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ABSTRACT

Modern experimental and computational fluid mechanics are in-
creasingly concerned with the structure nature of fluid motion. Re-
cent research has highlighted the analysis of one transport structure
which is called Lagrangian coherent structure. However, the quan-
tity nature of the flow transport is still unclear. In this paper, we
focus on the transport characteristics of physical quantities and pro-
pose an approach to visualize the finite-time transport structure of
quantity advection. This is similar to an integral convolution over
a scalar field along path-lines of a flow field. Applied to a well-
chosen set of physical quantity fields this yields structures giving
insights into the dynamical processes of the underlying flow. We
demonstrate our approach on a number of test data sets.

Index Terms: I.3.8 [Computing Methodologies]: Computer
Graphics—Applications;

1 INTRODUCTION

Transport is one dominant phenomenon during a flow process. It
describes particles or quantities moving in a flow [15]. An effective
visual analysis of flow transport is still a challenging problem in sci-
entific visualization. Although a number of promising approaches
have been introduced in recent years, it has still proved to be inher-
ently difficult to actually comprehend the important characteristics
of this complex dynamical phenomenon.

Classical approaches of dynamical analysis tend to extract the
transport features in Eulerian perspective and to track these fea-
tures along time. Features, such as physical quantities, trajectory
topologies or vortex core lines, are extracted at a certain number
of time steps. The correspondence of these features in consecutive
time steps is detected and the coherency or evolution of these fea-
tures is visualized. Though these approaches generate promising
results, the extracted features depend strongly on each static step
and they are not natural for dynamical analysis.

Advection is generally the major transport mode in a fluid which
describes the transport by the macroscopic motion of currents in
contrast to diffusion or radiation [4]. Any substance, or conserved
quantity such as dye, momentum or heat can be advected in a fluid.
For an advection process, a fluid is described mathematically as a
vector field [16, 20]. In flow visualization, Line integral convolu-
tion (LIC) is one standard technique to approach the flow advection
nature [5]. It is similar to advect a noise texture field along flow
transport trajectories and generate the motion blur of the processing
texture. This texture motion blur reflects the underling substance
concentration which figures out the geometrical distribution of the
corresponding trajectories [5, 27].

Lagrangian coherent structure (LCS) is one highlight in flow
transport analysis which identifies the transport barriers during flow
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advection [11]. Recent research has characterized LCS with the
attributes of finite-time particle trajectories (path-lines). A finite-
time Lyapunov exponent (FTLE) field is computed to describe how
much particles separate after a given interval of time. LCS is vi-
sualized from the ridges of the corresponding FTLE field. In con-
trast to traditional approaches, LCS gives a different and natural
insight into the dynamical processes of flow transport. However,
some important physical quantities are not considered and the ad-
vection characteristics of these quantities are still not clear. To get a
better understanding of intrinsic flow transport, the visual analysis
of physical quantity advection for a flow field is necessary. For this
analysis, it is not enough to investigate only the trajectories. The
corresponding physical quantities need to be included.

In this paper, we propose an approach of visualizing quantity
transport behaviors using similar idea as LIC. Instead of a noise tex-
ture, our approach convolutes a correlated physical quantity field of
interest along path-lines. This is similar to carry the physical quan-
tities along flow transport and record the advection blur of these
quantities. The result field of the convolution is different from the
original physical quantity field, since it senses the dynamical be-
havior of the quantity and it distinguishes from the traditional LIC
result while it captures the quantity characteristics of the flow field.

For a given focus time, we make a regular sampling in the spatial
domain and from each sampled point, we start a convolution with
some carefully-selected correlated physical quantity fields along
integrated path-lines. Finite-time transport structures for physical
quantities are identified by the result fields of the convolution over
a certain time, which are analyzed and visualized through apply-
ing traditional scalar field visualization techniques. These struc-
tures identify the concentration nature of the quantity advection and
present a significant different view to dynamical processes.

The rest of the paper is organized as follows. Section 2 mentions
related works in visualization of dynamical flow transport. Sec-
tion 3 recalls some ideas of flow transport visualization. Section 4
describes our approach to visualize the finite-time transport struc-
tures of quantity advection. Section 5 demonstrates our approach
on a number of test data sets. Section 6 draws conclusions and
discusses issues of future research.

2 RELATED WORKS

Many approaches have been introduced to explore dynamical flow
behaviors. Traditional work focuses on tracking the features, such
as topological features [35, 33, 9] and vortex regions [1, 2, 3, 32],
in Eulerian perspective. Quantity features during the flow processes
are typically visualized as time-varying data sets [19].

