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Abstract

We present an interface between a deformable body mechanics model and a rigid body
mechanics model. What is novel with our approach is that the physical representation in
both the models is the same, which ensures behavioral correctness and allows great flexi-
bility. We use a mass-spring representation extended with the concept of volume, and thus
contact and collision. All physical interaction occurs between the mass elements only, and
thus there is no need for explicit handling of rigid-deformable or rigid-rigid body interac-
tion. This also means that bodies can be partially rigid and partially deformable. It is also
possible to change whether part of a body should be rigid or not dynamically. We present
a demonstration example, and also possible applications in conceptual design engineering,
geometric modeling, as well as computer animation.
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1 Introduction

1.1 Background

One of the main reasons the electronic computer was invented was to perform very
large computations which would have been impractical to perform manually. Pre-
viously, problems were solved by creating analytical models which were compact
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enough to solve problems in on paper. With electronic computation, we do not need
to create new models for every problem we encounter, but can have small general
analytical cores, and instead put the burden of the problem on the computation.

This philosophy is particularly well suited to (solid) mechanics. In most mechanics
literature [8] [16], we can read that solid mechanics can be described by a small,
very Newtonian model with particles interacting through

������ �� . Nevertheless,
for both historical and practical reasons, other models are used, resulting in incom-
patibilities.

There exists a multitude of different models in practical use, each supporting a
particular domain, or having particular strengths or weaknesses, compared within
the same domain. If several models could be used together simultaneously, it would
be possible to select the most fitting model for each part of the mechanics problem,
or simulation. To be able to solve this, a common interface has to be found, using
force or energy for example, through which the models can communicate correctly
and efficiently.

In this paper, we take a small step along this path, and define an interface between
mass-spring models, which are typically used for dynamics problems where defor-
mation is important, and rigid body models, which are used for dynamics problems
where deformation is negligible.

1.2 Problem Statement

Generally, we want to find interfaces between mechanics models so that they can
be used simultaneously, and interact with one another. We will examine some of the
most widely used models, and determine if and how this can be possible. Specif-
ically, we will look at interfacing the rigid body motion model and a volumetric
mass-spring model.

1.2.1 Rigid Body Motion Theory

Rigid body motion theory is a fundamental and well-established part of physics. It
is based on the approximation that for stiff materials, any force applied to a body
produces a negligible deformation. Thus, the only change a force can produce is
change in the center of mass motion and change in the rotational motion. This
means that simulation of even complex bodies is relatively simple, and thus this
method has become popular in the computer simulation field.

Given the forces acting on the body, the motion can be determined using
������ ��

for translational motion, and a similar relation for rotational motion
�	 ��
� ��� .
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The rigid body motion model has traditionally been applied in range analysis in
CAD and for computer animation where deformation is not required.

If the deformation is not negligible, then the approximation does not hold, and we
need to start over and come up with some other model. There exists many different
models, but the two models which have emerged to become the most widely used in
practice are: mass-spring models and statics models solved using the Finite Element
Method (FEM).

1.2.2 Mass-Spring Theory

Mass-spring models represent bodies as discrete mass-elements, and the forces be-
tween them are transmitted using explicit spring connections (“spring” is a histori-
cal term, and is not limited to pure Hooke interactions). Given the forces acting on
an element, we can determine its motion using

�� � � �� . The motion of the entire
body is then implicitly described by the motion of its elements.

Mass-spring models have traditionally been applied mostly for cloth simulation.

1.2.3 Statics Theory

Statics models are based on equilibrium relations, and thus make the approximation
that the effect of dynamics are negligible. Relations between the strain and stress
fields of a body are set up, and through specifying known values of these fields,
through for example specifying forces acting on the body, the unknown parts can
be determined. These relations form differential equations, and the known values
are boundary values. The FEM is an effective method for solving boundary value
problems, and has thus given its name to these types of problems.

