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Abstract

We present the first algorithm for constructing 3D vector fields based on their topological skeleton. The skeleton
itself is modeled by interactively moving a number of control polygons. Then a piecewise linear vector field is
automatically constructed which has the same topological skeleton as modeled before. This approach is based on
a complete segmentation of the areas around critical points into sectors of different flow behavior. Based on this,
we present the first approach to visualizing higher order critical points of 3D vector fields.

Categories and Subject Descriptors (according to ACM CCS): 1.3.3 [Computer Graphics]: Line and Curve Genera-
tion 1.3.7 [Computer Graphics]: Three-Dimensional Graphics and Realism

1. Introduction

Vector fields play an important role in many processes and
phenomena of science and engineering. Hence the visualiza-
tion of vector fields has become one of the most important
subfields of Scientific Visualization. A variety of techniques
have been developed to compute expressive visual represen-
tations of 2D and 3D vector fields. Among them, topological
methods have gained a rather high popularity because they
give the opportunity to represent even complex vector field
structures in terms of only a small number of graphical
primitives. After their introduction as a visualization
tool in [HH89], a number of extensions have been pro-
posed ([SKMR98, TKHO0, dLvL99a, WS01, TWHSO03]).
Topological ~ methods are used to  simplify
[dLvL99a, dLvL99b, TSHOO, TSHO1], smooth [WIJEO1],
and compress [LRRO0, TRS03] vector fields.

While most of the vector fields to be visualized are ob-
tained by simulation or measurement processes, [The02]
presents an approach to modeling 2D vector fields of higher
order topology, i.e. consisting of higher order critical points.
This approach is based on two steps. First, the topological
skeleton is interactively modeled by defining critical points
and separation curves. Then a piecewise linear vector field is
constructed which has the topological skeleton modeled be-
fore. The approach is also applied for a topology based com-
pression technique. Unfortunately, the methods in [The(02]
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are strictly limited to 2D vector fields because of the follow-
ing reasons:

e [The(2] uses a complete segmentation of the areas around
a 2D critical point into sectors of different flow behavior.
Such a segmentation of 3D critical points does not exist
yet in the Visualization and Computer Graphics commu-
nity. In fact, only first order critical points and the index
of higher order critical points ((MR02]) have been consid-
ered up to now.

e Contrary to the 2D case, separatrices of 3D vector fields
are particular stream surfaces. They tend to have a
complex behavior even for rather simple vector fields
([TWHSO03]), making it a cumbersome (or even impos-
sible) task to model them for instance as a parametric sur-
face.

e There exists no approach to create a vector field which
has a stream surface coinciding with a modeled paramet-
ric surface.

It is the purpose of this paper to present the (to the best of
our knowledge) first approach to modeling 3D vector fields
of arbitrary topology. We extend the main ideas of [The02]
to 3D and give solutions for the three problems mentioned
above. In particular, we introduce a complete classification
of 3D critical points into an arbitrary number of sectors of
different flow behavior. Based on this we present the first
approach to visualizing higher order 3D critical points by ap-
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propriate icons. To overcome the second and third problem,
we adapt the recently introduced concept of saddle connec-
tors ([TWHSO03]) by modeling not the separation surfaces
themselves but only their intersection curves. The resulting
algorithm is a two-step approach. First the user models a
3D topological skeleton, then a vector field is automatically
constructed from this. From the users’s point of view, the
problem of modeling a vector field is reduced to the prob-
lem of modeling a topological skeleton by a number of con-
trol polygons.

The rest of the paper is organized as follows: section 2
gives some motivation to create 3D vector fields by a model-
ing approach. Section 3 collects the most important concepts
of 3D vector field topology and introduces a segmentation of
the areas around a critical point into sectors of different flow
behavior. Section 4 introduces an approach to model and vi-
sualize the topological skeleton of a 3D vector field. Sec-
tion 5 shows how to construct a vector field from a modeled
skeleton. Section 6 demonstrates applications and examples
while conclusions are drawn in section 7.

