {G,} is a reqular norming sequence on the set
X x T if forx € X and t € T, there exists lim,,_, G[nt]fl o Gp(z) = gi(x) € GMA
and the correspondence t — g¢ s a continuous 1-1 mapping.
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Here [z] is the integer part of z.

For our purposes, X = (Ig,75), T = (0,1]. Clearly, for t = 1, G, 0 G, (z) =
x = gi1(x) € GMA.

LEMMA 1. Let the sequence {G,} C GMA be a regular norming sequence on
(lg,r) % (0,1]. Then the limit mapping g:(x) satisfies the functional equation

(4) gt © 9s(¥) = gr.5(x), s,t € (0, 1]'

DEFINITION 2. A distribution function F belongs to the normal domain of 0-
attraction of H if there exists a norming sequence {Gp,} C GMA and the second order
condition (kn/n — 0)y/n — 0 holds such that Fy, ,(Gn(z)) — H(x).

THEOREM 2. If a distribution function H has a normal domain of 0-attraction
with respect to a regular norming sequence {G,} C GMA, then its corresponding
function T satisfies the following functional equation:

(5) V1) = 7(g¢(2)) Vit e (0,1], x € C(r).

In view of Theorems 1 and 2, one observes that the class of all possible limit dis-
tribution functions H (z) is entirely determined by the possible forms of the functions
7(z) and g¢(z). Thus, in section 2 we consider the properties of the functions 7(x) and
g+(x) and several consequences of the functional equations (4) and (5). In section 3
we give the solution of the functional equation (4), and section 4 concerns the solution
of functional equation (5). In section 5 one example for convergence of central upper
order statistics is demonstrated. The proofs of Lemma 1 and Theorems 1 and 2 are
given in the appendix.

2. Properties of 7(x) and g:(x).

A. Properties of 7(x) derived from (2), (3), and (5). (i) Obviously 7(z)
is nondecreasing and left-continuous in x function since 7(x) = ®~1(H(x)).

Denote D := {z|7(x) #0, 7(x) # +oo}. Let x ¢ D. For 7(x) = &~ (H(z)) =
oo, H(x) = 1; hence = rgy. For 7(x) = —oo, H(z) = 0; hence z < ly. And
for all x such that 7(z) = 0, H(z) = 1/2. Defining the median of H by my =
sup{z | H(z) < 1/2}, we reach the uniqueness of the median. One may notice that
T(mH+) =0.

Let D# @ and x € SND. Then

(ii) 7(x) < 0 for all z € (Ig, mp) and 7(x) > 0 for all (mu,rm).

As direct consequences of the functional equation (5), we have

(i) z € D < gi(x) € D for all t > 0, and hence the trajectory I'y = {g:(x) |t €
(07 1]} CD

(iv) for x € D, z and g¢(z) cannot belong to the same interval of the constancy
of 7;

(v) for « € D, the function 7(g¢(x)) is continuous and strictly monotone in ¢.
Hence, along the trajectory I';, 7 is strictly increasing and continuous.

PROPOSITION 1. The function T(x) is continuous in all x € D.

Proof. First, we prove that if 7 has a discontinuity point xg, then all y € I'y,
would be discontinuity points of 7. Namely, let xy be a discontinuity point and let
the jump of 7 in xy have the height 8 — a. Then for € > 0

Vit-T(zg —€) < Vita < VB <Vt T(xo +€) vt € (0,1].
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Hence there exists d(¢) > 0 such that
7(g¢(w0) — (e)) < Via < VB < 7(gi(wo) + (e)),

where d() — 0 as € — 0. Therefore, 7 is discontinuous at g:(zo) for all ¢ € (0, 1].

As a monotone function 7 can only have countable many jumps, whereas the
curve I';, is continuous. This is a contradiction.

PROPOSITION 2. The function T(x) is strictly increasing on D.

