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RESOLUTION OF SCIENTIFIC PARADO XES BY COMPUT ATION

JOHAN HOFFMAN AND CLAES JOHNSON

Abstra ct. We proposenew resolutions of the classicalparadoxes of d'Alembert, Som-
merfeld, Loschmidt and Gibbs, by computational solution of the inviscid Euler equa-
tions for compressibleand incompressible
o w. The resolutions are all basedon the fact
supported by both mathematical analysis and computation that inviscid 
o w always is
turbulent with kinetic energy irrecoverably being transformed into heat.

How wonderful that we have met with a paradox. Now we have somehope of
making progress. (Nils Bohr)
...the whole procedurewas an act of despair becausea theoretical interpretation
had to be found at any price, no matter how high that might be... (Max Planck
on the statistical mechanics basisof his black-body radiation law)

Intr oduction

In this note we proposenew resolutionsof the following scienti�c paradoxes,which have
haunted scientists over centuries:

(a) d'Alembert's paradox: Zero drag of inviscid 
o w.
(b) Sommerfeld'sparadox: Stabilit y of inviscid Couette 
o w.
(c) Loschmidt'sparadox: Irreversibility in reversibleHamiltonian systems.
(d) Gibbs' paradox: Inextensivity of Boltzmann's entropy.

The above citation by the famousphysicist Nils Bohr illustrates the role of a paradox in
the development of a physical theory, as a striking formulation of a contradiction within
the theory, or between a prediction of the theory and a factual observation. Scienti�c
progresscan be madeby showing that the contradiction is only apparent, thus improving
the understandingof the meaningof a theory remaining correct, or that the contradiction
is real, thus showing that the theory is not correct and thereby opening for a new better
theory to be developed. A theory predicting that an apple let free to fall, will stay where
it is, will be contradicted by Newton's observation that the apple falls to the ground, and
thus will have to be abandoned.

The �rst known paradoxeswere formulated by Zenoof Elea (490-430BC) on the (still)
puzzlingnature of motion: Zenoasked e.g. how it canbe that a 
ying arrow, which at each
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instant looksjust the sameasa motionlessarrow, canbe moving? Modern physicsharbors
many unresolved paradoxesincluding the wave-particle duality of quantum mechanicsand
time dilation of special relativit y.

Since an unresolved paradox is a deadly threat to a theory, it has to be resolved by
showing that the contradiction is only apparent and not real, \at any price, no matter how
high that might be..." from the above citation of the famousphysicist Max Planck facing
in 1900 the paradox of the ultra-violet catastropy in the classicaltheory of black-body
radiation.

In each of the cases(a)-(c) analytical mathematicspredictse�ects which arenot observed
in reality, while (d) is a contradiction within a mathematical theory. If a paradox cannot
be resolved by showing that the contradiction is only apparent and not real, it can be
covered up by presenting new information. When asked where the tortoises can be seen,
which accordingto a certain (ancient) theory support the Earth, the cover up would be to
claim that they are invisible (but still there).

In d'Alembert's paradox formulated in 1752[3], mathematicspredicts that a body may
move through an incompressible
uid with very small (zero) viscosity, like air and water,
with very small (zero) resistanceor drag. But everbody (except a mathematicsspecialist)
knows that this is impossible;the drag increasesroughly quadratically with the velocity
and becomesvery substantial for higher velocities.

In Sommerfeld'sparadox from 1908[20], mathematics predicts that the simplest of all

o ws, Couette 
o w with a stationary linear velocity pro�le, is stableand thus shouldexist.
But nobody (excepta 
uid mechanicsspecialist) hasever observed this 
o w in a 
uid with
small viscosity.

In Loschmidt's paradox formulated in 1876[15], mathematics of Hamiltonian systems
(with zero viscosity) predicts that time reversal and a perpetum mobile is possible. But
everybody (excepta physicsspecialist) knows that time is always moving forward and that
a perpetum mobile is impossible,eventhough ultimately the World is basedon Hamiltonian
(quantum) mechanics.

In Gibbs' paradox formulated in 1875[5], statistical mechanicspredicts that removing a
membrane separatingtwo volumesof equal gasesat rest in the samestate (samedensity,
temperature and pressure),will result in a signi�cant increaseof entropy. But everybody
(excepta statistical mechanicsspecialist) understandsthat removing (or inserting) a mem-
brane in such a situation changesnothing.

The cover up of d'Alembert's paradox by Prandtl [18] is to blame the assumption of
zero viscosity for the erronousprediction: In reality there is always somepossibly very
very small viscosity (of somenature), which changeseverything (in somemysteriousway).
We will below arguethat such an explanation is not scienti�c and we shall insteadpresent
a new resolutionbasedon computational turbulence in the inviscid Euler equations,which
is scienti�c.

The cover up of Sommerfeld'sparadox by Schlichting [19] is to say that the linear velocity
pro�le of Couette 
o w is too simple (no in
ection point) for the mathematical theory to
apply, which is not scienti�c. We will study Couette 
o w analytically and computationally
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and �nd that it is not stable, just as observed, and we will point to the mathematical
mistake madeby Sommerfeld.

The cover up of Loschmidt's paradox by Boltzmann [2] is to introduce statistical me-
chanicsbasedon microscopicgamesof roulette. We will arguethat such an explanation is
cumbersomescienti�cally , and we shall instead present a new resolution basedon compu-
tational turbulence in the compressibleEuler equations.

The cover up of Gibbs' paradox by Gibbs' himself [5], is to change the counting of
microstatesunderlying Boltzmann's de�nition of entropy in statistical mechanics, to give
no changeof entropy for equal gases,but retaining a substantial entropy changeas soon
as the two gasesdi�er slightly. We will below argue that such a discontinuous change
is not scienti�cally convincing, and present a di�erent resolution basedon computational
turbulence avoiding tricky statistics.

Our new resolutionsall comeout of the new methodology of computational turbulence
exposedin detail in the upcoming books [10] and [14], using the fact that 
o w with small
or zero viscosity always is turbulent with substantial kinetic energy being transformed
into heat energy. Our resolutionsare controversial by questioning fundamental beliefsof
establishedscienti�c disciplinesand thus generatestrong opposition by referee'sin leading
scientic�c journals [12, 11]. We hope the reader is open to scrutinizing the presented
evidencewithout prejudice.

