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Kapitel 1

Losningsforslag till utvalda 6vningar

Exercises 1.1 (page 78)

1. Use =, —, A and V to express the following declarative sentences in propositional logic;
in each case state what your respective propositional atoms p, ¢, etc. mean:

(b)

Robert was jealous of Yvonne, or he was not in a good mood.

PV q

p: Robert was jealous of Yvonne.
q: Robert was in a good mood.

If the barometer falls, then either it will rain or it will snow.

p—>qVr

p: The barometer falls.
q: It will rain.
r: It will snow.

Alternative solution for exclusive or: p — (¢ A =) V (=g A1)

Cancer will not be cured unless its cause is determined and a new drug for cancer is
found.
—qV r — p

p: Cancer will be cured.
q: Its cause is determined.
r: A new drug for cancer is found.

If interest rates go up, share prices go down.

p—4q

p: Interests rates go up.
q: share prices go down.



(g) If Smith has installed central heating, then he has sold his car or he has not paid his

mortgage.

p—(qV-r)

p: Smith has installed central heating.

q: Smith has sold his car.

r: Smith has paid his mortgage.

Exercises 1.2 (page 78)

1. Prove the validity of the following sequents:

(a) p—=qg—ortqg—op—or

1 p—q—r premise

2 q assumption
3 D assumption
4 q—r —e 3,1

5 r —e 24

6 p—T —i 3-5

7 q—>p—rT —1i 2-6

b)Fp—=>q¢—>p—r)—(@—r—58 >p—s

1 p—q assumption
2 p—r assumption
3 g—>7T—Ss assumption
4 P assumption
5 q —e 4,1
6 r —e 4,2
7 r—s —e 5,3
8 S —e 6,7
9 p— S —1i4-8

10 (g—=r—s)—(p—s) —13-9

11 (p—r)—(g—or—s) —>p—s —12-10

12 p—=q)—p—=r)—2(g—=or—s) >p—s  —il-ll

(d) (pAg)Ar,sANtEqgAs

1 (pAq) AT premise
2 sAt premise
3 pAq Nep 1
4 q Neg 3
5 s Aep 2
6 qNs Al 4,5
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(d)p—(@—q),rkq

(8) pFa— (PAaq)

k) p—(g—r)p—=qgkp—r

(m) pVgkr—=(pVaq)Ar




(P) p—=aqF((pAg) —=p)AN(P— (PAQ)

(@) Fg—= (= (= (¢—0p))

) p=>aN(p—>r)Fp—=>qgAhr




) FP—=q9 = ((r—=s) —=@ATr—=qAs))

(V) pV(pAq Fp

(W) mp—=(r—=q Fp—(qgAr)

2. For the sequents below, show which ones are valid and which ones aren’t:

(b) =pV gk =(pAq)

\] ‘



1 -pV q premise
2 pAq assumption
3 —p assumption
4 p Net 2
) 1L —e 4,3
6 -q assumption
7 q Neg 2
8 1 —e 7,6
9 4L Ve 1,3-5,6-8
10 =(pAq) —i 2-9
(d) pvVg,~qVrEpvr
The sequent is valid. Proof:
1 pVq premise
2 —qVr premise
3 P assumption
4 pVr Vip 3
5 q assumption
6 —q assumption
7 q copy 5
8 1L —e 7,6
9 7 le8
10 r assumption
11 r copy 10
12 r Ve 2,6-9,10-11
13 pVr Vig 12
14 pVr Ve 1,3-4,5-13

(e) p— (qVr),—q,—rF —p without using the MT rule

The sequent is valid. Proof:

1 p—(qVr) premise
2 —q premise
3 -r premise
4 P assumption
) qVr —e 4, 1
6 q assumption
7 1 —e 6,2
8 i assumption
9 1 —e 8,3
10 | T Ve 5, 6-7, 89
5 — 1410



(f) -pA-gF—=(pVq)

(h) p—g,s—tbEpVs—qgANt

3. Prove the validity of the sequents below:

() ~(p—=q)Fqg—rp




(g) FpVg—(—q)

(i) (ceAn) = t,hA-s,hAN=(sVe)—=pE(nA-t)—=p




Exercises 1.4 (page 82)

2. Compute the complete truth table of the formula

(d) (pAg)— (pVa)

(pAg) = (pVa)

PAq|PVgq

q

p

(e) ((p—=—q) = ) —q

((p——~q) = ) = ¢q

(p = —q) = —p

T

q|pP—q

P

q

F|T|T |F

F|(F|T |T T

) =N P— 9

(p—=>a9)Np——q)

4| P29 | P9

q

T F|T |F

F|F|T |T

(g) (p—q) —p) —0p

(p—q9) —2p) —p

(p—4q) —p

(r—q)

q

(h) (Vg —=r)=((p—=1)V(g—T))

(pvg) =r)=((p=1r)Vig=1))

(p—=>r)Vig—r)

((pvg) —r)

r

T|T|T|T
T|T|F |F

T|F |T|T

T|F|F|F

F|T|T|T

F|T|F|F

F|F|T|T
F|F|F|T
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(i) (p—=4q)— (-p— —q)

pla || »|-qg|p=>q|-p—=>—q|(p—q—(p——q)
T|T|F |[F |T T Ty
TIF|F |T |F T T
F|T|T |F |T F F
F|F|T |T |T T T

7. These exercises let you practice proofs using mathematical induction. Make sure that you
state your base case and inductive step clearly. You should also indicate where you apply
the induction hypothesis.