Proof. Assume D # &. We have already noted that 7(z) is a nondecreasing
function in x. Let x1,29 € D, x1 # 29, 7(x1) = 7(22). Then the interval o = [z, 22]
is an interval of constancy for 7(z). Since g € GMA it is clear that g:(z1) # g¢(22).
From 7(g¢(x1)) = 7(g¢(x2)) it follows that oy = [ge(21), g:(x2)] is also an interval of
constancy for 7 for all ¢ € (0,1]. Hence, there are uncountable many intervals of
constancy for 7, which contradicts the monotonicity of 7.

Other properties of 7 connected with the function g;(x) will be discussed in the
following subsection.

B. Properties of g;(x) derived from (4) and (5). By Definition 1, g:(x)
is continuous and strictly increasing in = and continuous in t. The functional equa-
tion (5) written as

(g (2)) = — - 7(2),  te(0,1],

allows us to expand the half group {g; |t € (0,1]} (with respect to the composition)
to a continuous one parameter group {g; |t > 0} with a unit element g1(z) = = and
g: () = g1/4(e) for t > 0. Now, abusing the previous notation, I'; = {g;(z) [t > 0} is
the whole trajectory of the mapping g; through the point z, and (5) can be considered
as true for all ¢ > 0 and z € C(7). For thoroughly determining the asymptotic of T,
we assume that the following boundary conditions hold for all z € C(7) N S:

(BC1)  limg¢(x) := go(x) = mu;

t10
. o | orm if x >mpy,
(BC2) tl’lrglogt(x) = goolw) = { L if x <mpy.

As a consequence of the boundary conditions we conclude that every trajectory
I'; starts from mpy and increases to rg if £ > my, or decreases to ly if £ < my. One
can easily see that these conditions are fulfilled for x € SN D.

Let us now consider the set S ND°. Here S is the open interval (I, ry) and D¢
consists of all points < Iy, z 2 ry and all z with 7(x) = 0. Hence, the set S N D*
consists either of only one point my or is a connected interval I C S whose left end
point is my and on which 7 = 0.

PROPOSITION 3. I = (mpy,ry).

Proof. Assume I = (mpy,a), a < rg. For arbitrary xg € I N C(7), from the
functional equation (5), it follows that 7(g¢(xo)) = 0 for all ¢ > 0. Hence g:(zg) €
(mpr,a) for all t > 0. This contradicts boundary condition (BC2).

COROLLARY 1. Let I = (mpg,rm). Then

—00 ifx <lyg =my,

T(x)=4¢ 0 ife e (lyg =mp,rH),
+00 ifr2ry.
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This case will be referred to as a singular case. From the limit relation (2), one
observes that there is no need for the norming sequence {G,} to be regular. The only
condition here is G, (z) — z9, where xy is determined by F(zp) = 6. In this case the
corresponding limit distribution H is the two jumps distribution, with jumps of height
1/2 in Iy and rg, and is constant on (Ig = my,ry). In [3] there are examples of
discrete limit distributions obtained using monotone nonregular norming sequences.

Further on, we ask for the explicit form of 7 in the remaining case, I = {mpg},
which we assume to hold in all of the following analysis.

As a consequence of Proposition 1, 7 (respectively, H) might have jumps only at
lg,my, and rgy. The following three cases are the only possible cases:

(i) S = (lg =mpy,rH), i.e., H jumps at Iy by 1/2 and H might have a jump
at rg;

(ii)) S = (lg,myg = ry), i.e., H jumps at ry by 1/2 and H might have a jump
at ly;

(iii) S = (lg,ry) and lgy < myg < rg, i.e,, H might have jumps at rg, lg,
and mpg.

PROPOSITION 4. The three points ly,my, and ryg are the only possible fized
points of gs.

Proof. Recall that ¢ is a fixed point for g; if and only if g:(xo) = zo. Using (5),
it is easy to check that lg, my, and rg are fixed points for g;. We need to prove that
those are the only ones. Indeed, if x( is a fixed point for g;, from (5) one has

Vit 7(x0) = T(9t(0)) = T(20).

Hence the only possible solutions for 7(z¢) are 7(z¢) = 0 and 7(z9) = o0, ie.,
2o ¢ D and, therefore, z¢g € {lg, my,ry}. The proposition is proved.