1. d'Alember t's Parado x

Thus, I do not see, I admit, how one can satisfactorily explain by theory the
resistanceof 
uids. On the contrary, it seemsto me that the theory, in all rigor,
gives in many caseszero resistance;a singular paradox which I leave to future
Geometersfor elucidation. (d'Alembert in 1752)

...do steady 
o w ever occur in Nature, or have we been pursuing fantasy all
along? If steady 
o ws do occur, which ones occur? Are they stable, or will a
small perturbation of the 
o w cause it to drift to another steady solution, or
even an unsteady one? The answer to noneof thesequestionsis known. (Marvin
Shinbrot in Lectures on Fluid Mechanics, 1970)

1.1. Separation of Theory and Practice. d'Alembert's paradox unfortunately sepa-
rated 
uid dynamics from the start into a theoretical mathematical part explaining phe-
nomena, which could not be observed in practice, and a practical part observing phe-
nomena,which could not be explained theoretically. Today, computational simulation of
turbulent 
o w basedon mathematical theory opens to a new fruitful synthesis of theory
and practice.

To illustrate the new possibilitieswe now present a resolution of d'Alembert's paradox,
which is fundamentally di�erent from the acceptedresolution from 1904by Ludwig Prandt
[18], called the father of modern 
uid mechanics, building on boundary layer e�ects from
very small viscosity. We baseour resolution on computational solution of the Euler equa-
tions describing inviscid incompressible
uid 
o w, which shows that the potential exact
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solution with zerodrag consideredby d'Alembert is unstable,and instead a turbulent ap-
proximate solution develops with substantial non-zerodrag. This solves the paradox in
the original setting of d'Alembert and Euler, assumingthe 
uid to be inviscid, by showing
that the zerodrag potential solution cannot be realizedphysically, becauseit is unstable,
and thus cannot be observed. We solve the Euler equationswith a slip boundary condition
at solid boundariesprescribing the normal velocity to be zero but letting the tangential
velocity be free, which meansthat no boundary layers are created. Nevertheless,a turbu-
lent (approximate) solution to the Euler equationswith non-zerodrag develops,starting
from the potential solution. Our resolution is thus completelydi�erent from Prandtl's and
we claim that our resolution is more to the point for the very small viscositiesmet in a
wide rangeof turbulent 
o ws in aero-and hydro-dynamics. Our resolution is better from
a scienti�c point of view, becausewe do no suggestthat a very small cause(very small
viscosity) can have a large e�ect (change the drag), as Prandtl does, which is closeto
saying that anything can happen from virtually nothing, and which can be very hard to
either prove or disprove. We do not claim that boundary layer e�ects never can in
uence
the global 
o w e.g. by a�ecting the location of separationpoints, but we do claim basedon
computational evidencethat thesee�ects often are small for su�cien tly small viscosities,
which also �ts with the experimental observation that the skin-friction in the boundary
layer decreasesto small valuesas the viscosity getssmall.

To solve the Euler equationsnumerically we usean adaptive �nite element method with
automatic control of the error in the drag ([10, 6, 8, 9, 13, 4]), which we refer to asGeneral
Galerkin (G2) and applied to the Euler equations as Euler/G2, or EG2 for short. We
�nd that the computed drag is stable under mesh re�nement re
ecting an a posteriori
error estimate presented below. In [7] we also usea skin-friction boundary condition to
model the e�ect of turbulent boundary layers, with zero skin-friction corresponding to a
slip boundary condition. Letting the skin friction tend to zero,we obtain good agreement
with experimental drag coe�cien ts for varying viscosity (Reynoldsnumber) including the
so-calleddrag crisis occuring for very small viscosities([21]).

We now recall the Euler equationsfor ideal incompressible
uid 
o w and the stationary
irrotational potential solution with zero drag representing d'Alembert's paradox, as well
as Prandtl's resolution. We then present EG2 results suggestinga new resolution.

1.2. The incompressible Euler equations. We considerthe motion of an inviscid in-
compressibleunit density 
uid occupying a �xed volume 
 in R3 with boundary �. We
want to �nd the 
uid velocity u(x; t) and pressurep(x; t) for points x = (x1; x2; x3) 2 

and time t > 0, assumingthat the 
uid 
o w through the boundary � and the initial ve-
locity u(x; 0) are given. We assumethat � is divided into a part � 0 corresponding to a
solid (inpenetrable)boundary, and a remaining part corresponding to in
o w and out
o w.
The mathematical model for the motion of the 
uid takesthe form of the Euler equations
formulated by Euler in 1755[?] expressingconservation of momentum (Newton's law) and
conservation of mass(incompressibility), combined with a boundary condition (g) and an
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initial condition (u0) for the velocity: Find û = (u; p) such that

(1.1)

_u + (u � r )u + r p = 0 in 
 � I ;
r � u = 0 in 
 � I ;
u � n = g on � � I ;

u(�; 0) = u0 in 
 ;

where I = (0; T] with T a �nal time. Here n is the outward unit normal to � and the
given boundary 
o w g satis�es

R
� gds = 0 and g = 0 on � 0. Requiring u � n = 0 on � 0

correspondsto a slip boundary condition (bc for short) with the normal velocity vanishing,
while the tangential velocity is free.

1.3. G2 for the Euler Equations. EG2 takesthe form (assumingfor simplicity � = � 0

thus with no in/out-
o w): Find Û = (U;P) 2 Vh such that

(1.2) (R(Û); v̂)Q + (hR(Û); R(v̂))Q = 0; for all v̂ 2 Vh;

whereVh is a spaceof piecewisepolynomialssatisfying the slip bc on a meshin space/time
with meshsize h, (�; �)Q is the = L2(Q)4-scalarproduct with Q = 
 � I , R(Û) = ( _U + (U �
r )U+ r P � f ; r �U) and R(v̂) = ( _v+ (U�r )v+ r q; r �v). It is herenot necessaryto gointo
details, which in particular contain jump terms arising from discontinuous approximation
in time, or a modi�cation of the test functions in caseÛ is kept continuous in time.