(c) Use mathematical induction to show that 12 +22 4+ 32 + ... +n? = w.

Let sgsum(n) = 12 +22 432 + ... +n?

Basecase
aemli) = 1 {Def. sgsum}
1 o
_ 1(1+ )(62 1+1) {arithmetics}
Induction step
Assume E(k +1)(2k -1
sqsum(k) = (ke )6( ) (I.H.)
sqgsum(k + 1) = sqsum(k) + (k +1)? {Def. sqgsum}
k(k+1)2k+1
_ (k+ )6( + )+(k-|-1)2 {L.H.}
3 12 2 2
_ P+ RP 2k 4 éﬂ S ——
_ B+ 1)k J; 2)(2k +3) {arithmetics}
_ (k1)((k+ D) %(—31)<2(k bt R
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12. Show that the following sequents are not valid by finding a valuation in which the truth
values of the formulas to the left of - are T and the truth value of the formula to the right
of -is F.

() pV(g—pF-pAg
{p:T, q: F} yields —-pV(g—pkF-pA q
— ~—
T F

—_—— ——
T v

(b) =r = (pVq),rAN—qFr—q

{p:T,q: F,r:T} yields -r = (pVq), r NqFr—gq
F T T F
—_———
T T

17. Does E ¢ hold for the ¢ below? Please justify your answer.
(a) (p—=aq)V(g—r)

F (p — q) V (¢ — r) holds since either ¢ is true (in which case p — ¢ is true), or ¢ is
false (in which case ¢ — r is true).

Exercises 2.1 (page 157)

4. Let F(x,y) mean that x is the father of y; M (x,y) denotes z is the mother of y. Similarly,
H(z,y), S(x,y), and B(x,y) say that z is the husband/sister/brother of y, respectively.
You may also use constants to denote individuals, like ‘Ed’ and ‘Patsy.” However, you are
not allowed to use any predicate symbols other than the above to translate the following
sentences into predicate logic:

(a) Everybody has a mother.
Ya 3b M(b, a)

(b) Everybody has a father and a mother.
Va 3b,¢ M (b,a) A F(c,a)

(c) Whoever has a mother has a father.
Va (3b M(b,a) — e F(c,a))

(d) Ed is a grandfather.

13



Jda,b (F(Ed,a) N (M(a,b) V F(a,b)))

All fathers are parents.

Va ((3b F(a,b)) — 3b P(a,b))

where P(z,y) = F(x,y) V M(z,y) means that “x is a parent of y”.

All husbands are spouses.

Va ( (3b H(a,b)) — 3bQ(a,b) )

v

-~

a is a husband  « is a spouse

where Q(x,y) = H(x,y) V H(y,z) means that “x is spouse of y”.

No uncle is an aunt.

An uncle is either the brother of a parent or the husband of a sister of a parent. A
woman with an equivalent relationship is an aunt,

Va ((3b U(a,b)) — = 3b A(a,b) )
——— ——
a 1S an uncle a 1S an aunt

where

U(z,y) =3z P(z,y) A (B(z,z) V Iv S(v,z) A H(x,v)) means “x is an uncle of y”.
A(z,y) =3z P(z,y) A (S(x,2) VIv B(v,z) A H(v,z)) means “z is an aunt of y”.
All brothers are siblings.

Ya ((3b B(a,b)) — (3b B(b,a) V S(b,a)))

.

ais a ;irbbling
Nobody’s grandmother is anybody’s father.

Va ((3b G(a,b)) — —3b F(a,b))
where

G(z,y) = 3z (P(z,y) A M(x,z)) means “z is a grandmother of y”
P(x,y) = F(z,y) V M(x,y) means “x is a parent of y”.

14



(j) Ed and Patsy are husband and wife.

H(Ed, Patsy) or
H(Ed, Patsy) AN W (Patsy, Ed) where W (z,y) = H(y,z) means “z is wife of y”.

(k) Carl is Monique’s brother-in-law.

A brother-in-law is one’s sibling’s husband, or one’s spouse’s brother.

Jda (S(a, Monique) AN H(Carl,a))V Ja (H(a, Monique) A B(Carl,a))

Exercises 2.2 (page 158)

2. Draw the parse tree of the term (2 — s(z)) + (y * =), considering that —, +, and * are used
in infix in this term. Compare your solution with the parse tree in Figure 2.14.

/\
N

4. Let ¢ be Iz (P(y,z) A (Vy (-Q(y,z)V P(y, z)))), where P and @ are predicate symbols
with two arguments.

(c) Is there a variable in ¢ which has free and bound occurrences?

y occurs both bound and free.

¢ =3 (P(\?J/&)/\(Vy (ﬂQ(\y/,x)VP(\y/J))))

free bound bound

(d) Consider the terms w (w is a variable), f(z) and g(y, z), where f and g are function
symbols with arity 1 and 2, respectively.

i. Compute ¢lw/x|, plw/yl, ¢[f(x)/y], ¢l9(y, 2)/z]

¢lw/x] = ¢ (no free occurences of x.)

dlw/y] =z (P(w, z) A My (-Q(y,x) V P(y, 2)))) (only first y is free.)