LIC, first introduced by Cabral and Leedom [5], has become
one of the standard flow visualization techniques. Rezk-Salama et
al. propose effective LIC extension to 3D flow visualization [22].
Shen et al. use LIC to synthesis dye advection in a flow to enhance
local features [27]. Stalling and Hege present significant improve-
ments in LIC performance by exploiting coherence along stream-
lines [30]. LIC has also been done with path-lines to deal with
unsteady flow [26].

There has been much work done in analyzing LCS. Early work
focuses on the study of uniformly hyperbolic path-lines [21]. Haller
has pioneered the introduction of the FTLE field to characterize
LCS [10, 14, 11]. He also proposed to identify stable and unstable
manifolds with ridge lines of FTLE fields [12]. [25] provided a
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Figure 1: Lyapunov exponent of finite-time path-line.

formal discussion of the theory of FTLE fields and LCS. [8] used
graphics hardware for the direct visualization of FTLE and [23, 7]
have proposed efficient algorithms to compute LCS. [24] compared
the LCS with the traditional vector field topologies.

As trajectories of dynamical flow advection, path-lines have been
studied and visualized frequently. [38] visualizes a number of
carefully selected path-lines to get static representations of the dy-
namical flow. [34] considers a segmentation of the flow domain
based on local properties of path-lines, while [29] generates the
asymptotic topological separation structures for periodic 2D time-
dependent vector fields. [36, 37] applied texture based visualization
approaches to capture path-line characteristics. [28] introduced an
information visualization approach to explore the correlated struc-
tures of identified path-line attributes.

3 FLOW TRANSPORT VISUALIZATION

In flow dynamics it is critically important to see the patterns con-
cerned with flow transport. However, most flow patterns are in-
visible to human perception. Flow visualization is the art of mak-
ing the underlying patterns visible. A common way is to identify
some visible distribution field related to flow motion and visualize
the specified patterns through the corresponding distribution fields.
The distribution fields are normally scalar fields either in 2D or 3D,
which could be visualized in classical visualization approaches.

3.1 Path Line Integral Convolution

Line integral convolution (LIC) is one standard technique in flow
visualization [5]. It imitates the motion blur of substance advec-
tion in a fluid whose results describe the substance concentration
due to transport behavior of the fluid [27]. Classical LIC puts
noise textures into a flow field and advects these textures along the
flow transport. A visualization of the streamline structures can be
obtained by observing the blurred result of the texture advection,
which depict the geometrical distribution of transport trajectories .

Similarly, convolution along path-lines (Path-line LIC) provides
an effective approach to uncover the dynamical information of flow
transport [26].

Given a time-dependent vector field v(x,t), x describes the spa-
tial component and t is the temporal component. We define a path-
line px0,t0(t) starting at (x0,t0), in the following way

px0,t0(t) = x0 +
∫ t

0
v(px0,t0(τ),τ + t0) dτ (1)

A path-line is a function of time. It depends on the initial position
x0, the initial time t0 and the integration time t. A path-line inte-
gration can be carried out in both forward and backward direction.
In real applications, flow data is usually given in a fixed spatial and

temporal domain, which means that we could only integrate path-
lines for a finite-time. A path-line starting from (x0,t0) can be also
parameterized in the form of px0,t0(s) with a specific arc length s.

Given a scalar field, Path-line LIC consists of calculating a in-
tensity value I by convoluting it along path-lines either for a fixed
time:

I(x0,t0) =
∫ T2

−T1

k(τ) f (px0,t0(τ),τ) dτ (2)

or for a fixed length:

I(x0,t0) =
∫ S2

−S1

k(τ) f (px0,t0(l),t(px0,t0(l))) dl (3)

where k denotes a filter kernel. T1 > 0 and T2 > 0 are the kernel
lengths which specify the forward integration time and backward
integration time. The integration could be restricted to one direction
by simply setting the other parameter to 0. Similarly, S1 > 0 and
S2 > 0 specify the integration arc length in forward and backward
direction.

Note, in real applications, usually the resulting intensity is nor-
malized by dividing either the total integration time or the integra-
tion arc length.

3.2 Lagrangian Coherent Structure

Lagrangian coherent structures (LCS) depict the transport barrier
structures of the underlying flow processes. It could be precisely
identified by a distribution field called finite-time Lyapunov expo-
nent (FTLE) field [11].

