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Abstract

We consider the Clay Institute Prize Problem asking for aheraatical analytical proof
of existence, smoothness and uniqueness (or a conversautibss to the incompressible
Navier-Stokes equations. We argue that the present fotimulaf the Prize Problem asking
for a strong solution is not reasonable in the case of tunbiflew always occuring for
higher Reynolds numbers, and we propose to focus insteadeahk solutions. Since weak
solutions are known to exist by a basic result by J. Leray fi@34, only the uniqueness
of weak solutions remains as an open problem. To seek to give sinswer we propose to
reformulate this problem in computational form as followsr a given flow what quantity
of interest can be computed to what tolerance to what costfiWWeomputational evidence
that quantities of interest (or output quantitites) suckhasmean value in time of the drag
force of a bluff body subject to a turbulent high Reynolds bemflow, is computable on a
PC up to a tolerance of a few percent. We also give evident¢¢hbarag force at a specific
point in time is uncomputable even on a very high performarwaputer. We couple this
evidence to the question of uniqueness of weak solutionseid\Navier-stokes equations,
and thus give computational evidence of both uniquenessandiniqueness in outputs
of weak solutions. The basic tool of investigation is a repreation of the output error in
terms of the residual of a computed solution and the solufcemn associated linear dual
problem acting as a weight. By computing the dual solutionpbed to a certain output
and measuring the energy-norm of the dual velocity, we genhtjiative information of
computability of different outputs, and thus information output uniqueness of weak
solutions.
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1 Introduction

One of the Clay Institut81 million Prize Problems concerns the existence, unique-
ness and smoothness of solutions to the Navier-Stokesiensi&ir incompressible
fluid flow. The Navier-Stokes equations take the form of atighvalue problem

for a set of partial differential equations expressing eowation of momentum and
mass. The existence of at least vk solutiorior a given set of data, was proved
by J. Leray 1934 [7]. A weak solution satisfies the Navierk8gopartial differen-
tial equations in an average sense, whilstrang solutionor smoothsolution is
required to satisfy the equations in a pointwise sense. éngtsolution is also a
weak solution, but a weak solution may not be a strong saiutio

Leray also referred to the weak solution he proved to existtagbulent solution
Leray could not prove the uniqueness of a weak (turbulemdfiso, neither could
he prove existence of a strong solution. Despite heavytsftoy many excellent
mathematicians, little improvements on Leray’s resultehbgen made. Today the
following problems are open:

e (PS) Is there a unigue strong (smooth) solution to the Ne&siekes equations?
e (PW) Is a weak solution of the Navier-Stokes equations wf2qu

The Clay Prize Problem concerns the mathematical proof sftence (or non-
existence) of strong solutions, which we may summarize 8),(8s formulated by
C. Fefferman in [2]. We remark that uniqueness of a strong(gh) solution is
considered easy to prove mathematically, so (PS) may beeddo the question
of existence (or non-existence) of strong solutions.

The purpose of this note is to propose an approach to the Cizg Problem using
modern computational methods. The idea is thus to give itpthe question of
existence and uniqueness of solutions to the Navier-Swdgestions by computing
approximate solutions and studying their uniqueness bypcational means. We
believe that computational methods may indeed offer somvegoeespectives. Using
a computational approach we may study the question of existand uniqueness
for a set of specific cases with given data, which may be reptasve for a wider
selection of data, but we will not be able to give one answealigpossible data, as
the ideal analytical mathematical proof would give. We &restrestricted to a case
by case study, and a reformulation of the Prize Problem ataf $6° Prizes each
of $10%, would seem more natural.

Before further scrutinizing the two problems formulateady we recall that the
Reynolds numbeRe = % whereU is a characteristic flow velocity, a charac-
teristic length scale, and > 0 theviscosityof the fluid, may be used to characterize
different flow regimes. IfRe is relatively small Re < 10 — 100), then the flow is
viscous and the flow field is ordered and smoottaoninar, while for larger Re,
the flow will at least partly beéurbulentwith time-dependent non-ordered features



on a range of length scales down to a smallest scale (whichbmagtimated to be
of size Re~%/%, assuming. = 1). We may expect a laminar flow to be determined
pointwise in space-time, while in a turbulent flow, becausésaapid fluctuations,
we can only expect various mean values to be uniquely detednin many appli-
cations of scientific and industrial importange is very large, of the order0® or
larger, and the flow shows a combination of laminar and tentufleatures.