Statics models have traditionally been applied in stress and displacement analysis
systems in CAD.

1.2.4 Interfaces

We can see similarities in these models. Forces are specified on a body to determine
the sought after information. However, in the statics case, this information is stress
and strain in other parts of the body, in the rigid body case it is only motion, and in
the mass-spring case it is stress and strain (or displacement and force) over time, in
addition to motion.

It is difficult to see how to interface the statics models with the other two, since it
does not consider dynamics, while the others do. Between the rigid body models
and the mass-spring models however, we can see a clear similarity: forces are spec-

3



ified to determine dynamical change of the bodies. The only difference between the
models is that one assumes one of the possible changes, deformation, is negligible.

We now have a possible interface. What we now have to do is determine how our
abstract discussion and terms function concretely, and determine how to solve any
possible problems.

2 State of the Art

At least one attempt has been made to augment a rigid body model with a spe-
cial module for deformable body collision [1]. It applies a two-phase model, where
the first phase prevents inter-penetration, and the second phase calculates contact
forces. Deformations are constrained to what can be represented by a global defor-
mation function, which avoids the problem of calculating impulse propagation. It is
not clear however, how general this approach is. The authors also state that allowing
complex deformation functions will lead to a heavy computational burden.

Provot has described a mass-spring model used for cloth simulation [18], and Chen
et. al. a model aimed at general objects [5]. It describes bodies as sets of point-
masses, and the materialistic properties as a graph of springs over these sets (es-
sentially a particle model as well). While the model is very useful for describing
deformation of a single body, it does not cover collision at all, since there exists no
concept of volume. Computationally, it can give rise to stiff differential equations,
for very stiff springs for example, which requires finer time discretization, and thus
more computation.

We have described a volumetric mass-spring model in [11] and [13], which extends
the mass-spring model with collision. The mass-elements are given an interaction
distance as a radius, and when two such radii intersect, a connection (spring) is
created to produce the force interaction. We also informally describe how the mass-
spring model relates to the atomic level of bodies, and how the model can be used
to recursively increase or decrease resolution.

Terzopoulos, et. al. have developed a Lagrangian mechanics model aimed at an-
imation [19]. They use continuous bodies, which are discretized in their solution
method using the finite difference method. They treat elastically deformable bod-
ies, and also collisions, which they handle by creating a force field around each
body.

Kang and Kak [14] have developed a FEM system to create a geometric modeling
system. The system presents the designer with an initial physical shape, represented
by a FE shape. The user can then utilize a force-input interface, in their case a four-
sensor plate, to manipulate nodes of the shape. The system could presumably be
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generalized to allow arbitrary input methods.

Baraff and Witkin propose “interleaved simulation” in [3] as a way to combine
different mechanics models. The system is a black box system where the interface
between the models is constraint forces. The system is shown to be general and
efficient, but the solution method is asymmetric between two models, and thus is
primarily suited for situations of large mass asymmetry between bodies belonging
to different mechanics models.

O’Brien, Zordan and Hodgins present “coupled systems” in [17], again coupling
different mechanics models, in the context of active vs. passive systems. Their in-
terface between the models is force based. In their concrete example of the inter-
action between a basketball (a rigid body) and the net (a deformable mass-spring
system), they compute the contact forces by imposing collision constraints. They
do not however present a general model for interaction forces.

3 Proposed Approach

In the mass-spring model presented in [11], the only explicitly defined interactions
are between individual elements. Higher-level behaviors such as contact and colli-
sion between bodies, self-collision, fracture etc. exist implicitly and do not need to
be defined. We believe this property can be exploited when merging several models.

Our proposal for merging rigid body mechanics with this mechanics model is sim-
ply to use the mass-spring representation for describing a rigid body, but instead
of computing the motion for each element individually, we use rigid body motion
theory to compute the motion for an aggregate of elements.