The traditional Lyapunov exponent quantifies the asymptotic be-
havior of infinitesimally close particles in a dynamical system [18].
The Lyapunov exponent of a finite-time path-line is a finite-time
average of the maximum expansion rate for a pair of particles ad-
vected in the flow. Consider a perturbed point x′0 = x + δx0 as
shown in Fig. 1, where δx0 is infinitesimal. After a time interval
t, this perturbation becomes δx0 px0,t0(t) = px′0,t0(t)− px0,t0(t). A
linear flow map A = ∇x0 px0,t0(t) is computed to characterize the
stretching gradient of the perturbation. The Maximum stretching
occurs when δx0 is chosen such that it is aligned with the eigen-
vector associated with the maximum eigenvalue of AT A. The max-
imum stretching is correspondingly the largest eigenvalue of AT A.
Through logarithm and normalization with the absolute advection
time t, the definition of FTLE comes to

δ t
0(x) =

log(
√

λmax(AT A))
t

(4)

A FTLE field of a dynamical flow provides an effective tool for
characterizing LCS. Large FTLE values for forward advection cor-
respond to unstable manifolds while large FTLE values for back-
ward advection correspond to stable manifolds. For a FTLE field
δ t

t0(x), LCS are defined as ridges of the field [10].
FTLE fields are able to capture the intrinsic transport behavior

for general aperiodic systems where LCS can exist on a variety
of time scales. This mechanism of capturing transport structures
through identified attribute fields of path-lines provide a useful in-
terface to characterizing inherent dynamical behavior of a flow and
it can be extended for further analysis.

4 QUANTITY TRANSPORT STRUCTURE

Quantity transport is important and ubiquitous during a flow
process. A fundamental question in the study of both turbulent and
laminar mixing is the various transport phenomena such as material
transport, energy transport or heat transport, as well as their interac-
tions with each other. So it is important to comprehend the intrinsic
characteristics of quantity transport during flow analysis. However,
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Figure 2: Visualization of a steady water flow between parallel plates:
(a) Flow configuration; (b) Classical LIC visualization for U = 0; (c)
Path-line LIC over kinetic energy field for U = 0; (d) Classical LIC
visualization for U = 8m/s; (e) Path-line LIC over kinetic energy field
for U = 8m/s .
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Figure 3: Visualization of a dipole flow, the left column m = 0.0628, the
right column m = 0.628: (a,e) Classical LIC visualization; (b,f) Color
coding of kinetic energy field; (c,g) Path-line LIC over kinetic energy
field; (d,h) FTLE field.

the spatial-temporal complexity and the multi-mechanism nature
make the understanding and visual analysis of these phenomena
difficult and partially unsolved. We restrict our analysis to the ad-
vection behavior which is generally the dominant mechanism for
flow quantity transport and use the motion blur technique to illus-
trate the transport nature.

4.1 Path-line LIC over Physical Quantities

To visualize intrinsic structures of quantity advection for flow
fields, we also try to identify certain distribution fields concern-
ing of flow motion. Convolution is a powerful tool to increase
the visual depth into a complex phenomenon. It synthesizes mo-
tion blur of substance advection which provides an effective view
to flow transport. Path-line integral convolution (Path-line LIC) is
applied here to investigate the nature of dynamical transport of flow
fields. Through Path-line LIC over certain field, we record the ad-
vection distribution of this field. A key step for Path-line LIC is to
select proper quantity field for convolution. Classical approaches
convolute noise textures to generate a motion blur field for visual-
ization. However, this blurred result field after advection records
only the information of geometrical distributions of either stream-
lines or path-lines. Some characteristic physical information is not
well explored during the convolution. Instead of noise textures, we
advect quantities of interest along flow fields and observe the ad-
vection distribution of the corresponding quantities, which reveals
concentration nature of quantity transport.

A simple example is illustrated in figure 2 which describes an
analysis over a well developed 2D water flow between two paral-
lel plates. One plate is moving forward with certain velocity and
the pressure gradient is constant for the flow (figure 2 a). This is a
simple steady flow which can be well solved in flow dynamics [15].
Figure 2 b and d show a visualization using classical LIC approach
for two cases with different plate moving velocities. We can see
that the results are nearly the same. Geometrical distributions of
transport trajectories are not enough to identify the full view of
a dynamical behavior. The dynamical information, especially the
structure nature of quantity transport, is also important during flow
analysis. Instead of noise texture, we convolute the corresponding
kinetic energy along path-lines and visualize the result distribution
in figure 2 c and d. High values of this field indicate strong kinetic
energy advections. This distribution uncovers the structures of the
kinetic energy transport of this plate flow. The asymmetry of plate
moving is clearly distinguished here.