The �rst term in (1.2) is a Galerkin term asking the residual R(Û) to vanish in a weak
sense,and the secondterm is a weighted least squares stabilization with weight equal to
the meshsizeh restricting the pointwise residual. Choosing v̂ = Û, we obtain the basic
energy estimate:

(1.3)
1
2

kU(T)k2

 + k

p
hR(Û)k2

Q =
1
2

kU(0)k2

 ;

wherek � k! denotesan appropriate L 2(! )-norm. For a turbulent solution the stabilization
term k

p
hR(Û)k2

Q is not small, indicating that the residual R(Û) is large pointwise (�
h� 1=2), and that the total kinetic energyis strictly decreasingwith corresponding increase
of internal energy. This shows that that time reversalof a turbulent solution is impossible.

We show in [10] that the di�erence in a macroscopic mean-value output M such as
drag/lift of two di�erent EG2 solutions Û and Ŵ , can be estimated in terms of their
respective residualsas

jM (Û) � M (Ŵ )j � S(khR(Û)kQ + khR(Ŵ)kQ);

whereh represents the larger of the two meshsizes,and S represents a stability factor of
moderate size obtained by solving a dual linearized problem. We notice the presenceof
the crucial factor h multiplying the residuals,which makesit possiblefor the di�erence in
output to be small, although the residualsare not small pointwise. Of course,this requires
the stabilit y factor S to be of moderate size,which in generalis true for mean-value (but
not pointwise) outputs, as a consequenceof crucial cancellation e�ects [10].

We notice again that it is the combination of Galerkin and weighted least squaresthat
producesa reasonablecompromisebetweenScylla and Carybdis: Only least squareswill
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not work becausethe residual cannot be small in the L 2(Q)-norm, and from only the
knowledgethat the residual is largenothing can be concluded.Further, only Galerkin will
not work either becausethe residual control is too weak to produceany sensibleoutput.

1.4. Poten tial Flo w around a Circular Cylinder. Following d'Alembert, we consider
stationary (time-independent) laminar potential 
ow around an (in�nitely) long cylinder
of diameter 1 oriented along the x3-axis and immersedin an inviscid incompressible
uid
�lling R3 with velocity (1; 0; 0) at in�nit y. The potential velocity is given asu = r � , where
� satis�es Laplace'sequation � � = 0 outside the cylinder and appropriate conditions at
in�nit y, that is,

(1.4) � (x1; x2; x3) = (r +
1
r

) cos(� );

where(x1; x2) = (r cos(� ); r sin(� )) is expressedin polar coordinates(r; � ). Using standard
Calculus one veri�es that u is irr otational, that is r � u = 0, since r � r � = 0, and
that (u; p) solves the Euler equations,where the pressurep is determined by Bernoulli's
law stating that 1

2 juj2 + p is constant for stationary irrotational 
o w. In Fig. 1 we plot
the streamlinesof u in a section of the cylinder, which are the curves followed by 
uid
particles, and the pressure. We notice that the potential 
o w (in each section) has one
separation point at the back of the cylinder, where the 
o w separatesfrom the cylinder
boundary. We also notice that both the velocity and pressureare symmetric in the 
o w
direction (x1-direction), which meansthat the drag of the cylinder is zero; the build up
of pressurein front of the cylinder is balancedby the samestrong pressurebehind, and
thus the drag is zero. The cylinder thus seemsto be "pushed through the 
uid" by the
strong pressurebehind, which of courseis counter-intuitiv e and in fact is never observed
in practice, wherethe pressurebehind always is much lower than up front, with resulting
non-zerodrag. According to d'Alembert's potential solution there would be no wind load
on a high-riseand no forceon a bridgepillar from a strongcurrent, which is in contradiction
with all practical experience.

Onecanextendthis result to 
o w arounda body of arbitrary shape, sincethere is always
a corresponding potential laminar solution. We have thus met a scienti�c paradox, with
observations of substantial drag contradicting theoretical predictions of zero drag, which
has to be resolved \at any price", to save 
uid mechanicsas a mathematical sciencefrom
collapse. Evidently, something must be wrong with the potential solution of the Euler
equationsexpressingNewton's secondlaw and massconservation, but what can it be?

1.5. Prandtl's 1904 Resolution. Prandtl claimed in 1904that an arbitrarily small vis-
cosity can substantially changethe global 
o w including the drag by creating transversal
vorticity in a thin boundary layer at a solid boundary, where the 
uid velocity quickly
changesfrom zeroat the boundary to the free stream value outside the layer and thereby
is \tripping" the 
o w. Prandtl thus claimed that it is necessaryto considerthe Navier-
Stokesequationswith possiblyvery small but yet non-zeroviscosity with no-slip bc, where
both the normal and tangential components of the 
o w velocity are precribed to zero.
Prandtl discardedthe potential solution on the ground that it satis�es only a slip bc and



RESOLUTION OF SCIENTIFIC PARADO XES BY COMPUT ATION 7

Figure 1. Potential solution of the Euler equationsfor 
o w past a circular
cylinder; colormap of the pressure(left) and streamlines together with a
colormapof the magnitude of the velocity (right) .

not a non-slip bc. Prandtl further claimed that becauseof the retardation of the 
o w in
the boundary layer, due to an adversepressuregradient combined with the no-slip bc,
the 
o w would separate away from the boundary somewhereat the rear of the cylinder.
Prandtl thus claimed that becauseof symmetry there must be two separationpoints (in
each section) at the rear of the cylinder, one above and one below the x1-axis (although
he could seeonly one in his experiments). Prandtl thus discardedthe zerodrag potential
solution becauseit did not satisfy a no-slip bc and claimed that the solution observed in
experiments was a Navier-Stokes solution with two separation points at the rear of the
cylinder connecting to a turbulent wake. Several generationsof 
uid dynamicists have
allowed themselves to be convinced by Prandtl's argument (seethe standard view [17]).
But is it correct?