This extension preserves all interaction possibilities from the mass-spring repre-
sentation, and there is no need to explicitly determine rigid-deformable body inter-
action, or even rigid-rigid body interaction. Baraff and Witkin in [3] describe this
explicit handling of interaction possibilities as a problem, and describe the result-
ing implementation difficulty as a “quadratic software explosion”. As mentioned
however, this is completely avoided using our method.

We could go one step further, and also allow the statics model to be used. We
could replace the mechanics simulation for an aggregate of elements with the statics
model, and have the same benefits as in the rigid body case. However, as mentioned,
there is still the problem of using the statics assumption of equilibrium in a dynamic
system. This extension will have to be left for future research.
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4 Theory

For the deformable mechanics model, we adopt the formalisms from [11]. To sim-
plify the discussion, we remove non-crucial features from the model, specifically
damping and friction. These can be transparently added back at the end of the dis-
cussion, since they have no impact on this particular extension.

The deformable body model is formally a superset of a mass-spring model. It adds
a radius and fracture distance to the point mass entity. We call this new entity an
“element”, to reflect that it is no longer dimensionless. The spring entity is similarly
extended with a fracture distance. We call this entity a “connection”, to differentiate
between pure Hookean interaction.

The reasoning behind these additions is that once two elements are within a cer-
tain distance from each other, the interaction is significant enough to explicitly be
taken into account. Thus a connection element is created between the elements with
properties derived from the elements. Conversely, once the elements move a cer-
tain distance apart, the interaction is no longer significant, and the connection is
destroyed. These distances need not be the same, and thus we have two distance
parameters.

4.1 Formalized Definitions for Deformable Bodies

Element:
An element � is a set of parameters

� ���� ���� � ���	��
��������� .�� position�� velocity� mass� radius�
fracture distance�
set of connections connected to the element

Connection:
A connection � is a set of parameters

� ��������� ��
!��"#�$�� .% �'& % � elements comprising the connection(
Hooke spring constant)
nominal distance�
fracture distance

Deformable Body:
A deformable body *,+ is a set of parameters

�.- ����� .�
set of connections comprising the body/
set of elements comprising the body
A deformable body is thus simply an aggregation of elements, and their con-

nections. This aggregation does not affect the behavior of the elements in any
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way. If we describe a set of elements as one deformable body, or as � deformable
bodies (a partition of the set), the quantitative behavior is exactly the same.

4.2 Formalized Definitions for Rigid Bodies

Rigid Body:
A rigid body *�� is a set of parameters

��� � �� � �� � � � 
� � � � - ��� � .�
orientation of the body�� position of center of mass�� velocity of center of mass�� angular velocity��

(tensor of) inertia� mass�
set of connections comprising the body/
set of elements comprising the body
The representation for a rigid body is the same as for a deformable body,

only that the distances between its elements are constrained to be fixed. Unlike a
deformable body, a rigid body is treated as a single entity when determining its
motion. Therefore we need extra parameters which are associated with it. All of
these parameters exist implicitly in the elements

-
of the body, but are explicitly

defined to ease treatment.

For cases where a body can be either a deformable or rigid body, we make a defi-
nition of “body”, which is identical to the definition of a deformable body:

4.3 Formalized Definitions for Bodies

Body:
A body * is a set of parameters

�.- ��� � .�
set of connections comprising the body/
set of elements comprising the body

4.4 Mechanics of a Deformable Body

We have that the mechanics of a deformable body is determined by the mechanics
of each of its elements �
	�� -

. For an individual element � , we have, according to
Newton’s second law:

�� � � �� � � (1)

The force
�

is the sum of all forces acting on the element. We adapt the force model
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from [11] into a simplified form as follows:

���� ������ ����
(2)

Where
���

is the force from the connections of the element and
���

is a simplified
gravitational force.