Note that for steady flow, path-lines coincide with streamlines.
We consider simple 2D steady flow in this section to illustrate some
basic ideas.

An extension of LIC by color coding local properties [17] is used
to supplement quantity information during flow transport. How-
ever, it still records the local information instead of the dynamical
transport nature. Figure 3 shows an analysis of two dipole flow of
different volume flow rate per unit depth m [15]. The first two rows
show the comparison of the LIC visualization and color coding of
local kinetic energy. Structurally, the visualization between the two
dipoles are the same. The dynamical transport nature is not fully
uncovered with either LIC or local quantity visualization. We ap-
ply Path-line LIC over local kinetic energy field and visualize the
result distribution in figure 3 c and g. The values of the convoluted
field indicate the advection magnitude and the high values point out
the concentration trend of the underlying flow advection. Here,high
values correspond to the sink area. These distributions reveal the
advection nature of kinetic energy under the flow process. The in-
herent asymmetry is clearly observed in these kinetic energy trans-
port structures. People can distinguish the two dipoles through the
difference of the kinetic energy transport structures. Figure 3 d and
h show the FTLE fields of corresponding dipoles which present the
corresponding LCS. It is interesting that the kinetic energy trans-
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Figure 4: ABC flow: (a) Path-lines of steady ABC flow with integration
time T = 10; (b) Path-lines of an unsteady ABC flow starting at t = 0
with integration time T = 8; (c)FTLE field of steady ABC flow [11].

port structures of dipole have some similarity with LCS appearing
in the corresponding FTLE fields.

4.2 The Algorithm
Here we formulate the algorithm to visualize the finite-time trans-
port structures for flow fields.

1. Identify the physical quantity of interest for investigation.

2. Pick up a certain time of interest and make a sampling in spa-
tial domain.

3. Integrate path-lines from the sampling points in either forward
or backward directions over a fixed time T .

4. Specify a convolution kernel and convolute the selected phys-
ical quantity field along path-lines.

5. Visualize the result field of the convolution and characterize
the corresponding flow transport structures.

This algorithm needs some remarks:
To 1, this is the most important but flexible part of our approach.

Conservative quantities should be considered to make sure the ad-
vection during the flow transport. We currently select those quan-
tities which have been well applied in flow analysis. It could be
also extended in future applications. There is no unique criteria for
the selection, since different analysis in different applications may
require different quantity fields. We provide users an interface for
the further exploration.

To 2, we try to make the sampling resolution as high as possible
to above the Nyquist frequency, however we need to balance our
computation power. During our analysis, we use an adaptive mech-
anism, if we find some interesting areas, we will zoom into that area
with a higher sampling resolution.

To 3, in our approach, we consider only finite-time path-lines.
The path-line integration is carried out in one direction within a
fixed time T . We use T > 0 for the forward integration and T < 0
for the backward integration. Our approach shares the same prob-
lem as other finite-time approaches on the setting of integration
time for path-lines. It is a tradeoff between the fact that we want
to have the path-lines to be analyzed as long as possible and the
property that most of the path-lines should be integrated over the
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Figure 5: Path-line LIC visulization of steady ABC flow: The left col-
umn visualizes the original quantity field; The right column visualizes
the corresponding Path-line LIC result field.

same time without leaving the domain. We have carefully set the
integration time during our applications. However, to the best of
our knowledge, there is still no guarantee of the optimization of the
integration time setting. We use 4th order Runge-Kutta integration
for the path-line integration.

To 4, we currently consider a simple box kernel [27] in our ap-
plications and restrict the analysis on the advection phenomenon of
quantity transport. Diffusion or radiation analysis may be added by
modifying the convolution kernel.

To 5, typical scalar visualization techniques can be chosen for
the visualization of convolution result fields. In this paper, standard
direct volume rendering and color coding are applied.

5 APPLICATIONS

We applied our approach to a number of data sets. In our current
applications, we consider only the physical quantities such as mo-
mentum or kinetic energy for convolution, which are well-known
for the transport in a flow. Nevertheless, we can also identify several
interesting flow transport structures from these convoluted quanti-
ties which seem to hold even for different data sets.

Throughout this paper, we use a temperature color coding to
characterize the time information along path-lines. We use the color
red, green and blue to denote the x, y and z axis and yellow to denote
the time axis in 2D time-dependent case.