In view of (5), we also observe that the mapping g¢; is expanding, i.e., g:(x) > z,
for x € (Ig,mm) and t € (0,1), and g; is contracting, i.e., g:(z) < x for x € (mu,rm)
and t € (0,1). For t > 1, ¢g; is contracting for x € (Ig,my) and expanding for
x € (muy,rH).

Indeed, if # € (Igr,mp), then 7(2) < 0 and v/t - 7(z) = 7(g:(x)) implies g¢(z) >
x > giy(x) for t € (0,1). Conversely, if z € (mg,rx), then 7(z) > 0, and for
t € (0,1) the functional equation (5) implies g¢(z) < = < g1/¢(%).

Finally, let us discuss the domains of definition of 7(x) and g¢(x). Since 7(x) =
&~ 1o H(x), we obtain

(i) 7(= ) “Y(H(rg—)) for T rg. If H is continuous at the right end point rg,
then 7(z) 1

(ii) 7(x ) ¢ O~ Y(H(ly+)) for x | ly. If H is continuous at the left end point Iy,
then 7(x) | —oo, and hence

75 () = (@7 (Ha+), @7 (H(ra—)) )
Since g¢(e) is continuous and lg,ry are fixed points of g, for fixed ¢,
gi(®): (g, re) = (g, ru).
Now let = be fixed and consider g((x) as a function of ¢ € (0, 00):

(i) For x € (mu,7H), geo)(x): (0,00) = (mpg,rH) is increasing in ¢;
(ii) for z € (Ig,mu), gy (x): (0,00) = (lg,mp) is decreasing in .
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3. Solution of the functional equation (4). In this section we give the
solution of functional equation (4) according to the approach of Aczel [7].

Further on, we use the notation g(¢,z) := g:(z). Now the functional equation (4),
gt 0 gs(z) = gr.s(x), x € C(1)ND, t, s > 0, obtains the form

(6) 9(t,9(s, 7)) = g(st, ).
Denote ¢(t) = d -logt € (—o00,00) and
(7) S((t),z) == g(t, ).

Equation (6) becomes
(8) S(u, S(v,z)) = S(u+v,z),

where u = ¥(t), v = ¥(s), u,v € (—00,0). We analyze two different cases:

(a) For fixed = € (Ig,mp), we consider the correspondence v — ¥y, = S(v, )
only as a function of v. Let y, = h*(v). The set {y,|v € (—00,0)} coincides with
the interval (Iz, my), having in mind the boundary conditions. The correspondence

(—O0,00) DUV = Yy = h*(U) € (lHamH)
is continuous and 1-1 (notice that g(¢, z) is continuous and strictly monotone in ¢ for
x € D). Thus, there exists a continuous strictly increasing mapping h: (lg,myg) —

(—00, 00) such that h(y,) = h(h*(v)) = v, and relation (8) becomes

(9) S(uayv) = Yo+u-

At the same time, y, 4, = h*(v +u) = h*(h(y,) + u), and for h=! = h*, relation (9)
becomes

(10) S(u,yo) = 71 (A(yo) + u).
From (7) we have g(t,x) = S(dlogt,x), and hence
g(t,x) = h 1 (h(x) + dlogt), t>0, ze€(lg,mm).
Recall, for z € (lg,mu), t € (0,1), g(t, z) is expanding; hence d < 0. Now
g(t,z) = h™ 1 (h(z) — clogt), c=—d>0.

Fort > 1, g(t,z) = g;/lt(x) = h~Y(h(z)+clogl/t) = h= (h(z) — clogt) is contracting.
Consequently, g;(x) = h=1(h(z) — clogt), ¢ >0, x € (I, mu), t > 0.

(b) For = € (mpg,ry), g¢ is contracting for ¢ € (0,1) and expanding for ¢t > 1.
Analogously to case (a), one can show that there exists a continuous strictly increasing
function I: (mpg,ry) — (—o0,00) such that

ge(x) = 171(I(2) + clogt), c>0, t>0.
Remark. Denote hi(z) = ¢~! - h(z). One may notice that

g(t,x) = h~ Y (h(z) — clogt) = hy*(hi(x) — logt).
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Therefore, abusing the previous notation, further on we shall use the expression
g(t,x) = h=(h(z) —logt) for x € (lg,mpg) and g(t,z) = 7 (I(x) +logt) for z €
(mH, ’I‘H).