1.6. The Poten tial Solution is Unstable. To seekan answer we �rst analyzethe stabil-
it y of the potential solution through the linearized Euler equations basedon two solutions
û = (u; p) and ŵ = (w; r ) of the Euler equations(1.1) with di�erent initial data u0 and
w0. Subtracting the two versionsof the Euler equations,we seethat v̂ = (v; q) = û � ŵ
satis�es:

(1.5)

_v + (u � r )v + (v � r )w + r q = 0 in 
 � I ;
r � v = 0 in 
 � I ;
v � n = 0 on � � I ;

v(�; 0) = u0 � w0 in 
 ;

which is a linear convection-reaction problem for v̂ with u a given convection velocity,
and r w a given matrix of reaction coe�cien ts. Now, the stabilit y of a given solution û
is determind by the growth properties of the solution v̂ of the linearized Euler equations
(1.5) with w = u viewing v̂ as a perturbation. The stabilit y of a solution û thus directly
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relatesto the reaction term (v � r )u with r u as reaction coe�cien t, while the convection
term (u � r )v intuitiv ely doesnot seemto in
uence the growth of v̂, since it just \shifts
v around". We thus expect the eigenvaluesof r u to connect to the growth properties of
v̂, with eigenvalueswith positive real part corresponding to eigenmodeswith exponential
decay and with negative real part to eigenmodes of exponential growth. Becauseof the
incompressibility, the trace of r u will be zero,and thus the sumof the eigenvalueswill also
be zero, and thus r u normally will have eigenvalueswith real parts of both signs. Thus,
normally we expect to seesomeexponential growth, unlessall the eigenvaluesare purely
imaginary or zero. We thus expect perturbations of Euler solutions to grow exponentially ,
and thus any Euler solution would be expectedto be unstable! In particular, a stationary
solution given by an analytical formula would be expectedto be unstable.

As a basic example we consider the solution û = (u; p) of the Euler equations with
u(x; t) = (2x1; � 2x2; 0) and p = � 2(x2

1 + x2
2) in the halfplanef x1 > 0g, which is a model of

the 
o w at a separationpoint at x = 0. The potential solution (1.4) has this form at the
rear separationpoint. In this caser u is a diagonal matrix with diagonal (2; � 2; 0), thus
with onepositive (stable) and onenegative (unstable) eigenvalue. This presents analytical
evidencethat potential 
o w around a cylinder is unstableand thus cannot be observed.

1.7. Resolution by EG2 Simulation of Cylinder Flo w. We now turn to EG2 simula-
tions initiating the 
o w from rest by sudddenlyimposingan in
o w condition. We then see
the zero-dragirrotational potential solution quickly developingduring the �rst time steps,
but then the potential solution gradually changesinto a turbulent solution with largedrag
and vorticit y, seeFig. 2. We observe that the computed Euler solution has the following
key features: (i) no boundary layer prior to separation, (ii) one separationpoint in each
sectionof the cylinder which oscillatesup and down and (iii) strong vorticit y in the stream-
wise direction. The computed drag is � 1:0, which is consistent under meshre�nement,
and which �ts with the observation ([21]) that the drag increasesfrom � 0:5 to about 1:0
beyond the drag crisis occuring for � � 10� 6. We seein Fig. 3 that the streamwise (x1)
vorticit y dominatesthe tranversal (x3) vorticit y, and that the pressureis low inside tubes
of vorticit y in the x1-direction behind the cylinder, which createsdrag. Details on the
simulation, including movies for velocity, pressureand vorticit y are available at [10, 1].

1.8. Comparing the New and the Old Resolution. Prandtl discardedthe potential
solution becauseit doesnot satisfy the no-slip bc, while we say basedon both analytical
and computational evidence,that it will have to be discardedbecauseit is unstable and
thus cannot be observed.

Prandtl claims that that the no-slip bc generatessubstantial transversalvorticit y, while
we say basedon both analytical and computational evidence,that strong streamwisevor-
ticit y is generatedat the separationpoint. Prandtl's transversal vorticit y is of strength
1=� in a layer of width � , giving a total vorticit y of unit size with corresponding small
turbulent dissipation re
ecting a small skin friction. Prandtl's resolution thus is unable to
account for a substantial drag, while a strong streamwisevorticit y is.

Prandtl claims that there are two separationpoints in the rear, while we say basedon
both analytical and computational evidence,that there is only one.
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Figure 2. Computational solution of the Euler equations for 
o w past a
circular cylinder; colormap of the pressure(left) and streamlinestogether
with a colormapof the magnitude of the velocity (right) .

Figure 3. Computational solution of the Euler equations for 
o w past a
circular cylinder; colormap of the pressureand isosurfacesfor low pressure
(upper left), colormap of the magnitude of total vorticit y and isosurfaces
for high magnitudeof the individual components: x1-vorticit y (upper right),
x2-vorticit y (lower left), x3-vorticit y (lower right).
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Prandtl claims that it is the boundary layer prior to separationwhich causesthe drag,
while we say basedon both analytical and computational evidence,that for small viscos-
it y the e�ect on the drag of the boundary layer is small. Altogether, our resolution is
fundamentally di�erent form Prandtl's including in particular the aspects (i)-(iii).

2. Sommerfeld's Parado x

For a time after this negative result (stabilit y of Couette 
o w for all Reynold's
numbers), it was thought that the method of small oscillations (classical theory)
was unsuitable for the theoretical solution of the problem of transition. It tran-
spired later that this was not justi�ed, becauseCouette 
o w is a very restricted
and special example (Schlichting in Boundary Layer Theory 1955[19]).
The sudden transition from smooth, laminar 
o w to turbulence as the 
uid ve-
locity is gradually increasedremains one of the least adequately explained phe-
nomenain all of classicalphysics (JamesCase,SIAM News, 2002).