2. Why Modeling Vector Fields?

The common workflow in Scientific Visualization starts with
an unknown data set, which mostly resulted from a simula-
tion or an experiment. This data gets analyzed, visualized
and interpreted to yield a higher understanding of the pro-
cesses inherent to it. As an example, for the topological treat-
ment of vector fields one would extract the topology from the
data set and display it.

So why should one do the opposite by modeling a topo-
logical skeleton and constructing a vector field out of this?
The authors believe that this approach can be applied in a
number of situations.

Pattern Matching: One way of detecting features in vec-
tor fields is to create a reference vector field consisting of
the desired feature, and compute its local similarity to the
real data set [ES03, HEWKO3]. The modeling approach may
help to construct more involved patterns and therefore allow
to search for more involved features in the data set.

Topology preserving compression: In most cases, the
memory requirements for storing a topological skeleton are
much smaller than for the vector field itself ([The02]). This
can be used for compression by just saving the topology and
reconstructing a new vector field out of this later on. The
construction methods presented in this paper guarantee that
all topological features of the original data set are contained
in the compressed one as well.

Topological simplification: Vector fields from numeri-
cal simulations may contain a very high number of critical
points making a topological visualization difficult to inter-
pret. The simplification method described in [TSHOO] tack-
les this problem by merging adjacent critical points to one

higher order critical point in 2D. The algorithms presented
in this paper, especially the treatment of higher order critical
points, form the basis of topological simplification methods
for 3D vector fields.

Optimizing flow: The flow around an airfoil is subject to
large efforts in order to increase the desired lift and to re-
duce the parasitic drag. These performance enhancements
are achieved by changing the geometry (aerodynamic de-
sign) of the airfoil and controlling separation using air in-
jection. Successful flow control strategies have mostly been
based on a good physical understanding, which is more often
achieved by a qualitative analysis as opposed to a quantita-
tive one. Topology can aid this physical understanding not
only by its visualization, but also by the ability to manipu-
late the original topology and to reconstruct the flow field
out of this. This leads to a susceptibility study elucidating
beneficial and detrimental changes to lift, drag and other pa-
rameters, because one can compute these measures for the
reconstructed flow and compare it with the original ones.
Thus, the beneficial topological structures for lift and drag
can be identified. As a part of reverse engineering, actua-
tion and sensing solutions for these beneficial structures can
be developed. This computationally efficient topology-aided
sensitivity analysis can guide heavy-duty numerical simula-
tions and experimental setups.

Education and Testing: For the educational explanation
of topological and other visualization methods, the algo-
rithms described in this paper can be used to create sim-
ple and illustrative data sets. Modeled vector fields may also
serve as test data while developing new visualization tech-
niques, but for their evaluation real data sets have to be used.

It is beyond the scope of this paper to present solutions
for all the applications mentioned above. Some of them may
even lead to new research directions once a modeling ap-
proach is available.

3. The Topology of 3D Vector Fields

The idea of vector field topology is to separate regions of
different flow behavior in the field. The main components of
a topological skeleton are critical points and separation sur-
faces. We treat them in the next two subsections. In addition,
there are other topological features (boundary switch curves
[MBHJO03, WTHSO04] or closed stream lines [WS01]) which
are not considered in this paper.

3.1. Critical Points

It is a well-known fact ([FG82]) that for 2D vector fields a
critical point can be described by detecting regions of differ-
ent flow behavior around it. These regions are separated by
particular stream lines called separatrices. There exist three
kinds of regions (Figure 1):

e Parabolic sectors: all stream lines either start or end in
the critical point.

(© The Eurographics Association and Blackwell Publishing 2004.
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Figure 1: Sectors of a 2D critical point. a) hyperbolic sector,
b) elliptic sector, c) parabolic sector; d) example of a critical
point consisting of 4 hyperbolic, 2 elliptic and one parabolic
sector (from [The02]).

Figure 2: The sphere model. a) describing an inflow surface
at Xg by a closed curve ¢;,, on s: integrating ¢, in forward
direction ends in X, b) outflow surface described by a closed
curve Coyr ON S.

o Elliptic sectors: all stream lines start and end in the point.
e Hyperbolic sectors: all stream lines pass by the critical
point except for the separatrices themselves.