Finally, we give the following survey of the form and properties of g;(z) derived
from both functional equations (4) and (5):

L 2 € (ly,my). In this interval, 7(z) < 0 and g(t,z) = h='(h
Equation (5) implies that for ¢ € (0,1), g:(x) is expanding, and for ¢ € (
is contracting.

The function g;(z) decreases in t for fixed x.

1. € (my,ry). In this interval 7(x) > 0 and g(t,z) = 7 (I(x) + logt). Equa-
tion (5) implies that for ¢ € (0,1), g.(z) contracts, and for ¢ € (1,00), g¢(x) expands.
The function g;(x) increases in t for fixed z.

The analysis from this section can be generalized into the following lemma.

LEMMA 2. Let gi: (lg,ru) — (lg,rH), {g: |t > 0} be a continuous one parameter
group in GMA satisfying g; o gs = gr.s for all t,s > 0. We suppose that

(i) g¢ is expanding for x € (lg,mu), t € (0,1) and for x € (mpy,rmg), t € (1,00);

(ii) g¢ is contracting for x € (mpy,rm), t € (0,1) and for x € (lg,mu), t € (1,00).

Then there exist continuous and strictly increasing mappings

(z) — logt).
1700)7 gt(a:)

h: (lg,mpg) — (—o00,00) and 1: (myg,ry) — (—o0,00)
such that fort >0

B Yh(x) — logt), x € (lg,mu),
gi(x) = { (i) +loz%), z e (an,r};).

4. Solution of the functional equation (5). Let S1 = (lg,mpu), Sz =
(mp,ry). Using the previous analysis we can formulate the following lemma.

LEMMA 3. Let {g: |t > 0} be the continuous one parameter group from Lemma 2.
Suppose T satisfies the functional equation \/t-7(x) = 7(g:(x)), fort > 0 and x € SND,
given 7(x) >0 on SoND and 7(x) <0 on S1 ND. Then

@) = —cle_h(z)/Q, c1 >0 on S1ND,
czel(z)/2, co >0 on So N D.

Proof. 1. Let © € So N D, where 7(z) > 0 and g+(z) = [7'(I(z) +logt). The
functional equation (5) obtains the form

Vi-Tol ™ NI(x) = 7(17 (I(z) + logt)),  t>0.
Let 7* ;=7 0l7 !, I(x) =y, x = " 1(y). The equation above becomes
V- (y) = 7% (y + logt).
Now denote (7%)2 =: 7 and observe that
t-7(y) =7(y +logt).
For logt = s, t = e*, s € (—00,0), we have

e’ 7(y) =7y +s),
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which is a functional equation with solution #(y) = ce¥. Here ¢ > 0 since (7*)? = 7.
Now, going back to 7* we find that 7*(y) = c2e¥/? = c2e!®)/2 = 7(z), where ¢, =
Ve > 0. Thus, for € S2 N D, the solution of the functional equation (5) is

To(z) = cpe!@/2) c2>0, 1185 — (—00,00).

II. Let z € S;ND, where 7(z) < 0 and g;(x) = h~!(h(x) — logt). The functional
equation (5) obtains the form

Vit-Toh L (h(z)) = 7(h 1 (h(z) — logt)).
Again for 7, ;== 7o h™!, h(z) =y, x = h~!(y), the previous equation becomes
Vit 7.(y) = T (y — logt).
Now let (7.)% = 7, and transform the equation above into

t-7(y) =7(y — logt).

For t = e™® € (0,00), s = —logt € (—o00,0), we have e™* - T(y) = T(y + s),
and therefore 7(y) = ceY. Here c is a positive constant, since (7.)? = 7. Then
7.(y) = —c1e7¥/? = 1(2) < 0, where ¢; = v/c > 0. Thus, for z € S; N'D, the solution
of the functional equation (5) is 71 (x) = —cie™M®)/2 ¢, >0, h: S; — (—o0, 00).