2.1. Couette Flo w and Sommerfeld's Mo dal Analysis. Couette 
ow between two
parallel plates (with normals in the x2-direction) is the simplest of all laminar 
o ws with
a linear velocity pro�le u(x) = (x2=�; 0; 0) and p = 0 with � > 0 a constant, which is
a stationary solution of the Euler (and also the Navier{Stokes) equations. It represents
parallell shear 
ow in the x1-direction, which may occur inside a 
o w or in a boundary
layer along a boundary at x2 = 0. The streamlinesare parallell to the x1-axis and the
u1 velocity increaseslinearly with x2, and the coe�cien t � represents the thicknessof the
shear layer and 1=� the strength of the shear.

Figure 4. Couette 
o w: parallell shear
o w.

To determine the stabilit y of Couette 
o w, Sommerfeldconsideredthe linearized equa-
tions (1.5) with reaction coe�cien t matrix r u = (0; 1=�; 0;0; 0; 0;0; 0; 0) with rows sepa-
rated by a semi-colon,noting that the eigenvaluesof r u are all equal to zero. Sommerfeld
concludedthat Couette 
o w shouldbe stable,sinceexponentially unstableeigenmodesare
lacking. However, Sommerfeldthen forgot that the presenceof the o�-diagonal coe�cien t
1=� allows for linear growth in t with slope 1=� . This is referredto asnon-modal growth as
opposedto modal growth of eigenfunctions,occuring becausethe matrix r u is non-normal
(in particular non-symmetric) with degenerateeigenmodescorresponding to the multiple
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zeroeigenvalue. More precisely, we expect to seethat v1(t) � tv0
2=� corresponding to large

growth in v1(t) of an initial perturbation v0
2 over a time interval of unit length if � is small,

and over a long time interval if � is of unit size. In particular, in a boundary layer of small
thickness� , perturbations grow quickly. The net result is that we have obtained analytical
evidencethat the laminar Couette 
o w may turn turbulent (for small or zeroviscosity), a
conclusionwe support by computational evidencebelow.

Sommerfeldthus madea completely elementary error in the stabilit y analysisbasedon
the linearized problem, by forgetting that for a non-normal matrix, a simple eigenvalue
analysisdoes not tell the whole truth (which may be comforting to all of us who strug-
gle with mathematics in one form or the other). However, Sommerfeld'smistake passed
through several generationsof 
uid dynamicists,and wasquestioned�rst in the 1960sand
then only by a few. Most textbooks in 
uid mechanics still today present Sommerfeld's
erronousconclusions[21], and the debatein the 
uid dynamicscommunity betweena mi-
nority of proponents of non-modal analysisand a majorit y following Sommerfeldis still
going on, see[10] for more details.
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Figure 5. Couette 
o w (random initial perturbation): Perturbations k' i k
as functions of time (upper left), derivatives k@ui =@x1k (upper right),
k@ui =@x2k (lower left), and k@ui =@x3k (lower right) as functions of time.

2.2. EG2 for Couette Flo w. We now turn to EG2 simulations of 
o w between two
parallel plates at unit distance, initating the 
o w as Couette 
o w with the streamwise
velocity varying linearly in the direction normal to the plates from -1 to 1. EG2 shows the
phenomenonof transition from the laminar Couette 
o w to turbulent 
o w after a certain
length of time dependingon the form and sizeof the perturbation. The non-modal stabilit y
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Figure 6. Streamwise velocity isosurfacesfor ju1j = 0:2 in Couette 
o w
(random initial perturbation) for t = 0; 1; 4; 5; 7; 10
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Figure 7. Streamwise velocity isosurfacesfor ju2j = 0:015 in Couette 
o w
(random initial perturbation) for t = 0; 1; 4; 5; 7; 10
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Figure 8. Couette 
o w (�� = 0:5): Perturbations k' i k asfunctions of time
(upper left), derivativesk@ui =@x1k (upper right), k@ui =@x2k (lower left), and
k@ui =@x3k (lower right) as functions of time.
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Figure 9. Couette 
o w (�� = 0:1): Perturbations k' i k asfunctions of time
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k@ui =@x3k (lower right) as functions of time.
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Figure 10. Streamwise velocity isosurfacesfor ju1j = 0:2 in Couette 
o w
(�� = 0:5) for t = 0; 5; 10; 15; 20; 30
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Figure 11. Transversal velocity isosurfacesfor ju2j = 0:2 in Couette 
o w
(�� = 0:5) for t = 0; 5; 10; 15; 20; 30
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Figure 12. Transversal velocity isosurfacesfor ju3j = 0:2 in Couette 
o w
(�� = 0:5) for t = 0; 5; 10; 15; 20; 30
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analysis indicates that transition to turbulence may take place when the perturbation
v1(t) � tv0

2 (with � = 1) reaches a certain threshold value, and this is also what EG2
shows: If the initial perturbation v0

2 is not too small, then transition to turbulence will
occur within the available time. The perturbations with maximal growth are streamwise
constant transversal velocities forming \rolls" in the streamwise direction with the e�ect
of mixing high and low speedstreamwise velocities to a streamwise velocity pro�le with
strongergradients, which eventually triggers the transition to turbulence. The initial non-
modal mixing phaseof the transition processjust described, is the most critical one and
also the one open to analysisbecausethe base
o w is so simple with a linear velocity. It
is thus possibleto understand the basic initial mechanism of the complex phenomenon
of transition. In the computations we use periodic boundary conditions in the spanwise
direction, and also in the streamwisedirection, which allows simulation over the long time
interval required in the present casewith � of unit size

In Fig. 5-12 we present computational results for Couette 
o w with a (i) random ini-
tial perturbation of maximal size 1, centered in (0:5; 0:5; 0:5), and (ii) transversal \roll"
perturbations. We seemost of the random perturbations being quickly damped leaving
slowly decaying transversalrolls, which if strong enoughmay causeperturbation growth in
the streamwisedirection leading to transition to turbulence. The simulations thus exhibit
both the perturbations with maximal growth as well as the full complex phenomenonof
transition.

