
Goal Idea Examples Outlook

Pontryagin Approximations for Optimal Design

Jesper Carlsson

CSC, KTH

BIT Conference, 2006



Goal Idea Examples Outlook

Optimal shape problem

Find domain D ⊂ Ω ⊂ R
d such that

inf
D∈Dad

 Z

D
F (ϕ) dx

˛
˛
˛
˛ G(ϕ) = 0 in D

ff

,

Parameter design problem

Find characteristic function χ : Ω → {0, 1} such that

inf
χ∈χad

 Z

Ω
χF (ϕ) dx

˛
˛
˛
˛ Gχ(ϕ) = 0 in Ω

ff

,

Issues

sensitive to perturbations in data

infimum may not be attained

Depending on Dad , a minimizing sequence (D̄m, ϕm) → (D̄, ϕ) where G(ϕm) = 0
does not necessarily imply G(ϕ) = 0 or χDm → χD .
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Value function

u(φ, t) ≡ inf
α

(

g(ϕT ) +

Z T

t
h(ϕs , αs) ds

˛
˛
˛ ∂sϕ = f (ϕs , αs), ϕt = φ

)

,

ϕ : [0, T ] × Ω → V , α : Ω × [0, T ] → B

Hamilton-Jacobi-Bellman equation

∂t u(φ, t) + H
`
∂φu(φ, t), φ

´
= 0, u(·, T ) = g(ϕT ).

H(λ, φ) ≡ min
a:Ω→B

{〈λ, f (φ, a)〉 + h(φ, a)},

Pontryagin principle

−∂t λt = 〈λt , ∂ϕf (ϕt , αt)〉 + ∂ϕh(ϕt , αt), λT = ∂ϕT g(ϕT )

αt ∈ argmin
a:Ω→B

{〈λt , f (ϕt , a)〉 + h(ϕt , a)}

Hamiltonian system

∂t ϕt = ∂λH(λt , ϕt ), −∂tλt = ∂ϕH(λt , ϕt )
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Compliance optimization

Minimization problem

inf
α:Ω→{α−,1}



l(ϕ)

˛
˛
˛
˛ aα(ϕ, v) = l(v), ∀v ∈ V ,

Z

Ω
α dx = C

ff

Compliance

l(ϕ) ≡

Z

Ω
fb · ϕdx +

Z

ΓN

fs · ϕds,

Energy functional

aα(ϕ, v) ≡

Z

Ω
αεij (ϕ)Eijklεkl(v)dx.

Alternative formulation

inf
α:Ω→{α−,1}



l(ϕ) + η

Z

Ω
α dx

˛
˛
˛
˛ aα(ϕ, v) = l(v), ∀v ∈ V

ff

.
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Lagrangian

L(ϕ, λ, α) = l(ϕ) + l(λ) +

Z

Ω
α

„

η − εij(ϕ)Eijkl εkl(λ)
| {z }

v

«

dx

Hamiltonian

H(ϕ, λ) = l(ϕ) + l(λ) +

Z

Ω
min

α∈{α−,1}
{αv}

| {z }

h(v)

dx

h

hδ

v

h, hδ

σ∗

h′δ

v

h′δ, σ∗
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Regularized Hamiltonian system

∂λHδ(λ, ϕ) = ∂ϕHδ(λ, ϕ) = 0

By symmetry ϕ = λ we get
Z

Ω
h′δ

„

η − εmn(ϕ)Emnopεop(ϕ)

«

εij(ϕ)Eijkl εkl(v) dx = l(v), ∀v ∈ V

Pontryagin principle

α = h′δ

„

η − εij(ϕ)Eijkl εkl(ϕ)

«
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Figure: 80 × 40 mesh

Figure: 240 × 120 mesh
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Reconstruction

Minimization problem

inf
α:Ω→{α−,1}

 Z

ΓN

|ϕ − ϕmeas|
2 ds

˛
˛
˛
˛ aα(ϕ, v) = l(v), ∀v ∈ V

ff

Hamiltonian

H(ϕ, λ) =

Z

ΓN

|ϕ − ϕmeas |
2 ds + l(λ) +

Z

Ω
min

α∈{α−,1}
{−αεij (ϕ)Eijkl εkl}

| {z }

h(v)

dx

Regularized Hamiltonian system

ah′

δ

(ϕ, v) dx = l(v), ∀v ∈ V

ah′

δ

(λ, w) dx = 2
Z

ΓN

(ϕ − ϕmeas) · w ds ∀w ∈ V
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Future work

Reconstruction from acoustic and elastic wave propagation

Reconstruction using optimal input data

Reconstruction from optimal input data

sup
β

inf
α

 Z

ΓN

|ϕ − ϕmeas|
2 ds

ff

aα(ϕ, v) = lβ(v), ∀v ∈ V

aα(ϕmeas , w) = lβ(w), ∀w ∈ V

‖β‖L2(ΓN ) ≤ 1
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