Let us summarize:

()= { @)= —cre MD/2 ¢ >0, on S ND,
T m(2) = cel®/2) ¢y >0, on Sy ND.

The lemma is proved.

Using all previous results, after obtaining the explicit form of 7(z), we can now
state the characterization theorem for the limit distribution H.

THEOREM 3. The nondegenerate distribution function H in the limit relation (1)
may take one of the following four explicit forms:

O, x<mH:lH7
1 T=m l
) = H —UlH,
(1) Hi(z)=1 2
'1)(7'2(513)), S (mH,rH),
17 X era
—00, r<mpyg=lyg,
0, r=mpyg = ly,
for (z) = e
m2(), xr € (mpy,rH),
o0, T2 rH;
07 X §ZH7
@(7’1($))a S (ZH,TTLH),
(2) Ha(z)=4 1
) r=myg =TH,
2
1, r>myg =Ty
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— 00, X g lHa
T1(2), x € (lg,my),
for (z) = 1) (L, ma)
0, T =myg =rg,
o0, xr>my =Try;
0, r <y,
(I)(’Tl($)), S (lH,mH),
(3) Hs(x)=
'1)(7'2(513)), S (mH,rH),
1, T 2Ty
— 00, X g lHa
_ ) n(@), z € (lg,mmy),
for 7(x) = To(x), x € (my,rmy),
o0, T2 rH;
0, r <lg,
1
(4) H4(ZIJ) = 5, S [lH,rH),
1, T2TH
—00, X g ZH =mmy,
for m(x) =< 0, x € (lg =mug,ry),
+00, X 2 rH.

115

Remark. Let H and G be nondegenerate distribution functions. Recall that in the
extreme value theory we say that H € type (G) if there exists a mapping ¢ € GM A
such that H = Goy. In Theorem 3 above, we speak of four different explicit forms of H
and not of types. If we count the types, in the sense above, we have to acknowledge
that there are 13 possible types. Namely, H; gives rise to two different types: one
with one jump, and another one with two jumps; the same holds for Hs; H3 gives rise
to eight types with mostly three jumps. The singular H4 determines only one type,

the two jump distribution.

We complete this section by comparing our results with Smirnov’s results for linear
norming mappings. In [9], the sequence of norming mappings {G }, Gn(x) = anz+by,
an > 0,b, € R, satisfies the regularity condition if there exist

hm :O(t>0, hm 7:/BteR7
n—00 a‘[nt] n—o00 a[nt]
namely,
Gp(x) — by,
G[nt]il ° Gn(x) — M
]
an bn - b[nt]
i -xr+ —)Oétﬂj‘"ﬁteGMA, O[t>0, /BteR
A[nt] QA[nt)

So the continuous one parameter group {g; |t > 0} consists of mappings g;(z) =
arx + B, ar > 0, B € R. Because of the half group property g; o gs(z) = gis(x), one
can easily see that ay =7, v > 0, B = 0. For our purposes we put v := 1/2a and
get gi(r) = ayr = xt'/2* o > 0. For x > 0, g¢(x) = I (I(z) + logt), where I(z) =
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log z2*. Then 73(z) = c2e!®/2 = cyx® ¢y > 0. For x < 0, gi(x) = h=*(h(zx) — logt),

where h(z) = —log|z[>**. Then 7 (z) = —cie M®)/2 = ¢i|z|*, ¢; > 0. Thus, the
solutions of the functional equation v/t - 7(x) = 7(gs(x)) are

1) 7@ = { o Y

cx®, a,c> 0, x 20,
—clz|®, a,¢>0, z 20,
2) 9 (z) =
@) (@) +00, x>0,
—c1lz|®, a,c1 >0, x <0,
B) @)= W e
coxr®, a,ca > 0, 20,
—0Q, $§ lHa
(4) 7'4(5)(33) =< 0, z € (lg,rH),
+00, T2 TH.