5.1 ABC Flow
Figures 4 - 7 present results of analyzing two ABC (Arnold-
Beltrami-Childress) flow fields

v(x,t) =

⎛
⎝ Asinz+C cos y

Bsinx+Acos z
C siny+Bcos x

⎞
⎠ (5)

where we set A =
√

3,B =
√

2,C = 1 for steady case and A =√
3 + 0.5t sin(2πt),B =

√
2,C = 1 for unsteady case. This flow

describes a solution of Euler’s equation [13]. It is incompressible
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Figure 6: Path-line LIC visualizations of ABC unsteady flow: The left
column visualizes the FTLE field starting at different t with different
integration time T ; The middle column visualizes the corresponding
Path-line LIC convoluted field over local momentum field; The right
column visualizes the Path-line LIC convoluted field over local kinetic
energy field.

and inviscid. We consider the spatial domain D = [0,2π]3 and used
a sampling of 128×128×128. Since this field is also defined out-
side the domain, we can integrate every path-line for a full time,
even though it leaves the domain.

Figure 4 a shows some integrated path-lines for the steady ABC
field with the integration time T = 10 while figure 4 b shows some
integrated path-lines for the unsteady ABC field with the integra-
tion time T = 8. Figure 4 c is one visualization of the distribution
of the FTLE fields of the steady ABC flow [11]. The corresponding
LCS of the steady ABC flow can be visualized through this FTLE
field. The upper left of figure 5 visualizes the local momentum field.
We apply Path-line LIC over momentum and visualize the distrib-
ution in the upper right of figure 5. It is obvious to see the strong
similarity between the transport structures presented in the Path-
line LIC momentum field and the LCS. We observe that the local
maximums in FTLE field corresponds to the local minimums in the
Path-line LIC momentum field. It is not surprising that near LCS
there is usually weak momentum advection. Similarly, the lower
left of figure 5 shows the local kinetic energy field and the lower
right of figure 5 shows the Path-line LIC kinetic energy field. We
can observe the strong similarity again between the kinetic energy
transport structure and the LCS.

In figure 6 we apply our approach to the unsteady ABC field and
compared them with the classical FTLE fields. The left column of
figure 6 visualizes FTLE fields computed at time t = 0 and t = 8
in forward and backward direction with the convolution time T = 8
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Figure 7: Path-line LIC visualization of generic fields. For each group,
the upper visualizes the original field and the lower visualizes the
corresponding Path-line LIC result. Group a and b test two random
noise field; Group c-f test a normal function field g(x,y,z) of different
frequencies f .

and T =−8. LCS can be visualized through these FTLE fields. The
corresponding distributions of Path-line LIC over momentum (mid-
dle column of figure 6) and kinetic energy (right column of figure 6)
are visualized and the transport structures uncovered by these dis-
tributions present the same strong similarity with the corresponding
LCS as the steady case.

We can see for both steady and unsteady ABC flow, either mo-
mentum or kinetic energy transport structures have significant sim-
ilarity with the LCS. It is reasonable that in this ABC case, the
flow transport is well behaved and structurally there is no difference
between material transport, momentum transport or kinetic energy
transport.

It is interesting that for ABC flow, if we apply our Path-line LIC
approach over generic fields, we may also approach the structures
which have some similarity to LCS though they have no obvious
physical meaning. In figure 7, we apply our approach to different
generic fields. Figure 7 a and b compare the results of Path-line
LIC over two random noise fields while figure 7 c-f compare the
results of Path-line LIC over g(x,y,z) = sin2( f x)sin2( f y)sin2( f z)
with different frequency f . The LCS look-like structures appear
when the dominant frequency of the generic fields approaching to
the inherent frequency of ABC flow. It turns out that the concentra-
tion of generic substance advection tends to approaching the intrin-
sic structures of flow transport and the more correlation between a
flow field and a quantity field, the better for Path-line LIC to un-
cover these intrinsic structures.
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Figure 8: 2D dynamical cylinder flow: (a) Path-lines starting at t = 0
with integration time T = 5; (b) FTLE field.

5.2 2D Time-dependent Cylinder Flow

Figure 8 and 9 present some results of analyzing a 2D time-
dependent flow behind a circular cylinder. The cylinder is put
in the origin with radius 0.5. This is an incompressible lam-
inar viscous flow [34]. The spatial domain of the data set is
[−9,49.5] × [−11,11] and it is temporal periodic flow with one
period [0,32]. We focus the consideration on the area behind the
cylinder ([0,28]× [−3.5,3.5]) and make a sampling of 1000×250.
For the result in the figures, we set an integration time T = 5. Fig-
ure 8a shows a visualization of some integrated path-lines starting
at t = 0. Figure 8b shows a color coding of the corresponding FTLE
field which visualizes the underlying LCS.