15



of(z)/y] = 32" (P(f(x),2) A (Vy (=Q(y,2") V P(y,2)))) (avoid capturing !)

olg(y, ?;)/z] =3z (P(y,9(y,2)) AN (VY (=Q(y',z) V P(y', 9(y,2))))) (avoid captu-
ring y!

ii. Which of w, f(x) and ¢(y, z) are free for x in ¢?
w, f(x), g(y, z) (no free occurences of z!)
iii. Which of w, f(x) and ¢(y, ) are free for y in ¢?

w, g(y, z) (there is a free occurence of y in the scope of Iz, thus f(x) is not free
for y in ¢.)

(e) What is the scope of 3z in ¢?

dz (P(y,z) A (Vy (ﬂv(yw) vV P(y, 2))))

scope of Jx

Exercises 2.3 (page 160)

1. Prove the validity of the following sequents using, among others, the rules =i and =e.
Make sure that you indicate for each application of =e what the rule instances ¢, t; and
to are.

! (y=0A(y=2) premise
2 y=0 Nep 1
¢ y==x Aeg 1
4 0=z —¢ 2,3
Where
t1 = to ¢[t1/:€] _
Plt2/x]
ilig dlti/z)=y==1a (row 3)
qﬁzz_z:x Plt2/2] =0=2 (row 4)

16



9. Prove the validity of the following sequents in predicate logic, where F' , G, P, and (Q have
arity 1, and S has arity 0 (a ‘propositional atom’):

(x) (not in the book) Jx (P(x) — ¢q) FVz P(z) — ¢

(¢) 3z P(z) - g+ Yz (P(x) — q)

(k) Vz (P(x) AQ(x)) - Vz P(x) AVz Q(x)




(y) (not in book) 3z (P(z) V Q(z)) F 3z P(z) V 3z Q(x)

1 dz(P(z) V Q(z)) premise

2 xo P(xo)V Q(z0) assumption

3 P(x0) assumption

4 JzP(x) Ixi3

5 JxP(z)V IzQ(x) Vil4

6 Q(zo) assumption

7 JxQ(xo) Ixib6

8 JzP(z) VvV IzQ(x) Vi27T

9 JzP(x) VdzQ(x) Ve 2, 3-5, 6-8
10 JxP(x)VIzQ(x) Ixel1,2-9

(r) =3z P(z) FVz —-P(x)

1 -3z P(z) premise

2 Zo

3 P(x) assumption
4 JzP(x) dxi3

5 1 —e 4,1

6 —|P(£)30) -1 3-5

7 Vax—P(x) Vx i2-6

(z) (not in book) Jz —P(z) F —Vz P(x)

1 Jz—P(x) premise

2 VzP(x) assumption
3 zo —P(xp) assumption
4 P(x) Vx e 2

5 1 —e 4,3

6 T Txe 1,35
7 —VaP(z) —-i 2-6

Exercises 2.4 (page 163)

3. Let P be a predicate with two arguments. Find a model which satisfies the sentence
Va = P(x,x); also find one which doesn’t.

Mi:AY 1apy PMCY 10, (b))
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Exercises 3.4 (page 247)

6. Consider the system M in Figure 3.40.

(b) Determine whether M, sy E ¢ and M, s2 F ¢ hold and justify your answer, where ¢
is the LTL or CTL formula:

i p—r
M, sg E =p — r holds since r holds in sg.
M, s9 E —=p — r holds since r holds in ss.
iii. ~EG r

M,sog E —EG r does not hold, since EG r holds in sy (take for instance
(80,80780,...)).

M,sy E —EG r does not hold, since EG r holds in sy (take for instance
(s2, 81,82, 81,...)).

vi. EF ¢
M, sg E EF ¢ holds since ¢ holds in sg.
M, s9 E EF ¢ holds since ¢ holds in ss.
vii. EG r
Both M, sg E EG r, M, sy F EG r hold. See (iii).

8. Consider the model M in Figure 3.41. Check whether M, sg F ¢ and M, s2 F ¢ hold for
the CTL formulas ¢:

(a) AF ¢
- D
M, so b g -
M,So |—[] AF q 1
- - D - - P
M, so b g - M, s3 k) q N
M,sobs, AF g 1 M, s3 kg, AF ¢ AF1
M, s3 1 AF ¢ 2

20



(b) AG (EF (pVr))

(c) EX (EX 1)

(d) AG (AF q)

(x) (not in book) EF (EG r)

10. Which of the following pairs of CTL formulas are equivalent? For those which are not,
exhibit a model of one of the pair which is not a model of the other:

(a) EF ¢ and EG ¢

21



(b) EF ¢ V EF ¢ and EF (¢ V %)
EF ¢ VEF ¥ = EF(¢ V )
=: If EF ¢ holds there is a path in which ¢ eventually holds, thus there is a path in
which ¢ V ¢ eventually holds. If EF ¢ holds there is a path in which % eventually

holds, thus there is a path in which ¢ V 1 eventually holds. It follows that EF(¢ V 1))
holds. (Think of it as an or-elimination.)

<: If EF(¢ V %) holds there is a path in which ¢ eventually holds or in which
eventually holds. In the former case, EF ¢ holds, and in the latter case, EF ¢ holds,
thus EF ¢ V EF 1 holds. (Again, think of it as an or-elimination.)