Given a 3D vector field v: R — IR, a point xq is a
critical point if v(xg) = (0,0,0)7, and v(x) # (0,0,0)7 for
any other point in a certain neighborhood of xg. Although
there exist profound mathematical studies of the behavior of
higher order critical points in 3D ([Tak74, BD86, DI98]), up
to now the Visualization and Computer Graphics community
only considered the index of such a critical point ((MRO02]).
In the following we introduce a partition approach for 3D
critical points.

A 3D critical point can be classified into sectors of differ-
ent flow behavior. As in the 2D case, there are parabolic, el-
liptic and hyperbolic sectors which are separated by separa-
tion surfaces. Consider a small sphere s around a 3D critical
point xo: We describe the different sectors of X as certain re-
gions on s. This way an inflow surface of X can be described
by a closed curve ¢;;, on s with the property that a stream line
starting from any point of ¢;, ends in Xy by forward integra-
tion. Similarly, an outflow surface is described by a closed
curve Coyr With stream lines ending in Xy by backward in-
tegration. Figure 2 illustrates inflow and outflow surfaces of
a critical point. Note that they may collapse to a line: this
happens when ¢;;, or ¢, collapse to a point.

Consider one inflow and one outflow surface of x( defined
by ¢, and cour on s. Keeping in mind that s covers a very
small neighborhood of xg, ¢;; and ¢y, must not intersect.

(© The Eurographics Association and Blackwell Publishing 2004.

Figure 3: Sectors of a 3D critical point. a) outflow sector
(red area) inside cout, and inflow sector (blue area) inside
Cins b) hyperbolic sector between ¢;,, and cou; c) elliptic sec-

tor between ¢y, and Coy;.
C)Q
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Figure 4: a) an outflow sector is further divided into two
hyperbolic sectors (gray) and two inflow sectors (blue); b)
hyperbolic and elliptic sectors are topologically equivalent
to a punctured disk; c) parabolic sectors are topologically
equivalent to a disk with an arbitrary number of holes.

&0

They divide s into three different regions: the region inside
¢in, the region inside €our, and the region between them (Fig-
ure 3). The region inside ¢;, is an inflow sector: all stream
lines starting there end in xo by forward integration. Simi-
larly, the region inside ¢y is an outflow sector. As in the 2D
case, both inflow and outflow sectors are parabolic sectors.
The region between ¢;, and ¢, may be either a hyperbolic
sector or an elliptic sector. In case of a hyperbolic sector, all
stream lines pass by Xq, for an elliptic sector all stream line
start and end in Xg. Figure 3 illustrates the different sectors.

After showing how s is segmented by one inflow and one
outflow curve, we consider the presence of additional in-
flow/outflow curves. Doing so, each of the sectors can be
further subdivided into more sectors. Figure 4a shows an ex-
ample where an outflow sector is divided into two hyperbolic
and two inflow sectors. This example also shows a property
about the shape of the different sectors: each hyperbolic and
each elliptic sector have a strip shaped topology, i.e. they are
topologically equivalent to a punctured disk (Figure 4b). On
the contrary, parabolic sectors are topologically equivalent
to a disk with an arbitrary number of holes (or they cover the
whole sphere) (Figure 4c).

Given this classification of critical points, the well-known
first-order critical points fit into this system as well. They
have a non-vanishing Jacobian and are therefore governed by
the first-order partials. We can distinguish sources, sinks and
saddles. Sources and sinks consist of one parabolic sector
covering the whole surface of s. A saddle consists of an out-
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Figure 5: a) the outflow surface of one critical point inter-
sects the inflow surface of another one; b) the intersection
curve is a stream line, called connector.

flow plane and two degenerate inflow surfaces (or the other
way around, an inflow plane and two degenerate outflow sur-
faces). Hence, a saddle consists of two hyperbolic sectors.

In addition to our segmentation of a 3D critical point there
are other topological features which we do not treat here. For
example, consider a 2D critical point with imaginary eigen-
values of the Jacobian producing spiral-shaped stream lines
around the point. Such stream lines may also occur in an in-
flow/outflow surface of a 3D critical point, which we did not
include into the classification here.