For the Path-line LIC, we also consider momentum and kinetic
energy here. We convolute momentum and kinetic energy along
path-lines and visualize them using color coding in figure 9 b and
d. The original quantity fields are displayed in figure 9 a and c.
We can see that the transport structures are significantly different
from local structures. The low values of the Path-line LIC result
field indicate weak flow advections. We can observe that the center
area behind the cylinder has strong momentum or kinetic energy
advection at the beginning while it turns to weak advection as the
flow moves forward. Here we note that the momentum and kinetic
energy transport structures presented in the Path-line LIC results
have some similarities with the LCS at the areas near the location
of the circular cylinder. The similarity decreases when the flow
travels forward. This means that the momentum and kinetic energy
advection have similar transport behavior with the material advec-
tion at the early stage and these quantity transport structures diffuse
gradually as the increasing of the non advection effects during the
flow transport. Compared the two quantity transport structures, we
can also see that the momentum transport structures diffuse slower
than the kinetic energy transport structures. It is interesting to com-
pare the similarity or difference of various flow transport structures
which contributes better understanding of the complex dynamical
phenomena behind a flow.

5.3 Five Jet Flow

Figure 10 and 11 show an application of our approach on a 3D
time-dependent flow which simulates five jets flying through a do-
main [6]. The spatial domain of the data set is [0,3.81m]3 and the
temporal domain is [0,0.06s]. The inflow velocity is 100m/s. This
data set is a compressible flow data for which the FTLE fields are
not available for LCS. We focus our consideration on the center area
([0.8m,3.01m]3) where the jets fly through and make a sampling of
100× 100× 100. The following result show two analysis starting
at t = 0.018s and t = 0.024s with the integration time T = 0.018s
and T = 0.024s. Figure 10 a and b show some integrated path-lines
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Figure 9: Path-line LIC visualization of 2D dynamical cylinder flow:
(a) Local momentum field at t = 0; (b) Path-line LIC over momentum
field starting at t = 0 with integration time T = 5; (c) Local kinetic
energy field t = 0; (d) Path-line LIC over kinetic energy field starting
at t = 0 with integration time T = 5.

with the integration time T = 0.024s.
The first column of figure 11 shows a Path-line LIC visualiza-

tion of the density field starting at t = 0.018s. The upper visualizes
the local density field at the starting time. The middle and lower
visualize the Path-line LIC result fields with the integration time
T = 0.018s and T = 0.024s. The structures appeared in the Path-
line LIC density result show the structure nature of the mass trans-
port in the flow. The high value area of the result field indicates
the region with strong mass advection which describes the trend
of mass concentration while the low value area of the result field
indicates the region of weak mass advection and the possible sep-
aration of mass advection. We can see that these mass transport
structures present significant different information than the original
local quantity field and depend little on the integration time when
it is integrated long enough to uncover the structure. It is notable
that even in a symmetric local setting, the underlying mass trans-

((bb))((aa))

Figure 10: Path-lines of five jet flow starting at t = 0.018s and t =
0.024s.
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Figure 11: Path-line LIC visualization of five jet flow: The upper visualizes local density field at starting time; The middle visualizes the corre-
sponding Path-line LIC result with T = 0.018s; The lower visualizes the corresponding Path-line LIC result with T = 0.024s.

port may behave asymmetrically [15, 16]. Similarly the second
column show a Path-line LIC analysis of the density field starting
at t = 0.024s. We can see again that the mass transport structures
differ significantly from local quantity structures and depend little
on the integration time. The asymmetry turns out again during the
underlying mass advection. We can also observe some coherency
between the two groups of transport structures and these structures
reflect the intrinsic transport behavior of the underlying mass ad-
vection.

In the third and fourth column of figure 11, we apply our Path-
line LIC approach to the corresponding energy field of the five jet
data set. The structures appearing in the Path-line LIC result field
figure out the underlying energy transport behavior. The high value
area of the result field indicates the trend of energy concentration
while the low value area of the result field indicates weak energy ad-
vection and the possible separation of the underlying energy advec-
tion. These energy transport structures are inherently asymmetric
though the local field is symmetric. They have some coherency and
depend weakly on the integration time. Through these structures,
we can observe the intrinsic transport behavior of the underlying
energy advection.

It is interesting to observe the difference between the mass trans-
port structures and the corresponding energy transport structures.
The visualization and comparison of different transport structures
significantly improve the understanding of the complex phenomena
of dynamical flow transport.