We observe that 7 (%) () cannot jump at 77, 7(%)(z) cannot jump at Iz, and 735 (z)
is continuous. Thus, each of the four explicit forms of 7(x) defines only one type of H.
The four types of Smirnov’s limit distribution H are as follows:

(1) Hy® = &(r,9)(x)) has supp H; ¥ = (0, 00) and has a jump of height 1/2 in
lH =mg = 0;

(2) Hy'™ = & (7,9 (z)) has supp Hy®) = (=0, 0) and has a jump of height 1/2
inrg =mg=0;

(3) H3"® = (135 (z)) has supp H3®) = (—00,00) and is continuous on its
support;

(4) H,"9 = &(r,5)(2)) is the two jump distribution with jumps of height 1/2
both in {g and rg.

The results from Theorem 3 coincide with Smirnov’s results if we take G, (z) =
an® + by, a, > 0, b, € R, to be regular. In case we use general monotone regular
norming sequences there are differences. Namely,

(i) Hy might have a jump at rpy;

(ii) Hz might have a jump at ly;

(iii) Hs might have jumps at rg, g and mpy.

5. Example for convergence of central upper order statistics. Let X ~
F(z) =z, z € (0,1). For (X;) independent identically distributed copies of X, let
Xpn < -+ < Xpn <--- < Xj, be the corresponding upper order statistics. Assume
that k,/n — 6 € (0,1); hence k,, — 0o, n — k, — oo as n — co. We ask for a regular
norming sequence {G, } C GMA such that

Fr (G (@) — ®(7(2)),

n

where

i 0= F(Gata)
7(z) = Jim. Vn T

It is well known that the kth central upper order statistic Uy, ,, of a sample uniformly
distributed on (0,1), properly normalized, converges weakly to a standard normal
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random variable N (0, 1) (see Theorem 2.1 in [1]). More precisely

phn/n = (A - Ukon) a0 1) e,
VS T hgmy o 0L e

n Ukn,n_(n_kn)/n d N(0.1).
\/_\/fkn/n)(l—kn/n) o NOD

Equivalently (with k,/n ~ p,, (n —kn)/n~1—p, = ¢n),
P{Ui, n < Ln(z)} - ®(z), x € (—00,00),

where L, () = \/pngn/n -« + gy is a linear transformation.
For z € (0,00) choose the function 7(z) = /z. It is continuous and strictly
increasing with 7=1(z) = 22. For z € (0,1), 771(z) = F~1(z). Then

P{Uk,n < Ln(2)} = P{Til(Ukn,n) <7 HLn(2))} — (),
and thus, by the quantile transformation (Lemma 4.1.9 in [10])
P{X}, n < Gn(z)} 5 O(1(x)) = H(z), z € (0, 00),

where
2
Gn(m) = T_l oLyo T($) = < l% : \/E + Qn)
and
: 0 —F(Gun(z) _ Pn— (1 —/Gn(z))
T AR e T

We check that {G,,} is a regular norming sequence. Indeed,

—1 o \/ﬂ —dn 2 _ (\/g - Qn)z n
G (y) = <\/pnqn/n> Pnln

Consequently, for m ~ [nt], t € (0,1)
Gn - UYm 2
CErn

Gt oGp(z) = (

Pmdm
_ (VPntnr/n+ (@0 — am))” S N L
Pm4m Pm  dm n

Since p, ~ k,/n one can see that (¢, — qm) — 0, Pn/Pm — 1, ¢n/qm — 1, as
n,m — oo. Thus G[m]_l o Gp(x) = t-2 = gt(x) € GMA. Moreover, g:(z) =
I71(I(z) +logt) with I(z) = logz, = > 0. Consequently,

el®@)/2 — NG x>0,
m(z) =
—00, z <0

and

N
L / e /2 dy = d(/z), x>0,
H(ZIJ) = V 21 —o0 B

07 z <0

has a jump of height 1/2 at the left end point of supp H = (0, o).
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Appendix.