(c) AF ¢V AF ¢ and AF (¢ V ¥)

o>
AF ¢V AF ¢ # AF(¢ V 1)) \@/CD

(d) AF —¢ and —EG ¢

AF —¢ = —EG ¢:
Page 216 in the course book states that —AF ¢ = EG —¢
By replacing ¢ with —¢ we get —=AF =¢ = EG =—¢
Negating both sides results in --AF =¢ = -EG =—¢
Removing double negations gives: AF —¢ = =EGo

(e) EF —¢ and —AF ¢

EF —¢ # -AF ¢ @ ‘

22



Exercises 4.3 (page 300)

5. Use the proof rule for assignment and logical implication as appropriate to show the
validity of

(a) Fpar (z>0) y=x+1; (y > 1)

v — Assi .
Fe>0—2z+1>1 (]x+1>1[)y:l,+1;(]y>1l) ssignmen

(r>0y=x+1;(y > 1)

Implied

10. Prove the validity of the sequent Fpar (T) P (2 = min(z, y))), where min(z, y) is the smalest
number of x and y — e.g. min(7,3) = 3 — and the code of P is given by

if (z >y) {
z=y;
} else {
z =
}
By proof tree:
v — Assi t
Ftrue ANz >y —y=min(z,y) (y=min(z,y))z =y;(z = min(z,y)) smgnmen
- Implied
(true Az > y)z = y; (2 = min(z,y)) A -
(true)if (z > y){z = y; } else {z = x; }(z = min(z,y))
Y — Assi t
F true A =(z > 0) = x = min(z,y) (x = min(z,y))z = z; (2 = min(z,y)) s&g.nmen
g Implied
(true A =(z > y))z = z; (= = min(z, y))
A
By proof tableaux:
(true) Precondition
if (z >y) {

(true A z > y) If

(y = min(z,y))  Implied (V')
z=1y;

(z = min(z,y))  Assignment

} else {

(true A =(z >y)) If

(r = min(z,y))  Implied (V)
z=;

z = min(x,y))  Assignment

}

(z = min(z,y)) Postcondition

23



13. Show that Fpar (z > 0) Copyl (x = y) is valid, where Copy1 denotes the code

a=uz;

y=0;

while (a !=10) {
y=y+1
a=a—1;

}

The loop invariant is in this case a +y = =

Here is a proof tableaux

(x> 0) Precondition
(x+0==x) Implied (V)
a=uz;

a+0=2x) Assignment
y = 0;

(a+y=2x) Assignment

while (a !=0) {
la+y=xNa#0) Partial-while
((a—1)+ (y+1) ==2) Implied (V)

y=y+1

((a—1)4+y=2) Assignment

a=a—1;

la+y=z) Assignment
}
la+y=2A—(a##0) Partial-while
(];[; = yl) Implied v

We get the following three proof obligations:

Fe>0—>2+0=2z holds since x +0 = 0
Fat+y=2ANa#0— (a—1)+(y+1) =2 holdssince (a—1)+ (y+1)=a+y
Faty=a2A-(a#0)—>z=y holds since a + y =y when a = 0

14. Show that Fpar (y > 0) Multl (2 = x - y) is valid, where Mult1 is:

a=0;

z=0;

while (a !=vy) {
Z=z+ux;
a=a-+1;

}

The proof tableaux is similar to the one in the previous solution, but with the invariant
zZ=a-x.
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Kapitel 2

Exempel pa strukturell induktion:
binira trad

Definition av binidra trad

Vi definierar den induktiva datatypen BTree i BNF med en 0-stillig funktionssymbol leaf och
en 2-stéllig funktionssymbol btree enligt nedan.

BTree ::= leaf | btree(BTree, BTree)
Tva exempel pa BTree-termer dr som foljer.

leaf
btree(leaf, btree(leaf, leaf))

Ovning 2.1. (A) Formulera en induktionsprincip fér BTree-termer. Kvantifiera dver alla en-
stalliga predikat P som tar en sadana termer som argument.

VP (P(leaf) A (Vi Vg (P(t1) A P(ts)) — P(btree(tl,tg)))) Vit P()

Tolkning;:
For att visa Vt P(t):

- visa P(leaf) (basfall)

- ta godtyckliga t; och to  (induktionssteg)
antag P(t1) och P(t2)  (induktionshypotes)
visa P(btree(t1,t2))

Tradhsjd

Vi definierar en induktiv funktion height som tar en BTree-term som argument och returnerar
hojden péa det bindra triad som termen representerar.
Definition 2.1.

def

height(leaf) = 0
height (btree(t;, 1)) £ 1 + max(height(¢,), height(ts))

26



Ovning 2.2. (E) Bevisa genom att veckla ut definitionen fér height att
height(btree(leaf, btree(leaf, leaf))) = 2

height (btree(leaf, btree(leaf, leaf)))

= 1 + max(height(leaf), height(btree(leaf, leaf))) {Def. 2.1}

= 1+ max(0, 1 + max(height(leaf), height(leaf))) {Def. 2.1}

=14 max(0, 1 + max(0,0)) {Def. 2.1}

=1+ max(0,1+0) {Def. max}

=1+1 {Def. max, Aritmetik}

=2 {Aritmetik}
Lovantal

Vi definierar en induktiv funktion numleaves som tar en BTree-term som argument och retur-
nerar antalet 16v i det bin&ra trad som termen representerar.