2.3. Resolution of Sommerfeld's Parado x. Sommerfeldclaimed based on a modal
eigenvalue analysis forgetting the non-normality of the linearized problem, that laminar
Couette 
o w is stable, which is at variance with observations of transition to turbulence
in Couette 
o w with very small viscosity. We have seenthat a correct non-modal analysis
shows that certain small transversal perturbations may over long time causesubstantial
perturbation in the streamwise velocity by mixing high and low speed 
o w, which we in
EG2 simulations seetriggering transition to turbulence. We thus resolve Sommerfeld's
paradox by correcting the mathematical stabilit y analysisto conform with observations.

3. Loschmidt's Parado x

There are great physicists who have not understood it. (Einstein about Boltz-
mann's statistical mechanics)
There is apparently a contradiction between the law of increasing entropy and
the principles of Newtonian mechanics, sincethe latter do not recognizeany dif-
ferencebetweenpast and future times. This is the so-calledreversibilit y paradox
(Umkehreinwand) which was advancedas an objection to Boltzmann's theory by
Loschmidt 1876-77. (Translators foreword to Lectures on Gas Theory by Boltz-
mann).

3.1. The Arro w of Time and the 2nd Law of Thermo dynamics. In classicalHamil-
tonian mechanicsthere is no preferreddirection of time or no arrow of time; the future as
well as the past of a Hamiltonian systemis uniquely determined by the state at a given
time instant. Hamiltonian mechanics allows the existenceof a perpetuum mobile, e.g. in
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the form of a solar system with planets for ever orbiting a sun, forward or backward in
time, or electronsfor ever orbiting atomic kernels.

Hamiltonian mechanicsservedasa basisof scienceuntil the later half of the 19th century,
when statistical mechanics wasdeveloped by Boltzmann [2] and the beginningof the 20th
century whenthe �rst stepstowardsquantummechanicswastakenby Planck [16], asa way
to handle the irr eversiblenature of various observed physical phenomenawith the arrow
of time always pointing forward, including the impossibility of constructing a perpetuum
mobile. Irreversibility was formulated by Clausius in 1850as a summary of experimental
observations in the form of the 2nd Law of Thermodynamics stating that the entropy of a
closedsystemcannot decrease,noting that certain closedsystemshave a strictly increasing
entropy and thus are time irreversible. Yet the origin and nature of the 2nd Law remained
a mystery, despitethe tendencyof Nature to always move forward in time, never backward.

3.2. Statistical Mec hanics. Boltzmann developedstatistical mechanicsto counter Loschmidt's
Paradox [15] comparingthe macroscopicirreversibility of Boltzmann's equations expressed
in the H-theorem re
ecting the 2nd Law, with their supposedmicroscopicbasisas a re-
versibleHamiltonian systemof particles colliding elastically. Boltzmann basedthe deriva-
tion of the collision term in his equation for the particle density interpreted asa probabil-
it y distribution, and thus the H-theorem,on statistical independenceof particle velocities
before collision, but not after, which removed the time symmetry and openedup for irre-
versibility. Prandtl was led into quantum mechanics stimulated by statistical mechanics
as a way the handle the observed irreversible nature of black-body radiation, in which a
non-re
ecting body absorbslight of all frequenciesbut only emits lower frequencies,which
could not be explainedby reversibleHamiltonian mechanics.

Statistical mechanics posesdi�culties of falsi�c ation required by Popper in a scienti�c
theory, sincethe validit y of Boltzmann's basicmicroscopicassumptionof statistical inde-
pendencein a gaswith each mole consistingof 6 � 1023 molecules,seemsto be beyond the
possibility of any kind of conceivable experiment or mathematics; only indirect evidence
in the form of macroscopicobservations seemto be possible,which is far from enough. In
fact, it is known that Boltzmann's assumptioncanonly be (nearly) true in the very special
caseof a very dilute gaswith rare collisions, and the derivation of Boltzmann equations
for more generalsituations seemsto poseunsurmountable problems.

3.3. Resolution by Finite Precision Hamiltonian Mec hanics. We now proceedto
present a new resolution of Loschmidt's paradox on the occurenceof irreversibility in
reversible Hamiltonian mechanics, using a certain form of �nite precision computation,
instead of statistics. Our resolution is not trivial in the sensethat the �nite precision
computation simply adds somefriction leading to irreversibility, but deeply connectsto
fundamental featuresof turbulenceof macroscopic mean-valuedeterminism combined with
macroscopic pointwise indeterminism, based on microscopic determinism and resulting
from a combination of �nite precision computation and certain aspects of stability. We
thus �nd that pointwisevalues(but not mean-valuesin space-time)of turbulent solutions,
basedon deterministic �nite precisioncomputation, are indeterminate, and thereforemay
beviewedasrepresenting a macroscopicgameof turbulenceroulette re
ecting the pointwise
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complexity of turbulent solutions. Statistical mechanics is basedon microscopicgamesof
roulette, each of which seeminglyrequiring a microscopicresolution, which would seem
to lead to a never-ending chain of microscopicsof microscopics. In contrast, we assume
deterministic microscopicsand discover macroscopicpointwise indeterminism and mean-
value determinism, without any form of statistics. In particular, we replace statistical
ensemble mean valueswith mean-valuesin space-timeand do not needany properties of
ergodicity connectingthesequantities, as in statistics.

As Hamiltonian model we consider the Euler equations for an inviscid compressible
perfect gasexpressingthe 1st Law of Themodynamicsasconservation of mass,momentum
and energy. We solve the Euler equationswith �nite precisioncomputation in the form of
G2 andreferto the computational modelasEG2. We�nd that EG2 solutionsareturbulent,
identifying turbulenceasan irrecoverabletransformation of kinetic energyinto heat energy
expressinga certain form of the 2nd Law. We show both analytically and computationally
that EG2, basedon the 1st Law and �nite precisioncomputation, automatically satis�es
a certain form of the 2nd Law expressingan irrecoverabletransformation of kinetic energy
into heat energy. In short, we obtain the 2nd Law as a consequenceof the 1st Law and
G2 �nite precisioncomputation, without any referenceto statistics, thus eliminating the
mystery of the 2nd Law and resolvingLoschmidt's paradox.