An example, to which we will return below, is the flow of air ara our car when
we are traveling at say 60 mph, which is an example of the flawaradt abluff
body, that is a body which is not very streamlined,/at ~ 10°. We know from
observation that there is a large volume behind the car (tlzdé&”) where the air
flow is very irregular (turbulent) and seemingly unpredietin a pointwise sense. A
corresponding solution to the Navier-Stokes equationdavoeinon-smoottsigni-
fying that derivatives of the solution would be very largeresponding to a rapidly
fluctuating solution.

Below we shall give also computational evidence of the exise of turbulent solu-
tions. So even if we cannot analytically construct turbutautions to the Navier-
Stokes equations, we can observe turbulent flow in real fittvae can also com-
pute approximate solutions which are turbulent. Of coursge matural to expect
that computed solutions approximate the weak (turbulertiti®ns proved to exist
by Leray.

In this note we now focus on flows at moderate to large Reynuldsbers, where
we thus expect to meet both laminar and turbulent flow featid@rmalizing the
flow velocity U and the lenght scalé both to one, we thus focus on flows with
small vicosityv, say typicallyy < 10~°. We then can argue that (PS) does not seem
to give a reasonable formulation of the Clay Prize Problessabise the answer is
either trivial or impossible to give. The reason is of coutlsat a turbulent flow
is non-smooth and it would seem impossible to uniquely defieeexact value
of the velocity at a specific point in space-time, as woulddmuired for a strong
solution. Thus, because turbulent fluid flow is observed ist&oth experimentally
and computationally and it appears that the Navier-Stogaateoons describe fluid
flow, we seem to have clear evidence that strong (smoothjisoduto the Navier-
Stokes do not exist in general. So the answer to (PS) woulglgibe that smooth
solutions cannot exist in general, and (PS) would then beedahimost without
effort (in the negative sense).

At this point we may have to remark that there may be some Ypoathematicians
who would insist that a turbulent solution could be viewedaaamooth solution
with possibly very large derivatives, which indeed woultsgg the Navier-Stokes
eguations in a strong sense. The formulation of the ClayeRipblem given in [2]
indicates that indeed this may be the standpoint. Howeehelieve that this point
of view is not scientifically reasonable because of the ex¢reensitivity of point-
wise values of a turbulent flow to small perturbations, wredfectively makes it



impossible to determine a unique velocity and pressure jpeeific point in space-
time. This couples to the suggested (very simple) proof aueness of smooth
solutions which would use a standard Gronwall-type argunmenlving a constant

of the forme®” where K would measure the size of the first derivatives of the ve-
locity. There is evidence that in a turbulent flow we typigdiave K ~ Re'/?,
and thus withRe = 10° andT = 1, we would have to deal with amplification
factors of size='%"?, which is a number beyond any comprehension, and a corre-
sponding uniqueness proof would have no scientific meanfifegshall below also
give computational evidence of strong pointwise sensjtivi turbulent flows. Al-
together, we believe that from a scientific point of view ih reasonable to main-
tain that a turbulent solution may mathematically be viewsd smooth solution
with large derivatives and very strong sensitive to pedtidns. We thus believe,
following Leray, that a turbulent solution has to be viewsdaveak solution of the
Navier-Stokes equations. In mathematical terms we mayessphe strong point-
wise sensitivity in turbulent flow, as follows: The Navietekes equations are not
well-posed in a strong sense in the case of turbulent flow.