3.2. Separatrices

For 3D vector fields, separatrices are certain stream sur-
faces separating areas of different flow behavior. The in-
flow/outflow surfaces of a critical point have exactly this
behavior. Thus, separation surfaces can be obtained by a
stream surface integration starting from a critical point into
the direction of an inflow/outflow surface. Unfortunately,
stream surfaces tend to have a rather complicated behav-
ior making their visualization cluttered and hard to interpret
([TWHSO03]). Moreover, modeling these surfaces is a cum-
bersome task. [TWHSO03] presents a solution for separation
surfaces emanating from first order saddle points: instead of
the surfaces themselves, only their intersection curves (sad-
dle connectors) are extracted and visualized. For our mod-
eling approach we adapt this idea by modeling not the sep-
aration surfaces but only their intersection curves. They are
certain stream lines starting in the inflow surface of a crit-
ical point and ending in the outflow surface of another (or
the same) critical point. We call them connectors. Figure 5
gives an illustration. Using them for modeling the topologi-
cal skeleton gives a certain control over the behavior of the
separation surfaces, though it is not a full replacement.

4. Modeling and Visualizing the Topological Skeleton

After introducing the topological skeleton, we now describe
how to interactively model it. Based on this, we introduce
the first icon based visualization technique for higher order
critical points.

(a) Closed polygons R and A
with vectors vr; and va ;-

(b) Visualized outflow (red) and
inflow (blue) surface.

(c) Complete icon for
an hyperbolic sector.

(d) Complete icon for
an elliptic sector.

Figure 6: Modeling a critical point and its visualization.

4.1. Critical Points

To model a critical point x(, we use the sphere model (Fig-
ure 2) introduced in section 3: we place a number of con-
trol points r; and a; on the sphere s around xp and provide
them with vectors vr, and va;. These vectors describe the
behavior of v around Xg. In particular, an outflow surface is
represented by a closed polygon R = (ry,...,rs) on s with
the supplied vectors vy, = Ar; (r; — Xg) for positive Ar;. This
way, only the length Ay, of the vectors vy, can be chosen by
the user. An inflow surface is modeled in a similar way as a
closed polygon A = (ay, ...,am) With va; = Xa,(Xp —a;) and
Aa; > 0. Figure 6a shows an example. Note that the closed
polygons R and A correspond to the closed curves ¢y and
¢;, introduced in section 3.

Once all inflow and outflow surfaces are modeled, all re-
gions between an inflow and an outflow surface have to be
marked either as a hyperbolic or elliptic sector. The remain-
ing areas are parabolic sectors and do not have to be speci-
fied.

In order to visualize a critical point, we place an appro-
priate icon into its location. For this icon, we first visualize
the outflow surfaces in a red color and the inflow surfaces in
a blue color: for an outflow surface described by the closed
polygon R = ry,...,rn, we represent it by the red triangles
(X0: X5 X (i 1)mod n)» Where the edge (Ti,X(iy1)moq ) s dis-

(© The Eurographics Association and Blackwell Publishing 2004.
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Figure 7: 8 critical points with varying numbers nj, and ne
of hyperbolic and elliptic sectors.

torted proportional to Ar, and Ar,,),,,,- In a similar way,
inflow surfaces are represented by a number of blue trian-
gles. Figure 6b shows an example. Note that we added some
"thickness" to the surfaces to enhance the visualization. If an
inflow/outflow surface degenerates to a line, we use a blue or
red 3D arrow to represent its inflow/outflow direction at x.
Figure 7b shows an example of this.

The last step to create the icon is to represent the different
sectors. For hyperbolic and elliptic sectors we place a surface
strip around xo which shape gives the distinction between
the two sectors. In fact, the shape of the strips is a represen-
tation of the different flow behavior in the sectors. Figure 6¢
shows the icon for a hyperbolic sector, while figure 6d shows
an elliptic sector. The remaining parabolic sectors are sim-
ply represented by filling the areas with a surface. We used
a piecewise linear surface consisting of the vertices of R; or
Ajj. Figure 7 shows a collection of 8 critical points where the
number of hyperbolic and elliptic sectors varies between 0
and 5.