The Euler equationslack exactpointwise solutions,becauseany exactsolution is unstable
and thus develops into an approximate solution with non-smooth featuresof turbulence
and shocks. EG2 is basedon satisfaction of the Euler equationsin a certain weak mean-
value senseto a precision proportional to h1=2, combined with a satisfaction in a strong
pointwise senseproportional to h� 1=2. EG2 represents a midway between the Scylla of
weaksolutionsand the Carybdis of strong solutions,both beingnon-functional alone. The
turbulent Euler/G2 solutionsthus do not (even approximately) satisfy the Euler equations
in a pointwisesense,but neverthelessmay producecorrect mean-values.

We thus resolve Loschmidt's paradox by showing that the exact solutions of the Euler
equations, which would have been reversible had they only existed, do not exist, and
by showing that the approximate solutions, which do exist, are irreversible becausethey
irrecoverably transform kinetic energyinto heat energy. We thus show that in Hamiltonian
systems,which are su�cien tly complexto allow turbulence, there is an arrow of time, and
we do this without any referenceto the conceptof entropy. We thus do not have to give
this concept a physical meaning, which led Boltzmann to invent statistical mechanics.
We believe this amounts to a substantial simpli�cation of thermodynamics as scienti�c
discipline, which hasshown to be very di�cult to both learn, teach and apply.

3.4. The Compressible Euler Equations. Weconsideran inviscid compressibleperfect
gasenclosedin a �xed (open) domain 
 in three-dimensionalspaceR3 with boundary �
over a time interval [0; t̂ ] with intial time zero and �nal time t̂. We thus assumethat
there are no viscousforces(inviscid 
o w) and we also assumethat there is no heat 
o w
from conduction(zeroheat conductivity). We seekthe density � , momentumm = �u with
u = (u1; u2; u3) the velocity, and the total energy easfunctionsof (x; t) 2 
 [ � � [0; t̂ ], where
x = (x1; x2; x3) denotesthe coordinates in R3 and ui is the velocity in the x i -direction.
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The Euler equationsfor û � (�; u; e) read with Q = 
 � I and I = (0; t̂ ]:

(3.1)

_� + r � (�u ) = 0 in Q;
_mi + r � (mi u) + p;i = f i in Q; i = 1; 2; 3;

_e+ r � (eu+ pu) = 0 in Q;
u � n = 0 on � � I ;

û(�; 0) = û0 in 
 ;

where p = p(x; t) is the pressure of the 
uid, p;i = @p
@x i

is the partial derivative with
respect to x i , the dot indicatesdi�erentiation with respect to time, n denotesthe outward
unit normal to � and f = (f 1; f 2; f 3) is a given volume force (like gravit y) acting on the

uid, and û0 = û0(x) represent initial conditions. Further, the total energy e = k + � ,
where k = � juj2=2 is the kinetic energy and � = �T is the internal energy with T the
temperature scaledso that cv = 1, where cv is the heat capacity under constant volume,
and p = (
 � 1)�T where
 = cp=cv > 1 is the gasconstant with cp the heat capacity under
constant pressure.

3.5. EG2 for Compressible Flo w. We now present EG2 for the compressibleEuler
equationswritten in a systemas follows: Find û(x; t) such that

(3.2)
R(û) � @̂u

@t +
P 3

i=1 f i (û);i = 0 in Q;
u(x; t) � n(x; t) = 0 in � � I ;

û(�; 0) = û0 in 
 ;

where

û = �

2

6
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7
7
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7
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; f i (û) = ui û + p

2
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6
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4

0
� 1i
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� 3i

ui

3

7
7
7
7
5

;

where� ii = 1 and � ij = 0 if i 6= j . EG2 takesthe generalform: Find û 2 Vh such that for
all v̂ 2 Vh

((R(û); v̂)) + ((hR(û); Ru(v̂)))

+ (( �̂ r ui ; r vi )) + (u(�; 0) � u0; v(�; 0)) = 0;
(3.3)

whereVh is a �nite element spaceof meshsizeh in space-timeof functions v̂ with velocity
components v satisfying the boundary condition v � n = 0 on �, (( �; �)) and (�; �) represent
L2(Q) andL2(
) scalarproducts,Ru(v̂) is the linearization of R(û) obtainedby freezingthe
convective velocity at u noting that Ru(û) = R(û), and �̂ = h2jR(u)j is a shock-capturing
arti�cial viscosity.

3.6. Joule's 1845 Exp erimen t. For illustration, we recall Joule'sexperiment from 1845
with a gas initially at rest with temperature T = 1 at a certain pressurein a certain
volume immersedinto a container of water, seeFig. 13. At initial time a valve wasopened
and the gaswas allowed to expand into the double volume while the temperature change
in the water was carefully measuredby Joule. To the great surprise of both Joule and
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the scienti�c community, no changeof the temperature of the water could be detected,in
contradiction with the expectation that the gaswould cool o� under expansion.Moreover,
the expansionwas impossibleto reverse;the gashad no inclination to contract back to the
original volume.

Wenow simulate Joule'sexperiment usingEG2andwediscover the following asdisplayed
in Fig.15-15:The meantemperature in the left container dropsbelow 1 asthe gasexpands
into the right container with increasingvelocity, and shocks/turbulence appearing which
heat the gasin the right container, increasingthe meantemperature in the right container.
The total energy is, of course,conserved by the 1st Law, and in the �nal state with the
gasat rest in the two containers, corresponding to zerokinetic energy, the temperature is
back to T = 1. We canalsounderstandthat the rapidit y of the expansionprocessmakesit
di�cult to detect any temperature drop in the water in the initial phase.Altogether, using
EG2 we can �rst simulate and then understand Joule's experiment, and we thus seeno
reasonto be surprised. We shall seebelow as a consequenceof the 2nd Law that reversal
of the processwith the gas contracting back to the original small volume, is impossible
becausethe only way the gascan be put into motion is by expansion,and thus contraction
is impossible.