Having now discarded (PS) as trivial and thus not correablyepl as a Clay Prize
Problem, we now focus on (PW) instead: Is a weak solutionuafqlo attempt to
give some (partial) answer, we have to make the uniquene&stiqa more precise.
This is because from our experience of turbulent flow, we otilhope a flow to
be uniquely determined in a pointwise sense in space-tinteywee must therefore
seek some less precise way of measuring uniqueness. Ashairadicated, it is
then natural to consider instead of pointwise quantitieresonore or less local
mean valuesn space-time. More precisely, we choose apiantity of interesbr
outputa certain mean value. In the case of the car it may be a meanvetume of
the totaldrag force D(t) at timet acting on the car in the direction opposite to the
motion of the car. The consumption of fuel of a car is directlated to the mean
value in time of the drag forc®(¢), which suitably normalized is referred to as
the cp-coefficient, ordrag coefficientSome car manufacturers like to present the
cp Of a certain car as an indication of fuel economy (for example< 0.3). For a
jumbo-jet a decrease in drag with one percent could $d9@ million in fuel cost
over a 25 year life span.

So we may ask, for example, if thig of a car would be uniquely determined? Or
in the setting of weak solutions: Will two weak solutions githe same,? The
corresponding normalized mean value in time of the totaldqrerpendicular to the
direction of motion is referred as thiét coefficientc;,, which is crucial for flying
vehicles (or sailing boats and also very fast cars).

We will approach this type of problem by computational meycand it is then
natural to rephraze the problem as a probleraarhputability We then specify an
output, anerror toleranceTOL, a certain amount of computational woYK (or
computational cost), and we ask if we can compute the outpt the tolerance
TOL with the available workRV. For example, we may ask if we can compute the



cp-coefficient of a specific car up to a toleranceséf on our PC within 1 hour?
More generally we propose the following formulation of thieayCPrize Problem:

e (PC) For a given flow, what output can be computed to whatdolez to what
cost?

We may view (PC) as a computational version of a variant of \B¥¥he form:
e (PWO) Is the output of a weak solution unique?

(PWO) can alternatively be phrazed as a question of welkkgosss in a weak
sense. We refer to (PWO) as a questiomefik uniquenessith respect to a given
output. Below we will approach the questions of weak unigssnof the mean
valuecp and the momentary valuB(t¢) of the drag force. Of course, (PWO) cou-
ples to the concepbservable quantitiesf basic relevance in physic. It may seem
that only uniqueness of observable quantities could beubgest of scientific in-
vestigation. This couples to questions of classical vs twmmechanics, e.g. the
guestion if an electron can be located at a specific poinime &ind space.

We will now address (PC) using the technique of adaptiveefiriement meth-
ods with a posteriori error estimation based on duality thped in [5,6]. The a
posteriori error estimate results from amor representatiorexpressing the output
error as a space-time integral of tiesidualof a computed solution multiplied with
weightswhich related to derivatives of the solution of an assodidigal problem
The weights expressensitivityof a certain output with respect to the residual of a
computed solution, and their size determine the degreempatability of a certain
output: The larger the weights are, the smaller the residaslto be and the more
work is required. In general the weights increase as theditee mean value in
the output decreases, indicating increasing computdtomsafor more local quan-
tities. We give computational evidence in a bluff body pesblthat a mean value
in time of the drag (thep) is computable to a reasonable tolerance at a reasonable
computational cost, while the value of the drag at a specifintpn time appears
to be uncomputable even at a very high computational cost.

We can rephrase this result for (PC) as the following resul{PWO): Two weak
solutions of a bluff body problem give the sameg. At least we have then given
computational evidence of a certain output uniqgueness akwelutions.

As a general remark on approximate solutions obtained uki@dinite element
method, we recall that a finite element solution is set up tarbapproximate weak
solution, and thus there is a strong connection betweee ftgment solutions and
weak solutions.

Lerays proof of existence of weak solutions is based on alawrgy estimate
for approximate solutions of the Navier-Stokes equatievigch could be finite



element solutions. Using the the basic energy estimate @yeextract a weakly
convergent subsequence of approximate solutions as thie simstends to zero,
and this way obtain a proof of existence of a weak solutiorer&b the finite el-
ement solution on each given mesh is unique, a weak limit @gaence of finite
element solutions does not have to be unique, and thus tteg lsetution is not
necessarily unique. Of course, with this perspective tlestgons (PWO) and (PC)
become closely coupled: (PWO) is close to the question gfuduiniqueness of a
weak limit of a sequence of finite element solutions, whichlise to the output
computability (PC).