6 CONCLUSIONS

To getting insights into the transport behavior of dynamical
processes is still a challenging problem. Quantities or trajectories
provide separate view points towards the dynamical information.
Our approach did a trial to combine the quantity analysis and tra-
jectory analysis, and offers a higher level structure view of the dy-
namical behaviors underlying flow transport. This combination is
constructed from the convolution over physical quantity fields along
path-lines. In particular, we made the following contributions:

• We introduced an idea to convolute a correlated physical
quantity field along finite-time path-lines.

• We proposed an approach to identify the finite-time flow
transport structures for physical quantities.

• We applied our approach to a number of data sets and present
some new insights into the dynamical behaviors.

However, we are not able to achieve accuracy in both the static
information space and the dynamic information space. The obser-
vation of dynamical behaviors may come to the reduction of static
details or even loss of some information. Nevertheless, these dy-
namical information presents different intrinsic view into the trans-
port phenomena and contributes significantly to visual understand-
ing of flow dynamics. Besides, in this paper, we only focus on the



visual analysis of the underlying transport structures, the theoret-
ical analysis or proof is beyond our scope. For the future work,
we could consider the variant of convolution kernels to include the
analysis of non advection transport behaviors. For our computation,
we haven’t considered any acceleration algorithm for the convolu-
tion. It is worth doing a further acceleration for interactive applica-
tion.

ACKNOWLEDGEMENTS

We would like to thank Gerd Mutschke (FZ Rossendorf) and Bernd
R. Noack (TU Berlin) for providing the cylinder flow data set. We
also want to thank Kwan-Liu Ma and Nathan Fout (UC Davis) for
providing the five jet data set and the detail explanation. Parts of the
work was funded by the Max-Planck center of visual computing and
communication. All visualization of this paper have been created
using Amira – a system for advanced visual data analysis [31] (see
http://amira.zib.de/).

REFERENCES

[1] D. Banks and B. Singer. Vortex tubes in turbolent flows: Identification,
representation, reconstruction. In Proc. IEEE Visualization ’94, pages
132–139, 1994.

[2] D. Banks and B. Singer. A predictor-corrector technique for visualiz-
ing unsteady flow. IEEE Transactions on Visualization and Computer
Graphics, 1(2):151–163, 1995.

[3] D. Bauer and R. Peikert. Vortex tracking in scale space. In Data
Visualization 2002. Proc. VisSym 02, pages 233–240, 2002.

[4] R. B. Bird, W. E. Stewart, and E. N. Lightfoot. Transport Phenomena.
John Wiley & Sons, 2001.

[5] B. Cabral and L. Leedom. Imaging vector fields using line integral
convolution. Computer Graphics, 27:263–272, 1993.

[6] N. Fout, K.-L. Ma, and J. Ahrens. Time-varying multivariate vol-
ume data reduction. In Proc. ACM Symposium on Applied Computing,
pages 1224–1230, March 2005.

[7] C. Garth, F. Gerhardt, X. Tricoche, and H. Hagen. Efficient computa-
tion and visualization of coherent structures in fluid flow applications.
IEEE Transactions on Visualization and Computer Graphics, 2007.

[8] C. Garth, G. Li, X. Tricoche, C. D. Hansen, and H. Hagen. Visualiza-
tion of coherent structures in transient flow. In TopoInVis 07, 2007.

[9] C. Garth, X. Tricoche, and G. Scheuermann. Tracking of vector field
singularities in unstructured 3D time-dependent datasets. In Proc.
IEEE Visualization ’04, pages 329–336, 2004.

[10] G. Haller. Finding finite-time invariant manifolds in two-dimensional
velocity fields. Chaos, 10(1):99–108, 2000.

[11] G. Haller. Distinguished material surfaces and coherent structures in
three-dimensional fluid flows. Physica D, 149:248–277, 2001.

[12] G. Haller. Lagrangian coherent structures from approximate velocity
data. Physics of Fluids, 14:1851–1861, 6 2002.

[13] G. Haller. An objective definition of a vortex. J. Fluid Mech., 525:1–
26, 2005.

[14] G. Haller and G. Yuan. Lagrangian coherent structures and mixing in
two-dimensional turbulence. Physica D, 147(3-4):352–370, 2000.

[15] P. K. Kundu and I. M. Cohen. Fluid Mechanics. Academic Press,
2004.

[16] L. D. Landau and E. M. Lifshitz. Fluid Mechanics. Butterworth-
Heinemann, 1987.

[17] R. S. Laramee, H. Hauser, H. Doleisch, B. Vrolijk, F. H. Post, and
D. Weiskopf. The state of the art in flow visualization: Dense and
texture-based techniques. Comput. Graph. Forum, 23(2):203–222,
2004.