Figure 13. The Joule-Thomsonexperiment

We now comparewith an analysis of the experiment using classicalthermodynamics
basedon statistical mechanics. Wethen recall that classicalthermodynamicsonly considers
systemsin equilibrium, that is we start with the gasat rest in the initial volume and we
end up with the gasat rest in the doublevolume. By energyconservation, we understand
that the temperature cannot change,soJoule'sobservation is after all not surprising even
with a classicalperspective. But how can we explain the irreversibility? Well, the basic
idea of classicalthermodynamicsis to say that there is something,the entropy, which has
increasedfrom initial to �nal state. Boltzmann would say that becausethe volume of the
�nal state is larger, the �nal state is \less ordered" or \more probable", and this would
make the reverseprocesswith the gascontracting back to the initial small volume, if not
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Figure 14. EG2 simulation of the Joule-Thomsonexperiment: snapshots
of density (upper 2 �gures) and temperature (lower 2 �gures) at 2 di�erent
time instants.
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right chamber (right) in the initial phaseof the EG2 simulation in Fig.15.
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completely impossible,so at least very improbable. Of course,from scienti�c point this
is not easy to make senseof, and we would still wonder why the gas would be willing
to expand but not contract. To say that expansionis \more probable" doesnot explain
anything, as far as we can seeat least.

In contrast, taking the true dynamicsof the processinto account including in particular
the secondphasewith heat generationfrom shocks or turbulence, we can easily intuitiv ely
understand the observation of constant temperature and irreversibility in a deterministic
fashionwithout using any conceptof entropy ultimately basedon statistics.

3.7. The 2nd Law. We show in [10] that EG2 (up to a term of order h1=2) satis�es the
following global form of the 2nd Law:

_K � W = � � ;
_E + W = � ;

(3.4)

where

K =
Z



k dx; E =

Z



edx; � � 0

and

W =
Z



pr � v dx;

represents the total work performedby the pressurep on the velocity v, and where� > 0
for solutionswith shocks/turbulence. We note that W > 0 under expansionwith r � v > 0.
We seefrom the 2nd Law (3.4) that there is a transfer of kinetic energyto heat energyif
W < 0, that is under compression,and a transfer from heat to kinetic energyif W > 0,
that is under expansion.Most remarkably, there is always a transfer from kinetic to heat
energysincealways � � 0 with � > 0 for shocks/turbulence.

Returning to Joule's experiment, we seeby the 2nd Law that contraction back to the
original volume from the �nal rest state in the double volume, is impossiblebecausethe
only way the gascan be set into motion is by expansion.

3.8. Resolution of Loschmidt's Parado x. We have seenthat EG2 producesapproxi-
mate solutions to the Euler equationswhich are irreversible in the generalcaseof shocks
and turbulence. Thus EG2 producesapproximate solutions to the Euler equations,which
are irreversible, to be comparedwith exact solutions, which would have been reversible
had they existed, but they don't. This resolves Loschmidt's paradox by �nite precision
deterministic computation, without referenceto any form of statistics.

4. Gibbs' Parado x

Neither Herr Boltzmann nor Herr Planck has given a de�nition of W ... Usually
W is put equal to the number of complexions. In order to calculate W , one
needsa complete (molecular-mechanical) theory of the system under considera-
tion. Therefore it is dubious whether the Boltzmann principle has any meaning
without a complete molecular-mechanical theory or someother theory which de-
scribesthe elementary processes(and such a theory is missing). (Einstein)
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4.1. Boltzmann's Entrop y. Usingassumptionsabout particle statistics Boltzmann could
prove his H -thorem stating that a certain quantit y S namedentropy could never decrease
and when increasingstrictly would signify irreversibility and give the arrow of time a di-
rection forward: Reversal of a processwith strictly increasingentropy would violate the
2nd Law and thus be impossible.On Boltzmann's tombstonethe famousformula

(4.1) S = k log(W)

is engraved, wherek is Boltzmann's constant (k � 10� 23 joules/kelvin) and W denotesthe
probability of a certain state representing the number of "complexions" or \microstates"
corresponding to a \macrostate". Increasingentropy would then re
ect that Nature would
tend to move from less probable to more probable states or towards states with more
complexions. However, the crucial questionswhy and how Nature would seekto always
increaseentropy, was left without any answer.

4.2. Gibb's Parado x and Its Resolution. Boltzmann's statistical mechanicsposesse-
rious di�culties from scienti�c point of view and paradoxesline up. One of them is Gibbs'
paradox [5] illustrating the di�cult y of de�ning entropy by counting micro-states:Consider
a volume V divided by a membrane into two equal volumesV=2 �lled with two di�erent
typesof gasat rest with the samedensity and temperature. Remove the membrane and
let both gasesexpand to the double volume and come to rest in a mixed state. Gibbs
recalls that according to Boltzmann the entropy of each gas would then increaseby the
factor log(V) � log(V=2) = log(2), sincefor constant temperature S � log(V) with V the
volume of the gas. The entropy of the systemwould then also increaseby a log(2) factor.

Gibbs then compareswith the casewith the gasesbeing of the sametype in which case
removal of a membrane would changenothing and in particular the entropy should not
change,in contrast to the above case. In other words, the entropy should be extensivein
the sensethat the entropy of a gas over a volume V should be equal to the sum of the
entropiesover two volumesV=2. To achieve this, Gibbs suggestedto changethe counting of
microstatesin the caseof equalgases,taking into account permutations of equalmolecules,
but was then faced with a paradoxical discontinuos behavior of the entropy: No change
for the sametype of gas,and a log(2) changeas soon as the typesof gasdi�er only the
slightest.

With our experiencefrom the Joule-Thomsonexperiment, we can easily resolve this
paradox. It su�ces to note that an initial pressuredi�erence resulting from di�erent state
equations for two types of gas in the two volumes,would drive a processtowards equal
pressurein the full volume,with the associated turbulent dissipation (entropy production)
being small if the initial pressuredi�erence is small, that is, if the type of gas is nearly
the same. In particular, for equal gasesnothing would happen and there would be no
suddenentropy jump under a slight changeof gas,as in Gibbs' resolution by recounting
microstates.
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We understandthat the Gibbs'paradox results from Boltzmann's idea to de�ne entropy
by counting microstates, and thus is (one of many) indications that statistical mechan-
ics createsmore problems than it solves, and from scienti�c point of view therefore is
questionable.
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