2 The Navier-Stokes equations

The Navier-Stokes equations for an incompressible fluith wiinstant kinematic
viscosityr > 0 occupying a volumé in R? with boundanf, take the form:

u+ (u-Vu—vAu+Vp = f inQ x I,
V-u =0 inQ x I,
1)
u =0 onl' x I,
u(-,0) = u® inQ,

whereu(z, t) = (ui(z,t), us(z, t), us(x, t)) is thevelocityandp(z, t) the pressure
of the fluid at(z, t) = (21, x5, 23, t), andf(x, t), u’(z), I = (0,T), is a given driv-
ing force, initial data and time interval, respectivelyr Bomplicity and definiteness
we assume homogeneous Dirichlet boundary conditions évéfocity.

The first equation in (1) expresses conservation of momeifiNewton’s Second
Law) and the second equation expresses conservation ofim#ss form of in-
compressibility.

The Navier-Stokes equations formulated 1821-45 appeaiveoan accurate de-
scription of fluid flow including both laminar and turbulendvit featuresCompu-
tational Fluid Dynamics CFxoncerns the computational simulation of fluid flow
by solving the Navier-Stokes equations numerically. To potationally resolve all
the features of a flow in Birect Numerical Simulation DNSeems to require of the
order Re* mesh points in space time, so already a flowRat= 10° would require
Re? = 10'® mesh points in space-time, and thus would seem to be impessib
solve on any forseeable computer.

The computational challenge is to compute high Reynoldshauriows (e.gRe =
10%) using less computational effort than in a DNS. We shall e¢ for certain
mean value outputs such as the or ¢; coefficients, this indeed appears to be



possible: We give evidence that thg andc;, of a surface mounted cube may be
computed on a PC up to a tolerance of a few percent (but ndt less

3 TheBasic Energy Estimate for the Navier-Stokes Equations

We now derive a basic stability estimate of energy type fervblocity« of the
Navier-Stokes equations (1), assuming for simplicity that 0. This is about the
only analytical a priori estimate which is known for the NavStokes equations.

Scalar multiplication of the momentum equation:gnd integration with respect
to z gives
1d
2dt Ja
because by partial integration (with boundary terms vangh

3
\u\2dx+uz/ V|2 dar = 0,
=174

/QVp-udx:—/QpV-udxzo
and
/Q(U-V)u-udx:—/Q(U~V)u~uda:—/ﬂv-u\u\2da:

so that
/(u-V)u-udsz.
Q

Integrating next with respect to time, we thus obtain théofeing basic a priori
stability estimate fofl” > 0:

lu( T)I* + Dy(u, T) = [[u"]?,

N 2 )
D,,(u,T):uZ/ V| dt,
i=170
where|| - || denotes thd ,(£2)-norm. This estimate gives a bound on the kinetic

energy of the velocity withD, (u, T") representing the totalissipationfrom the
viscosity of the fluid over the time intervé, 7. We see that the growth of this
term with time corresponds to a decrease of the velocity (emdom) of the flow
(with f = 0).

The characteristic feature of a turbulent flow is that(u, T") is comparatively

large, while in a laminar flow witkv small, D, (u, T') is small. WithD,, (u,T) ~ 1
in a turbulent flow andivV«| uniformly distributed, we may expect to have pointwise

V| ~ 712, (3)



4 Weak solutions

From the basic energy estimate, Leray derived the existeheeweak solution
(u,p) € V x @ of the Navier-Stokes equations defined by:

Ru(u7p; v, q) E((U,’U)) + ((U : VU,’U)) - ((v ' U?Z))) + ((v " u, CD)

(VL T) — (f) =0 Vg eV, D

assuming:(0) = u® € Ly(Q)% andf € Ly(I; H1(Q)?), where

V={vive Ly(l; Hy(2)*), 0 € Lo(L; H 1))},
Q = La(I; Ly(Q)),

where H}(Q)? is the usual Sobolev space of vector functions being squeee i
grable together with their first derivatives ovey with dual H-1()3, and((-, -))
denoting the correspondirg (; L»(£2)) inner product or pairing. As usudly(/; X)
with X a Hilbert space denotes the set of functions/ — X which are square
integrable. Below we writd.,(X) instead ofL,(I; X) and Ly(H') and Lo (H ™)
instead ofZy(H{ (2)3) and Ly (H~*(€2)?). Note that the ternf(u - Vu, v)) is inter-
preted as- -, ;((usuy,v;:)), wherev; ; = dv; /0x;.