[18] A. M. Liapunov. Stability of Motion. Academic Press, New York,
1966.

[19] K.-L. Ma. Visualizing time-varying volume data. Computing in Sci-
ence & Engineering, 5(2):34–42, Mar. 2003. UCD.

[20] W. Merzkirch. Flow Visualization. Academic Press, 1974.
[21] A. C. Poje and G. Haller. Geometry of cross-stream lagrangian mix-

ing in a double gyre ocean model. J.Phys.Oceanogr., 29:1649–1665,
1999.

[22] C. Rezk-Salama, P. Hastreiter, C. Teitzel, and T. Ertl. Interactive
exploration of volume line integral convolution based on 3D-texture
mapping. In Proc. IEEE Visualization ’99, pages 233–240, Washing-
ton - Brussels - Tokyo, Oct. 1999. IEEE.

[23] F. Sadlo and R. Peikert. Efficient visualization of lagrangian coherent
structures by filtered amr ridge extraction. 2007.

[24] F. Sadlo and R. Peikert. Visualizing lagrangian coherent structures
and comparison to vector field topology. IEEE Transactions on Visu-
alization and Computer Graphics, 13(6), 2007.

[25] S. C. Shadden, F. Lekien, and J. E. Marsden. Definition and proper-
ties of lagrangian coherent structures from finite-time lyapunov expo-
nents in two-dimensional aperiodic flows. Physica D, 212:271–304,
12 2005.

[26] H. Shen and D. Kao. Uflic - a line integral convolution algorithm for
visualizing unsteady flows. In R. Yagel and H. Hagen, editors, Proc.
IEEE Visualization ’97, pages 317–323, 1997.

[27] H.-W. Shen, C. R. Johnson, and K.-L. Ma. Visualizing vector fields
using line integral convolution and dye advection. In Proc. Symposium
on Volume Visualization, pages 63–70, New York, Oct. 1996. ACM
Press.

[28] K. Shi, H. Theisel, H. Hauser, T. Weinkauf, K. Matkovic, H.-C. Hege,
and H.-P. Seidel. Path line attributes - an information visualization ap-
proach to analyzing the dynamic behavior of 3d time-dependent flow
fields. In TopoInVis 07, 2007.

[29] K. Shi, H. Theisel, T. Weinkauf, H. Hauser, H.-C. Hege, and H.-P.
Seidel. Path line oriented topology for periodic 2D time-dependent
vector fields. In Data Visualization 2006. Proc. EuroVis ’06, pages
139–146, 2006.

[30] D. Stalling and H. Hege. Fast and resolution independent line integral
convolution. ACM Siggraph ’95, pages 249–256, 1995. Los Angeles.

[31] D. Stalling, M. Westerhoff, and H.-C. Hege. Amira: A highly inter-
active system for visual data analysis. The Visualization Handbook,
pages 749–767, 2005.

[32] H. Theisel, J. Sahner, T. Weinkauf, H.-C. Hege, and H.-P. Seidel. Ex-
traction of parallel vector surfaces in 3d time-dependent fields and
application to vortex core line tracking. In Proc. IEEE Visualization
’05, pages 631–638, 2005.

[33] H. Theisel and H.-P. Seidel. Feature flow fields. In Data Visualization
2003. Proc. VisSym 03, pages 141–148, 2003.

[34] H. Theisel, T. Weinkauf, H.-C. Hege, and H.-P. Seidel. Topological
methods for 2D time-dependent vector fields based on stream lines
and path lines. IEEE Transactions on Visualization and Computer
Graphics, 11(4):383–394, 2005.

[35] X. Tricoche, T. Wischgoll, G. Scheuermann, and H. Hagen. Topol-
ogy tracking for the visualization of time-dependent two-dimensional
flows. Computers & Graphics, 26:249–257, 2002.

[36] D. Weiskopf, G. Erlebacher, and T. Ertl. A Texture-Based Frame-
work for Spacetime-Coherent Visualization of Time-Dependent Vec-
tor Fields. In Proc. IEEE Visualization ’03, pages 107–114, 2003.

[37] D. Weiskopf, F. Schramm, G. Erlebacher, and T. Ertl. Particle and
Texture Based Spatiotemporal Visualization of Time-Dependent Vec-
tor Fields. In Proc. IEEE Visualization ’05, 2005.

[38] A. Wiebel and G. Scheuermann. Eyelet particle tracing - steady visu-
alization of unsteady flow. In Proc. IEEE Visualization ’05, page 77,
2005.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