Definition 2.2.

numleaves(leaf) £ 1

numleaves(btree(t;, t2)) £ numleaves(t;) + numleaves(t)

Ovning 2.3. (E) Bevisa genom att veckla ut definitionen for numleaves att

numleaves(btree(leaf, btree(leaf, leaf))) = 3

numleaves(btree(leaf, btree(leaf, leaf)))

= numleaves(leaf) + numleaves(btree(leaf, leaf)) {Def. 2.2}
= 1 + numleaves(leaf) + numleaves(leaf) {Def. 2.2}
—14+1+1 {Def. 2.2}
=3 {Aritmetik}

Kompletta bin&ra trad

Vi definierar ett induktivt predikat complete i form av en funktion som tar en BTree-term
som argument och returnerar true om alla 16v i det motsvarande binira tridet dr pa samma
hojd, och false annars.

Definition 2.3.

complete(leaf) & true

complete(btree(t, t5)) = complete(t;) A complete(ts) A height(t;) = height(t,)

27



Ovning 2.4. (A) Bevisa genom att anviinda strukturell induktion att

V¢ complete(t) — numleaves(t) = 2Peight(®)

Lat t vara en BTree-term. Vi gor induktion over strukturen for ¢.

o Fall ¢t = leaf.
Vi har att complete(leaf) &r true enligt Def. 2.3 och

numleaves(leaf)

_ (Def. 2.2}
_ 90 {Aritmetik}
__ gheight(leaf) (Def. 2.1}

e Fall t = btree(ty,t2) for t; och to BTree-termer.

Antag som forsta induktionshypotes (IH;) att complete(t;) — numleaves(t;) =
oheight(t1) och som andra induktionshypotes (IHp) att complete(ty) — numleaves(ty) =
oheight(t2) Antag sedan som hypotes (H) att complete(btree(t1,t5)) for att visa implika-
tionen.

numleaves(btree(ty,t2))

= numleaves(t;) + numleaves(tz) {Def. 2.2}

_ 2height(t1) + 2height(t2) {H, IH;, IHQ}

— gl+max(height(t1)height(tz)) {H, Def. 2.3, Aritmetik}
_ 2height(btree(t1,t2)) {Def 2'1}
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Kapitel 3

Exempel pa strukturell induktion:
listor

Introduktion

I detta kapitel presenteras en 6vning i anvindningen av strukturell induktion, i ett scenario
som ibland férekommer i systemutveckling—en given funktion ska erséttas av en funktion med
samma specifikation som &r mer effektiv. Har ska dock bevisas att den nya funktionen har
samma beteende som den ursprungliga och att den faktiskt ar effektivare.

Definition av listor

Vi borjar med att i BNF definiera den induktiva datatypen List, som tolkas som en lista av
termer av typen Letter, bokstéver.

List ::= empty | cons(Letter, List)

Ovning 3.1. (A) Formulera en induktionsprincip for List-termer. Kvantifiera 6ver alla en-
stalliga predikat P som tar en sadana termer som argument.

VP <P(empty) A (Ya ¥u! P(u) = P(cons(a, u')))) s Vu P(u)

Tolkning;:

For att visa Yu P(u):

- visa P(empty) (basfall)
- ta godtyckliga a och v/ (induktionssteg)
antag P(u) (induktionshypotes)

visa P(cons(a,u’))

Listors liangd

Vi definierar en induktiv funktion length fran méngden av listor till de naturliga talen som ger
en listas langd.
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Definition 3.1.

length(empty) £ 0
length(cons(a, 1)) £ 1+ length(u)

Ovning 3.2. (E) Bevisa stegvis genom att veckla ut definitionen fér length att

Va Vb length(cons(a, cons(b, empty))) = 2.

Lat a och b vara Letter-termer.

length(cons(a, cons(b, empty)))

=1+ length(cons(b, empty)) {Def. 3.1}
=141+ length(empty) {Def. 3.1}
=141+0 {Def. 3.1}
=2 {Aritmetik}

Konkatenering av listor

Vi definierar en konkateneringsfunktion conc som tar tva listor som argument och returnerar
en sammanslagen lista.

Definition 3.2.

conc(empty,v) £ v

conc(cons(a, u),v) £ cons(a, conc(u,v))
Ovning 3.3. (E) Bevisa stegvis genom att veckla ut definitionen foér conc att

Va Vb conc(cons(a, empty), cons(b, empty)) = cons(a, cons(b, empty))

Lat a och b vara Letter-termer.

conc(cons(a, empty), cons(b, empty))
= cons(a, conc(empty, cons(b, empty))) {Def. 3.2}
= cons(a, cons(b, empty)) {Def. 3.2}

Ovning 3.4. (C) Bevisa genom att anviinda strukturell induktion att
Vu conc(u,empty) = u
Lat u vara en List-term. Vi gor induktion &ver strukturen for w.
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e Fall u = empty.

conc(empty, empty)
= empty {Def. 3.2}

e Fall u = cons(a,u) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att conc(u’, empty) = u'.

conc(cons(a,u’), empty)
= cons(a, conc(u’, empty)) {Def. 3.2}
= cons(a, u’) {IH}

Ovning 3.5. (A) Bevisa genom att anviinda strukturell induktion att conc &r associativ, dvs
bevisa att

Vu Vv Yw conc(u, conc(v, w)) = conc(conc(u,v), w)

Lat u vara en List-term. Vi gor induktion 6ver strukturen for w.

o Fall u = empty.