5 Computational solution

We now consider a computational solution of the Navier-8sakquations. In [5,6]
we have developed stabilized Galerkin methods for sohhed\avier-Stokes equa-
tions based on the weak formulation (4). Without here gamg details of the con-
struction of these methods, which we refer to as Generalszddrkin orG2, we can
describe these methods as producing an approximate solutiop,) € Vi, x Qp,
whereV}, x )y, is a piecewise polynomial finite element subspack of ) defined

on space-time meshes withrepresenting the mesh size in space-time, defined by
the following discrete analog of (4)

Ry (un, pr;v,q) =0 forall (v,q) € Vi, x Q, (5)

expressing that the discrete resid&aluy,, pn) = Ru(un, pn : -, ) is orthogonal to
Vi x Q. Note that in the finite element method (5) we useadificial viscosity
of size h instead of the physical viscosity assumingh > v. There are other
more sophisticated ways of introducing a (necessary)@diifriscosity coupled to
weighted least squares stabiliztionG, but here we consider the simplest form of
stabilization.

The finite element solution satisfies an energy estimate@goak to (2) of the form

IVhVu,|| < C, (6)



where|| - || denotes thd.,(L,)-norm, which follows by choosing, ¢) = (un, pr)
in (5). Here and below, C is a positive constant of unit size.

We will see below that to estimate an output error, we willdheyestimate

R, (up, pr; on, 0n), where(py, 0y) is the solution of a certain linear dual problem
with data connected to the output. In genefal,, 6,) will not belong to the finite
element subspace, and we will thus need to estirRate;,, p,; ¢n, 0,). The basic
estimate for this quantity takes the form

| Ry, (un, Pr; @n, 0n)| < C\/ﬁH(PhHLz(Hl)a (7)

if we omit the relevant),-term assuming exact incompressibility, afiddenotes
a constant of moderate size. To motivate this estimate, \8ergb that estimating
separately the dissipative term @? (with viscosity ) using the energy estimate
(6), we get by Cauchy’s inequality

|(hVun, Vo)) < [IVRVun||[VAV @] < OVl Laan)-

One can now argue that the remaining part of the residual esstimated simi-
larly, which leads to (7). We conclude that we expect thedieaiof (uy,, py,) to be
small (of sizeh!/?) in a weak norm. However, we cannot expect the residual to be
small in a strong sense: We would except the residual ih-asense to be of size
h~'/2 reflecting the basic energy estimate (6), which suggests¥ha,| ~ h~'/2
paralleling (3).

6 Output error representation

We now proceed to estimate the error in certain mean valymutaiof a computed
finite element solutiofuy,, p,) @as compared to the output of a weak solutiornp).
We then consider an output of the form

M(u) = ((u, ¥))

wherey € Ly(Ls) is a given (smooth) function. The outpluf(«) then corresponds
to a mean value in space and time of the velogityith the functiony appearing as
a weight. We then establish @&nror representationn terms of the residual of the
computed solution and the soluti¢p;,, 0) of a certain linear dual problem (with
coefficients depending on bothandu,,) to be specified below, of the form

M(u) — M(up) = R, (un, pr; ©n, On)- (8)
We can then attempt to estimate the output error by using(@¢t

| M (u) — M(up)| < CVR|onl Lo, 9)



and the crucial question will thus concern the siz¢|©of|| ., ). More precisely,

we compute (an approximation of) the dual solutign, 6,) and directly evaluate

R, (upn, pr; on, 0n), but we may use (9) to get a rough idea on the dependence of
M (u) — M(uy) on the mesh sizé. We will then obtain convergence in output if,
roughly speaking||¢n||r,z1) grows slower thah /2.