Proof of Theorem 1. The proof is the same as in the classical framework. For
methodological reasons, we give here, a brief sketch.
Let relation (1) hold. Notice that relation (2) is equivalent to

kn —nF(Gn(x)) i>7(x)
kn(1—kp/n) n

in view of the assumptions. Define

B,, = card {exceedances over level G, (z) by X1, Xo,..., X, } = Z X, > G,(x)}.
i=1

The probability of exceedance (success) is p, = F(G,(z)). Then F, ,(Gn(z)) =
P{Xy,n < Gn(2)} = P{B,, < ky}. Since B, is a Bernoulli random variable, using
the central limit theorem we get

Bn — NPn kn — NPn }
V1pn (1 = pn) npn(l —pn)

~ q)(%) — B(r(2)).

Fon(Gn(2)) = P{

Due to the continuity of ®, we have

kn - mn w
e v,
npn(]- _pn) n

It is easy to see that k, ~ npp, n — k, ~ n(l — p,) (see, e.g., [8]). Therefore,

kn, — nF(Gp(x)) )
k(1 — kn/n) ’

and hence the equivalent condition (2) holds.

On the other hand, let (2) hold. Without any additional restrictions, for k,, — oo,
n — k, — 0o, we may use Lemma 2 in [9], “translated” for upper order statistics. It
states that for

0— F(Gn(x)) w

Th () = n———— > T(Z B n — X0
the diﬁ.erence
kym x kn,mn n x € dt
n; ns /2

uniformly converges to 0. Now,

B (G (@) = @(r(2))| £ |Fi n(Gn(2)) = @7 ()
+ (7)) - @(r(@))| ~ 0.

i.e., (1) holds. Theorem 1 is proved.
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Proof of Lemma 1. Let lim, G[nt]_l o0 Gp(x) = gt(z) € GMA and s € (0,1],
s-t € (0,1]. We consider G “LoGn(z) = Glnts] 1o Gy 0 G[nt]’l oGp(z). Because
of the continuity and strictly increasing property of the G,’s, we can regroup the
mappings and

Glnts) 0 Gn(2) = (Glats) " 0 Gug) © (Gl ™' 0 Gn(2)) — g1 0 g5(2).

On the other hand, by definition G[ntsfl o Gp(x) = g1.s(x), therefore g; o gs(x) =
gt.s(z). Lemma 1 is proved.
Proof of Theorem 2.  Since there exists lim, G[nt]*l o Gn(z) = gi(x) and

Flpr,int] (Gny () s H(x), using the result of Theorem 1, we have

i 0] (G () = Fy ) Gy (G~ 0 Gn(2))) = H (ge())
= ®o7(g(x)).

Notice that
0 — F(Gp(x)) B M nG—F(Gn(x)) oz
(11) \/Wﬂ— " \/—7\/@ n:;\/% ().

Let B, = EE’:{ I{X; > G,(z)} count down the exceedances over level G, (x) by
X1, Xa,..., X[nyg- Thus By is a Bernoulli random variable with the success proba-

bﬂity Pn = F(Gn(x))a EBTL’ = [nt]pn, DBn’ = [nt]pn(l _pn)' Then
Fropint) (G (@) = P{Xp ., nt) < Gn(2)} = P{Bn < kjuy}
B P(\/[nt]pn(l _pn) = \/[nt]pn(l _pn)> q>< [nt]pn(l —pn)).

On the other hand, using (11) we obtain

kg — [ntlpn_ [nt] ke /[nt] — pn

V [nt]pn (1 — pn) \/W \/p_"(l — Pn)

0 — F(Gn(x))
~+/Int] 0 — Vt-1(2).

Hence, Fy,, (nt](Gn(2)) 5oVt 1(2)).

Smirnov [9] stated Theorem 5 in which the second order condition is a sufficient
condition for the uniqueness of the limit distribution. Applying this result, without
any additional conditions, it is clear that in our case H(g;(x)) = ®(v/t-7(z)), hence
Vit 7(x) = @Y (H(gi())) = 7(g¢(z)); i.e., the functional equation (5) is satisfied.
Theorem 2 is proved.
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