Lat v och w vara List-termer.

conc(empty, conc(v,w))
= conc(v, w) {Def. 3.2}
= conc(conc(empty, v), w) {Def. 3.2}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Lat v och w vara List-termer och antag som induktionshypotes (IH) att
Vo Yw conc(u’, conc(v, w)) = conc(conc(u’,v), w).

conc(cons(a,u’), conc(v, w))

= cons(a, conc(v’, conc(v, w))) {Def. 3.2}
= cons(a, conc(conc(u', v), w)) {IH}

= conc(cons(a, (conc(u’,v)), w) {Def. 3.2}
= conc(conc(cons(a,u’),v), w {Def. 3.2}

Omvindning av listor

En forsta omvindningsfunktion

Vi definierar en initial omvéandningsfunktion reverse.
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Definition 3.3.
reverse(empty) & empty
reverse(cons(a,u)) £ conc(reverse(u), cons(a, empty))
Ovning 3.6. (E) Bevisa stegvis genom att veckla ut definitionen for reverse att

Va Vb reverse(cons(a, cons(b, empty))) = cons(b, cons(a, empty))

Lat a och b vara Letter-termer.

reverse(cons(a, cons(b, empty)))

= conc(reverse(cons(b, empty)), cons(a, empty)) {Def. 3.3}
= conc(conc(reverse(empty), cons(b, empty)), cons(a, empty)) {Def. 3.3}
= conc(conc(empty, cons(b, empty)), cons(a, empty)) {Def. 3.2}
= conc(cons(b, empty), cons(a, empty)) {Def. 3.2}
= cons(b, conc(empty, cons(a, empty))) {Def. 3.2}
= cons(b, cons(a, empty)) {Def. 3.2}

Ovning 3.7. (A) Bevisa med strukturell induktion och resultaten fran 6vning 3.4 och 3.5 att
reverse distribuerar 6ver conc, dvs att

Vu Vv reverse(conc(u,v)) = conc(reverse(v), reverse(u))

Lat w vara en List-term. Vi gor induktion 6ver strukturen for w.

e Fall u = empty.

Lat v vara en List-term.

reverse(conc(empty, v))

= reverse(v) {Def. 3.2}
= conc(reverse(v), empty) {Ovn. 3.4}
= conc(reverse(v), reverse(empty)) {Def. 3.3}

e Fall u = cons(a,u) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att Vv reverse(conc(u’,v)) =
conc(reverse(v), reverse(u')), och lat v vara en List-term.

reverse(conc(cons(a, u’), v))

= reverse(cons(a, conc(u',v))) {Def. 3.2}
= conc(reverse(conc(u',v)), cons(a, empty)) {Def. 3.3}
= conc(conc(reverse(v), reverse(u’)), cons(a, empty)) {IH}

= conc(reverse(v), conc(reverse(u'), cons(a, empty))) {Ovn. 3.5}
= conc(reverse(v), reverse(cons(a, u’))) {Def. 3.3}
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En effektivare omvindningsfunktion?

Vi definierar en funktion rev som en hjilpfunktion till en ny omvindningsfunktion reverse’.

Definition 3.4.

rev(empty,v) £ v

dei

rev(cons(a,u),v) = rev(u,cons(a,v))

def

reverse'(u) = rev(u,empty)

Ovning 3.8. (E) Bevisa stegvis genom att veckla ut definitionen for reverse’ att
Va Vb reverse’(cons(a, cons(b,empty))) = cons(b, cons(a, empty))
Lat a och b vara Letter-termer.

reverse’(cons(a, cons(b, empty)))

= rev(cons(a, cons(b, empty)), empty) {Def. 3.4}
= rev(cons(b, empty), cons(a, empty)) {Def. 3.4}
= rev(empty, cons(b, cons(a, empty))) {Def. 3.4}
= cons(b, cons(a, empty)) {Def. 3.4}

Ovning 3.9. (A) Bevisa med strukturell induktion och resultatet fran vning 3.5 att

Vu Vo conc(reverse'(u),v) = rev(u,v)

Lat w vara en List-term. Vi gor induktion ¢ver strukturen for w.
e Fall u = empty.
Lat v vara en List-term.

conc(reverse’(empty), v)

= conc(rev(empty, empty), v) {Def. 3.4}
= conc(empty, v) {Def. 3.4}
=v {Def. 3.2}
= rev(empty, v) {Def. 3.4}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att Vv conc(reverse’(u’),v) = rev(u/,v), och lat v
vara en List-term.

conc(reverse’(cons(a,u’)),v)

= conc(rev(u’, cons(a,empty)), v) {Def. 3.4}

= conc(conc(rev(u’, empty), cons(a, empty)),v) {IH, Def. 3.4}

= conc(rev(u’, empty), conc(cons(a, empty), v)) {Ovn. 3.5}

= conc(reverse' (u'), cons(a, v)) {Def. 3.4, Def. 3.2}
= rev(cons(a,u’),v) {IH, Def. 3.4}
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Ovning 3.10. (C) Bevisa med hjilp av resultatet fran 6vning 3.9 och strukturell induktion att