We need here to make the role /olvs v more precise. We assume thais quite
small, sayr < 1079 so that it is inconceivable that in computation we could heac
h < v; we would rather have0—* < h < 1072 In the finite element method
we use an artificial viscosity of sizeinstead of the physical viscosityand thus
computing on a sequence of meshes with decredsioguld be seen as computing
a sequence of solutions to problems with decreasing efeegtscosity of sizeh.
We would then be interested in the “limit” with = », and we would by observing
the convergence (or divergence) for> v seek to draw a conclusion concerning
the caséh = v. So, in the computational examples to be presented we cenoput
a sequence of successively refined meshes with decrelasing we evaluate the
quantity R, (un, pr; ¢n, 0r) to seek to determine convergence (or divergence) for a
specific output.

7 Thedual problem

The dual problem takes the following form, starting from atérelement solution
(un, pr) and a weak solutiofw, p) with ¢» a given (smooth) function: Findpy,, )
with ¢, = 0 onT’, such that

—¢n — (u-V)on + Vuy, - o — vA@, + VO, = inQ x I,
dive, =0 inQx1,  (10)
Qph(',T) =0 in Q,

where (Vuy, - ¢p); = (up),; - @n. This is a linear convection-diffusion-reaction
problem, where the time variable runs “backwards” in tim#éwinitial value & 0)
given at final timel". The reaction coefficieri7u,, is large and highly fluctuating,
and the convection velocity is of unit size and is also fluctuating. A standard
Gronwall type estimate of the solutidpy,, 0;,) in terms of the data would bring

in an exponential factar®” with K a pointwise bound ofVu,,| which would be
enormous, as indicated above. When we compute the soluytjpf, ) we note that
(n,0,) does not seem to explode exponentially at all, as would bieatet] by
Gronwall. Intuitively, by cancellation in the reaction nerwith roughly as much
production as consumptiofip,, 6,) grows very slowly with deceasing, and as
we have said, the crucial question will be the growth of thardity ||y, || £,z

To establish the error representation (8) we multiply (2@)b- u,, integrate by

10



parts, and use the fact that
(u-V)u—(up-Vu, = (u-V)e+ Vuy -e
wheree = v — uy,.

In the computation, we have to replace the convection viglacby the computed
velocity u;,. We don’t expect;, to necessarily be close pointwiseitpso we have
to deal with the effect of a large perturbation in the duaééinproblem. In the
computations we get evidence that the effect on a cruciattifydike |||, x1)
may be rather small, if the output ig, or ¢;,. More precisely, our computations
show in these cases a quite slow logarithmic growthof|| ., ;1) in terms ofl/h,
which indicates that the large perturbationuinndeed has little influence on the
error representation fer, andc;y,.

The net result is that we get evidence of output uniquenesgeak solutions in
the case the output ts, or ¢,.. We contrast this with computational evidence that
an output of the momentary drdg(¢) for a given specific point in time, is not
uniquely determined by a weak solution.

8 Output uniqueness of weak solutions

Suppose we have two weak solutighsp) and (@, p) of the Navier Stokes equa-
tions with the same data. Lét;,, 0,) be a corresponding dual solution defined
by the dual equation (10) with, replaced by: and a given output (given by the
functions)). Output uniqueness will then hold|ifo, || 1, (x1) < 0.

In practice, we will seek to computgos || .,(1) approximatively, replacing both
andu as coefficients in the dual problem by a computed solutigrthus obtaining
an approximate dual velocity,. We then studyi¢y, || ., z1) ash decreases and we
extrapolate td = v. If the extrapolated valugp, || .,x1) < oo, or rather is not too
large, then we have evidence of output uniqueness. If thragofated value is very
large, we get indication of output non-uniqueness. As a&tedt of largeness of
o]l (e, it appears natural to uge, ||,y >> v=/2.

We may further use a slow growth 66| .,y as evidence that it is possible to
replace both: anda by wy, in the computation of the solution of the dual problem:
a near constancy indicates a desired robustness to (poksipt) perturbations of
the coefficients, and.

We now proceed to give computational evidence.
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9 Computational results: Uniqueness of ¢p and ¢,

The computational example is a bluff body benchmark proldetheCDE-Forum
[1], and is described in detail in [3,4].