4.2. Connectors and Stream Lines

In order to model the connectors of a 3D vector field, we first
have to define their start and end points. The start point is
specified by a critical point X, an outflow surface described
by the closed polygon R = (ry,...,r,), and a point on this
polygon. Similarly, the end point of a connector is defined by
a point on an inflow surface. In addition, we allow a number
of intermediate points which are supplied with vectors; the
connector is supposed to interpolate them both in location
and tangent direction. Figure 8a shows a connector between
two critical points which is defined by starting point, end
point, and one intermediate point. To visualize a connector,
we assume a piecewise C ! continuous cubic curve interpo-
lating all points both in location and tangent direction (Fig-
ure 8b).

A vector field may have areas where only a few (or even

(© The Eurographics Association and Blackwell Publishing 2004.

(a) Control polygon. (b) Visualization.

Figure 8: Modeled connector with one intermediate point.

no) topological features are present. For these areas the mod-
eling of the topological skeleton does not give any informa-
tion to build the vector field. To deal with such areas, we ad-
ditionally allow the user to place arbitrary stream lines into
the domain. They are modeled - similar to the connectors -
as a sequence of points supplied with a vector information.
Then the stream lines are the interpolating (both in location
and tangent) piecewise C! continuous cubic curves. These
stream lines are later incorporated into the construction of
the vector field, even though they are not part of the topolog-
ical skeleton.

5. Construction of the Vector Field

Once the topological skeleton is modeled, we have to con-
struct a vector field which has the specified skeleton. We
use a piecewise linear vector field, i.e. we construct a tetra-
hedrization of the domain where each of its vertices is sup-
plied with a vector. The construction is done in a fully-
automatic way.

5.1. Critical Points

To construct the tetrahedrization around a critical point X,
we extend the approach of [TSHOO] and [The02] to 3D: a
vertex with a zero vector is placed at X(, around this a num-
ber of tetrahedra sharing X as a vertex are placed. For these
tetrahedra, we essentially use the vertices of the polygons
defining inflow and outflow surfaces. We give the following
algorithm to tetrahedrize the region around a critical point:

1. Consider a sphere s around X such that s does not inter-
sect any sphere around another critical point. We assume
that k outflow surfaces are present which are described
by the k closed polygons Ry = (X0.0,.--,Tng,0)s - Rk—1 =
(C0k—15-1Tn_, k—1). We further assume that ¢ inflow
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(a) Hyperbolic sector. (b) Elliptic sector: an auxiliary
closed polygon was

inserted.

(c) Both parabolic sectors.

(d) Complete tetrahedrization.

Figure 9: Tetrahedrization of different sectors of a critical
point.

surfaces are described by the closed polygons Ay =
(30,07 "'7am070)7 ROV VASES (aO,Z—la “'7am/,1,[—1)-

2. Insertall start and end points of connectors into the closed
polygons. If a connector starts at xo in the i-th outflow
surface, its starting point has to be inserted as a new ver-
tex into R;. Similarly, if a connector ends in X in the j-th
inflow surface, its end point is inserted into A ; (cf. Figure
8a). This is necessary to get consistent tetrahedrizations
of critical points and connectors later on.

3. Tetrahedrize all hyperbolic sectors. If the modeler gives
a hyperbolic sector between the i-th outflow surface and
the j-th inflow surface, we triangulate the strip between
R; and A; by using a constrained Delaunay triangulation.
The obtained triangles are converted to tetrahedra by con-
necting them with x¢ (Figure 9a).

4. Tetrahedrize all elliptic sectors. If there is an elliptic sec-
tor between the i-th outflow surface and the j-th inflow
surface, we have to construct an auxiliary closed polygon
H; j= (ho,j,---,hy, i j) between R; and A;. To do so, we
imagine a constrained Delaunay triangulation between R;
and A;. If the edge (r.;,ay ;) is part of this triangulation,
we insert the point (r.;+ay ;)/2 into H; ; and provide it
with the vector ay ; —r, ;. Then we apply a constrained
Delaunay triangulation between R; and H; j, and another
one between H; j and A ;. The obtained triangles are tetra-
hedrized by connecting them with x¢ (Figure 9b).