Vu reverse(u) = reverse'(u)

Lat u vara en List-term. Vi gor induktion 6ver strukturen for w.

o Fall u = empty.

reverse(empty)

= empty {Def. 3.3}
= rev(empty, empty) {Def. 3.4}
= reverse’ (empty) {Def. 3.4}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att reverse(u’) = reverse’(u').

reverse(cons(a, u’))

= conc(reverse(u'), cons(a, empty)) {Def. 3.3}

= conc(reverse'(u'), cons(a, empty)) {IH}

= reverse’(cons(a, u’)) {Ovn. 3.9}
Effektivitetsanalys

Effektivitetsmatt

For att uttrycka funktioners effektivitet kan man lata dem returnera tuplar, ddr den ena delen
ar ett effektivitetsmatt och den andra delen &r det onskade resultatet. De olika delarna gors
sedan atkomliga med tillaggsfunktioner enligt foljande.

Definition 3.5.
cost((s,d)) = s
result((s,d)) = d

Mitbara varianter av funktioner
Betrakta en métbar variant av funktionen conc.
Definition 3.6.
mconc(empty, v) = (0,)
mconc(cons(a,u'),v) = let r = mconc(v/, v) in
(1 4 cost(r), cons(a, result(r)))

Ovning 3.11. (C) Bevisa genom att anvinda strukturell induktion att conc och resultatdelen
av mconc sammanfaller for alla listor, dvs att

Vu Vv result(mconc(u, v)) = conc(u, v)
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Lat u vara en List-term. Vi gor induktion &ver strukturen for w.

o Fall u = empty.

Lat v vara en List-term.

result(mconc(empty, v))

= result((0,v)) {Def. 3.6}
= conc(empty, v) {Def. 3.2}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att Vo result(meconc(v’,v)) = conc(u/,v), och lat v
vara en List-term.

result(mconc(cons(a,u')))

= cons(a, result(mconc(u’,v))) {Def. 3.6, Def. 3.5}
= cons(a, conc(u’,v)) {IH}
= conc(cons(a,u’),v) {Def. 3.2}

Ovning 3.12. (A) Bevisa genom att anviinda strukturell induktion att resultatdelen av mconc
har den sammanlagda lingden av bada argumenten, dvs att

Vu Vv length(result(mconc(u,v))) = length(u) + length(v)

Lat u vara en List-term. Vi gor induktion 6ver strukturen for w.
e Fall u = empty.
Lat v vara en List-term.

length(result(mconc(empty, v)))

= length(result((0,v))) {Def. 3.6}
= length(v) {Def. 3.5}
=0+ length(v) {Aritmetik}
= length(empty) + length(v) {Def. 3.1}

e Fall u = cons(a,u) for a en Letter-term och v’ en List-term.

Antag som induktionshypotes (IH) att Vv length(result(mconc(v’,v))) = length(u') +
length(v), och lat v vara en List-term.

length(result(mconc(cons(a,u’),v)))

= length(cons(a, result(mconc(u’, v))) {Def. 3.6, Def. 3.5}
= 1 + length(result(mconc(u’,v))) {Def. 3.1}

=1+ length(v) + length(v) {IH}

= length(cons(a,u)) + length(v) {Def. 3.1}
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Ovning 3.13. (C) Bevisa att kostnadsdelen av mconc &r precis lingden av det forsta argu-
mentet, dvs att
Vu Vv cost(mconc(u,v)) = length(u)
Lat uw vara en List-term. Vi gor induktion 6ver strukturen for w.
e Fall u = empty.

Lat v vara en List-term.

cost(mconc(empty, v))

= cost((0,v)) {Def. 3.6}
=0 {Def. 3.5}
= length(empty) {Def. 3.1}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att Vo cost(meconc(v/,v)) = length(u’), och lat v
vara en List-term.

cost(mconc(cons(a,u’), v))

= 1 + cost(mconc(v/,v)) {Def. 3.6, Def. 3.5}
=1+ length(u) {IH}
= length(cons(a, u')) {Def. 3.1}

Betrakta nu en méatbar variant av funktionen reverse.

Definition 3.7.

mreverse(empty) = (0, empty)
mreverse(cons(a, u')) & let 7r = mreverse(u') in
let r¢ = mconc(result(rr), cons(a, empty)) in
(14 cost(rc) + cost(rr), result(rc))

Ovning 3.14. (C) Bevisa genom att anvinda strukturell induktion och resultatet fran vning
3.11 att reverse och resultatdelen av mreverse sammanfaller for alla listor, dvs att

Vu result(mreverse(u)) = reverse(u)

Lat u vara en List-term. Vi gor induktion 6ver strukturen for w.
e Fall u = empty.

result(mreverse(empty))

= result((0, empty)) {Def. 3.7}
= empty {Def 35}
= reverse(empty) {Def. 3.3}
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e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att result(mreverse(u’)) = reverse(u').

result(mreverse(cons(a,u’)))

= result(mconc(result(mreverse(u’)), cons(a, empty))) {Def. 3.6}
= conc(result(mreverse(u')), cons(a, empty)) {Ovn. 3.11}
= conc(reverse(u'), cons(a, empty)) {IH}