We compute the mean value in time of drag and lift forces onrfase mounted
cube in a rectangular channel from an incompressible flineéged by the Navier-
Stokes equations (1), &e = 40.000 based on the cube side length and the bulk
inflow velocity. We compute the mean values over a time iratleo¥ a length cor-
responding to 40 cube side lengths, which we take as appatixins ofc, andc;,
defined as mean values over very long time.

The incoming flow is laminar time-independent with a lamibaundary layer
on the front surface of the body, which separates and desvelaprbulent time-
dependent wake attaching to the rear of the body. The flowis Wlery complex
with a combination of laminar and turbulent features inadgdboundary layers and
a large turbulent wake, see Figure 2.

3, =

0.8 1 1.2 1.4 1.6 1.8 2 2.2

Figure 1.log;(-logyg-plot of |l¢p ||, sy @s a function ofl /A.

The dual problem corresponding ¢g has boundary data of unit size foy, on
the cube in the direction of the main flow, acting on the tinternval underlying
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Figure 2. Velocity|uy | (upper) and pressutey,| (lower), from side and top respectively.



Figure 3. Dual velocitylgy,| (upper) and dual pressuté,| (lower), with respect to the
computation of mean drag, from side and top respectively.
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the mean value, and zero boundary data elsewhere. A snagghetdual solution
corresponding tep is shown in Figure 3, and in Figure 1 we plaby || .,z as a
function of !, with  the smallest element diameter in the computational mesh.

We find that||yy|| 1, (a1 Shows a slow logarithmic growth, and extrapolating we
find that||y, ||, (1) ~ v~1/2, We take this as evidence of computability and weak
uniqueness of . We obtain similar results for the lift coefficient.

10 Computational results: Non-uniqueness of D(t)

19 N

1.4 b

1.3F T

1.2 N
! ! ! ! ! ! ! !

2 2.5 3 3.5 4 4.5 5 55

Figure 4.D(t) (normalized) as a function of time, for the 5 finest compotsdi meshes.

We now investigate the computability and weak uniquenesieofotal drag force
D(t) at a specific time. In Figure 4 we show the variation in time &f(¢) com-
puted on different meshes, and we notice thét) for a givent appears to converge
very slowly or not at all with decreasirng

We now choose one of the finer meshes corresponding to~ 150, and we
compute the dual solution over a time inter{@!|7’] with data corresponding to a
mean value ofD(t) over a time intervalTy, T'], where we letl;, — T. We thus
seek to comput® (7).
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In Figure 5 we find a growth of ¢y || 1,1y similar to [T — Ty|~'/2. The results
show that for|T" — Ty| = 1/16 we have||py||1,m1) = 1007, and extrapolation
of the computational results indicate further growth| o, || ., x1) as7y — 7" and

h — v. We take this as evidence of non-computability and weak undigqueness
of D(T).

3.7

351 N

34t -

3.3 T

3.2 N

291 N

28 | | | |
-15 -1 -0.5 0 0.5 1

Figure 5.||¢n ||z, (m1) corresponding to computation of the mean drag force (noze)
over a time intervalTy, T, as a function of the interval lengti’ — Ty | (log;o-log;-plot).

11 Conclusion

We have given computational evidence of weak uniquenes®ahmalues such as
cp andey, and weak non-uniqueness of a momentary vdl(e) of the total drag.
In the computations we observe this phenomenon as a consmilegradation of
computability (increasing error tolerance) as the lengthe mean value decreases
to zero. When the error tolerance is larger than one, thenawve &ffectively lost
computability, since the oscillation dd(t) is of unit size. We compute, andcy,

as mean values of finite length (of size 10), and thus we exqueoe variation also
in these values, but on a smaller scale thani#gt), maybe of size= 0.1 with
0.01 as a possible lower limit with present computers. Thus tegrdition between
computability (or weak uniqueness) and non-computakiifiyak non-uniqueness)

16



may in practice be just one or two orders of magnitude in dugpor, rather than
a difference betweemandco.

Of course, this is what you may expect in a quantified computat world, as
compared to an ideal mathematical world. In particular, weelad to a point of
view where we measure residuals of approximate weak sokjtrather than work-
ing with exact weak solutions with zero residuals. A suchngifiad mathematical
world is in fact richer than an ideal zero residual world, d@hds possibly more
accessible.
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