To simplify notation, we define the subscript � to be the considered element, �
to be the opposite element in a connection, and � to be a property of the current
connection in the iterated sum. We iterate over the connection set � of the element:

���� �
	 ��
 	�
	����� 
 ����� ���� �

���� � � " ���
���� �
����

� ���� �
���� � (3)

Gravitation is a one-dimensional field.

���� � � �� (4)

4.5 Mechanics of a Rigid Body

For a rigid body, we can only describe the mechanics of the center of mass and
orientation. Thus, the treatment becomes similar to that of a single element. Any
force

��
applied on a point

���� of a rigid body *�� can be decomposed into two
components, parallel and perpendicular to the line between

�� � and the center of
mass

�� �"!$# of the body:

�� � ���%�� ��'&
(5)

��
itself is the same force as in the previous section on deformable bodies. Thus,

the application point
���� of a connection force between an element � of * � , and an

element of some other body * is actually the position
�� of � .

For the mechanics of the center of mass, we have, as before:

��(& � � �� � � (6)

For the mechanics of the orientation, we have:
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Fig. 1. A beam is fixed at one end and then bent using two methods; by making the whole
beam deformable and by making the beam part deformable and part rigid.

�	 � 
� � � (7)

Where:

�	 � ���� ���% (8)

And:

�� � �� � ! # �
���� (9)

4.6 Example

To help visualize the representations and the mechanics we show a simple exam-
ple involving a beam. In figure 1 we can see a beam represented by elements and
connections.

Assume we want to create a bend in the beam in a specific region. Using only the
deformable model we fix the left end of the beam and pull down on the right end.
This creates the expected curved shape along the entire free part of the beam. If we
combine the deformable and rigid models we can again fix the left end, but now
also make the right part of the beam rigid. Pulling down on the right end again
bends the beam in the expected way, but only the deformable part is curved.

4.7 Implications

From this discussion we can see the model makes mathematical sense, but now we
have to consider what the semantics of the model really are.
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To begin with, we seem to have an apparent contradiction. For rigid bodies, we
make the approximation that no significant deformation takes place. In this model
however, a rigid body is deformable in the interface between another body (also
between two rigid bodies), due to the deformable body representation of all bodies.
These two statements seem to cause a contradiction.

If we look closer, we see there is no contradiction. The “rigid” property of bodies in
the model is not something which can exist in physics, it is an idealization to sim-
plify computation. Thus, the material properties are those of a deformable material
(any material is deformable), but instead of explicitly computing the behavior of
the body, we assume that for certain types of materials, the behavior will be close
enough to the motion produced by the rigid body approximation. Thus, the force
interaction will be that of a deformable body, while the motion will be that of a
rigid body.

5 Implementation

This new “merged” model can be implemented using two separate self-contained
implementations, one for each of the sub-models, and then an implementation of
an interface layer.

5.1 Implementation of the Deformable Body Model

We use the implementation described in [11] and [13], which implements the vol-
umetric mass-spring model previously described. It uses the forward Euler method
for integrating the differential equation system, and a hierarchical partitioning al-
gorithm for determining intersection between the elements. It allows us to produce
a volumetric mass-spring representation from a b-rep shape, through discretization.

5.2 Implementation of the Rigid Body Model

We use the “Dynamo” implementation described in [4]. It is a typical rigid body
motion simulation system. We specify the position, orientation, velocity, angular
velocity, mass and inertia tensor


�
to produce a rigid body representation and its

initial state. We can apply forces at points of the rigid body. Due to this, and the
initial state, motion is produced, which the system determines according to a spec-
ified integrator. We can then access the state at each discrete time interval in the
solution process.
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The convention of the system is to specify

�

in the basis where the base vectors lie
along the principal axes of the body (principal basis). In this basis,


�
is diagonal,

and treatment is eased.

Incidentally, the base vectors of the eigenspace of

�

form the principal basis, and the
eigenvalues of


�
form the diagonal of


�
expressed in the principal basis. Thus, all

we have to do is find the eigenspace and the eigenvalues of

�
, which is a symmetric

matrix. We have used Lapack++ [6], which provides these functions directly.