= reverse(cons(a, u')) {Def. 3.3}

Ovning 3.15. (A) Bevisa genom att anvinda strukturell induktion och resultatet fran 6vning
3.12 att resultatdelen av mreverse &r lingden av argumentet, dvs att

Vu length(result(mreverse(u))) = length(u)

Lat u vara en List-term. Vi gor induktion 6ver strukturen for w.
e Fall u = empty.

length(result(mreverse(empty)))
= length(result((0, empty)) {Def. 3.7}
= length(empty) {Def. 3.5}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att length(result(mreverse(u’))) = length(u).

length(result(mreverse(cons(a,u’))))

= length(result(mconc(result(mreverse(u')), cons(a,empty))))  {Def. 3.7}

= length(result(mreverse(u'))) + length(cons(a, empty)) {Ovn. 3.12}
= 1 + length(result(mreverse(u'))) {Aritmetik}
=1+ length(u') {TH}

= length(cons(a,u’)) {Def. 3.1}

Ovning 3.16. (A) Bevisa genom att anviinda strukturell induktion och resultaten fran 6vning
3.13 och 3.15 att dubbla kostnadsdelen av mreverse &r lika med kvadraten av argumentets
langd plus argumentets langd, dvs att

Vu 2 x cost(mreverse(u)) = length(u) x length(u) + length(u)

Lat uw vara en List-term. Vi gor induktion &ver strukturen for w.
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e Fall u = empty.

2 x cost(mreverse(empty))

= 2 x cost((0,empty)) {Def. 3.7}
=0 {Def. 3.5}
=0x0+0 {Aritmetik}
= length(empty) x length(empty) + length(empty) {Def. 3.1}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.
Antag som induktionshypotes (IH) att 2 x cost(mreverse(u’)) = length(u’) x
length(u') 4+ length(u).
2 x cost(mreverse(cons(a,u')))

= 2 x (1 + length(result(mreverse(u))) + cost(mreverse(u'))) {Def. 3.7, Ovn. 3.13}

=2 x (1 +length(u') + cost(mreverse(u'))) {Ovn. 3.15}
=2 x (1+ length(u’)) + 2 x cost(mreverse(u')) {Aritmetik}
=2 x (1 + length(v')) + length(v') x length(u’) + length(u’) {IH}

= (1 + length(u')) x (1 + length(u’)) + (1 + length(u')) {Aritmetik}

= length(cons(a, u’)) x length(cons(a,u’)) + length(cons(a,u’))  {Def. 3.7}

Betrakta nu métbara varianter av funktionerna rev och reverse’.
Definition 3.8.
mrev(empty,v) = (0,v)

mrev(cons(a, u')) = let r = mrev(u/, cons(a, v)) in
(1 + cost(r), result(r))

mreverse’ (u) « mrev(u, empty)

Ovning 3.17. (C) Bevisa genom att anvinda strukturell induktion att resultatet av rev och
resultatdelen av mrev sammanfaller for alla listor, dvs att

Vu Yo result(mrev(u,v)) = rev(u,v)

Lat uw vara en List-term. Vi gor induktion 6ver strukturen for w.

e Fall u = empty.

Lat v vara en List-term.

result(mrev(empty, v))

= result((0,v)) {Def. 3.8}
_ {Def. 3.5}
= rev(empty, v) {Def. 3.4}
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e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.
Antag som induktionshypotes (IH) att Vv result(mrev(u’,v)) = rev(v/, v), och lat v vara

en List-term.

result(mrev(cons(a,u’),v))
= result(mrev (v, cons(a, v))) {Def. 3.8}
=rev(u, cons(a,v)) {IH}

Ovning 3.18. (E) Bevisa genom att anvinda resultatet fran 6vning 3.17 att reverse’ och
resultatdelen av mreverse’ och sammanfaller for alla listor, dvs att

Vu result(mreverse’(u)) = reverse’ (u)

Lat u vara en List-term.

result(mreverse’(u))
= rev(u, empty) {Ovn. 3.17}
= reverse’ (u) {Def 3.4}

Ovning 3.19. (A) Bevisa genom att anviinda strukturell induktion att kostnadsdelen av mrev
ar lika med forsta argumentets langd, dvs att

Vu Yv cost(mrev(u,v)) = length(u)

Lat w vara en List-term. Vi gor induktion 6ver strukturen for w.

e Fall u = empty.

Lat v vara en List-term.

cost(mrev(empty, v))

= cost((0,v)) {Def. 3.8}
—0 {Def. 3.5}
= length(empty) {Def. 3.1}

e Fall u = cons(a,u’) for a en Letter-term och u' en List-term.

Antag som induktionshypotes (IH) att Vv cost(mrev(u/,v)) = length(u’), och lat v vara
en List-term.

cost(mrev(cons(a,u’), v)

= 1+ cost(mrev(u’, cons(a,v))) {Def. 3.8, Def. 3.5}
=1+ length(u’) {IH}
= length(cons(a, u’)) {Def. 3.1}
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Ovning 3.20. (E) Bevisa genom att anvéinda resultatet fran 6vning 3.19 att kostnadsdelen av
mreverse’ ir lika med argumentets lingd, dvs att

Vu cost(mreverse’(u)) = length(u)

Lat u vara en List-term.

cost(mreverse’(u))
= cost(mrev(u,empty)) {Def 3.8}
= length(u) {Ovn. 3.19}
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