5.3 Implementation of the Interface

The interface is the novel part of the implementation. It is not very advanced how-
ever. It consists of a number of conversions between the deformable body represen-
tation and the rigid body representation:

(1) Initially, we require a conversion between a set of elements to a rigid body
representation. This is done only once for each body, in the initialization stage
of the simulation state.

(2) The element interactions produce forces on the elements, which need to be
converted into the rigid body force application context.

(3) Finally, when the state of a rigid body has changed due to the applied forces,
a conversion back to the element representation is required.

For each body, we will have two bases: one global basis
�

, which the original
elements are expressed in, and one local basis � , which is the principal basis of
the body. We will denote a vector

�� in the global basis
�

as � ���� � , and in the local
principal basis � as � ������ .

The rigid body calculations for each body will be done in � , local to each body,
while the deformable body calculations will be done in

�
. This means we will have

to convert the relevant attributes between the bases.

5.4 Initialization Conversion

We are given a set of elements
-

. For this procedure, they can be treated as pure
point masses. It is trivial to find the rigid body properties from a set of point masses
[16]. All we have to do is convert the position � ���� � of each element to � ����	� , and then
find the rigid body properties. Thus, we now have a rigid body * � .

We do not perform conversion of element velocities in the initialization, since there
may not exist a consistent conversion to a rigid body velocity/angular velocity.
Instead we require a separate specification of the initial velocity/angular velocity of
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the body.

5.5 Force Conversion

Each element in
-

of *�� has a force �
�� � � applied on its position � �� ��� . We convert

the force and position, and apply the force on * � . Thus, we apply �
�� �	� on point � ����	�

of * � ,

5.6 Rigid Body State Conversion

During the motion of the rigid body, the orientation
�

and the position of the center
of mass

�� of the rigid body change. Thus, what we need to do is convert these
changes back into the deformable body representation.

5.6.1 Position

The rigid body model implementation operates purely in the basis � . � � � � is a
transformation from the original orientation of the elements in * � , and � ����	� repre-
sents a translation in the same way. Thus, if

�
is a transformation matrix, and

�� �
the position of an element � in * � , then the position of � in the deformable model
is � � � � � ���� � � � � ���� � .

5.6.2 Velocity

If we also need to know the velocity of the converted elements, the velocity needs
to be computed. The velocity and angular velocity of the rigid body is � �� � � and � � �	�
respectively. Thus, the velocity � ���� � � of an element � in the deformable model is:
��� � �	� � � ���� �	� � � �� �	��� �

6 Applications

6.1 Simulation Optimization

The main advantage of this model is complexity reduction in the simulation, caused
by the rigid body approximation. If simulation time is not an important issue, we
should not use the rigid body approximation, and instead simulate the more correct
behavior using the deformable body model.
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Additionally, we can dynamically select which mechanics model should be used
for a given aggregate of elements. We can select periods of time in a simulation
when deformation is negligible, and thus optimize these periods by using the rigid
body model for the selected aggregates.

6.2 Example

We have created a situation where a beam is resting on another fixed beam, elevated
over the ground. The ends of the top beam are free, thus we have something similar
to a lever/fulcrum. We drop a heavy deformable body (a cow shape) on one of the
free ends, creating an impact. The intent is to have a stiff top beam, or it will not
function well as a lever. However, we also want the computation time to be as fast
as possible, creating a constraint on the stiffness property of the beam.

The simulation state is such that if we increase the stiffness significantly of the top
beam, the numerical integration will diverge, and the result will be meaningless.
We thus have to increase the time discretization resolution to achieve our intended
results. Instead, we can approximate the top beam by a rigid body.

In figure 2, we see output frames from a simulation where the beam is deformable.
We can clearly see that the stiffness is not enough to create a practical lever. In
figure 3, the beam is approximated by a rigid body, and the stiffness of the beam
can now also be increased (it is also used for contact/collision with other bodies).
We can see that now the beam behaves like a lever.

The deformable model does not make a distinction in the quantitative simulation
how bodies are defined, the “body” definition is not necessary at the quantitative
level in fact. Thus, an element interaction inside a body and between two bodies
is exactly the same interaction. This means that we can arbitrarily define a set of
elements to be a rigid body. If the top beam is a deformable body, we can select
one half of it, and make that a rigid body. In figure 4, the right half of the top beam
is a rigid body. In this particular example, this part-body method has no specific
purpose, only as a demonstration. In some applications, such as simulation of multi-
material bodies (the soft tissue/bone tissue of a human body part for instance), it
can be advantageous.

Finally, in figure 5, we have mapped the geometric boundary representations to
their respective physical bodies [11], for the same part-body situation. While not
always necessary, it can be important in geometric modeling applications, or in
applications where visualization is important.
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Fig. 2. The top beam is a deformable body. Fig. 3. The top beam is a rigid body.
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Fig. 4. The right half of the top beam is a
rigid body.

Fig. 5. The original geometric boundary
representation is mapped to the bodies.
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6.3 Possible Application Fields

Conceptual Mechanical Design Work has been done on integrating multi-resolution
quantitative deformable body simulation in a conceptual design system [12]. This
rigid body interface could ease simulation in certain design fields or situations,
such as the lever example shown, or even further in mechanisms with certain
deformable components.

Conceptual Geometric Modeling Interactive mechanics simulation can be used
as a tool in geometric modeling, to replace or assist control point manipulation
in NURBS for example. The rigid body interface can ease creating virtual ma-
nipulation “tools” in the simulation [11] [13], and can also be used to localize
deformation (by making the rest of the target body rigid).

Computer Animation/Visualization In any situation where deformable body sim-
ulation is used, the rigid body interface can be used for optimization of stiff bod-
ies.

6.4 Integration with Constraints

Many rigid body models and simulation systems include constraint functionality.
With the rigid body interface, this functionality can be used in the deformable body
model without further modifications. With the part-body method, we can even im-
pose constraints on individual elements. This application has not been tested how-
ever.

7 The Future

Baraff and Witkin show in [2] how to efficiently solve a mass-spring type system
of differential equations using the backward Euler method, the implicit variant of
the Euler method. This method is unconditionally stable [9], and thus not sensitive
to stiffness. It overcomes the so far most serious limitation of mass-spring systems,
which has been that the maximum step size is constrained by the stiffness of the
system, produced by for example material stiffness or damping.

While the solution described by Baraff and Witkin is specific to their particular
application (cloth simulation in animation), we expect that the ideas can be carried
over to a more general solution method which could be used for arbitrary mass-
spring systems, specifically the one described in this article. We have created a
preliminary implementation which confirms this.

One consequence of this advance is that the advantages of using a rigid body model
over a mass-spring model are diminished. It is still unclear exactly how far the
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implicit integration method can be carried. While it theoretically allows arbitrarily
stiff materials, there is presumably a relation between stiffness and computation
time for the numerical algorithms which the method requires. It remains to be seen
how much of the application space occupied by the rigid body model the mass-
spring model with implicit integration will displace.

There are also consequences for the implementation of the interface described in
this article. For the case of explicit integration, the rigid and deformable models can
be kept completely separate. Implicit integration requires the solution of a nonlinear
equation system involving the equations of motion of all elements. This would
presumably require a certain degree of integration between the rigid and deformable
models.

8 Conclusion

We have created an interface between a volumetric mass-spring model, and a rigid
body model, to produce a merged model. We performed an informal experiment
where we represented a beam in several ways to examine the possibilities of the in-
terface. Results show that the interface can successfully be used for approximating
stiff deformable bodies by rigid bodies in deformable body mechanical systems.
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