Figure 10: Setup of theorem 1: one of the stream lines of the
linear vector field coincides with the cubic Bézier curve.

5. Tetrahedrize all parabolic sectors. All remaining areas on
s are triangulated by a constrained Delaunay triangula-
tion. If necessary, additional inflow/outflow points on s
have to be inserted. The triangles are tetrahedrized by
connecting them with xq (Figure 9c).

5.2. Connectors and Stream Lines

To tetrahedrize connectors and stream lines, we keep in mind
that we modeled them as piecewise cubic curves. The stream
lines of a linear vector field are certain exponential curves
which can be expressed in a closed form ([Nie97]). Fortu-
nately it turns out that the class of non-planar cubic curves is
contained in the class of stream lines of linear vector fields.
We give the following

Theorem 1 Given are 4 non-coplanar points pg, ..., p3 which
are equipped with the 3D vectors vy, ..., v3. This way a linear
vector field v is defined inside the tetrahedron py, ..., p3. If
vo, ..., V3 are chosen as

vo = Ao(Pi—po) , V3= A3(p3—p2) M
1 2
Vi = 513 (p1—po) + gM(Pz—Pl) ®)

2 1
vy = 57»3 (p2—p1) + gM(Pa—Pz) 3)

for certain Ao, A3 > 0, then the following property holds: the
stream line of v starting in py is identical to the cubic Bézier
curve defined by the Bézier points py, ..., p3.

Figure 10 illustrates the setup of theorem 1. To prove this
theorem, we consider the Bézier curve x(t) = Y'3_o B; (1) p;
where B3 (r) are the cubic Bernstein polynomials. We have to
show that x() x v(x(r)) = (0,0,0)7 for any r. Inserting (1)-
(3) into this equation, this is a straightforward exercise in
algebra. Note that the vector field generated by (1)-(3) gen-
erally has only one cubic curve as a stream line: the stream
lines around x(¢) are generally no polynomial curves.

Theorem 1 does not only show that non-planar cubic
curves are contained in piecewise linear vector fields, it

(© The Eurographics Association and Blackwell Publishing 2004.
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P

(a) Dividing an almost planar cubic part into two quadratic parts.

(b) Intersecting tetrahedra.

(c) After repeated subdivision
of intersecting tetrahedra.

Figure 11: Subdivision of a connector or stream line.

also shows how to construct this vector field. Given a cu-
bic curve by its Bézier polygon pg, ..., p3, we add the tetra-
hedron pyg,...,p3 with the vectors vg,...,v3 obtained from
(1)-(3) to the tetrahedrization. Unfortunately, this approach
is not applicable if pg,...,p3 are nearly coplanar, which
leads to a degenerate tetrahedron. (In fact, planar cubics
are not contained in the class of stream lines of linear vec-
tor fields.) In this case we subdivide the cubic curve into
two quadratic pieces (Figure 11a): if the cubic between the
points-with-vectors (p;,v;) and (p;1,Vi+1) is nearly pla-
nar, we insert a new point-with-vector (q;,vq;) with q; =
(Pi+Vi+Pi+1—Viy1)/2and Vg, = (Pit1— Vit1) — (Pi+Vi)-
Then (p;,v;) and (q;,vq;) are coplanar, as well as (q;,vq,)
and (p;i+1,Vi+1). We then construct a piecewise linear vector
field yielding the parabola between these points as described
in ([The02]).

Once we have constructed one (or two) tetrahedra for each
cubic segment of each connector and stream line, these tetra-
hedra might intersect each other as well as other tetrahedra
coming from critical points. In this case, they have to be sub-
divided into two new tetrahedra by subdividing the underly-
ing cubic or quadratic Bézier curve. This process is repeated
until no tetrahedra intersect any more (Figure 11b—c).

After tetrahedrizing all critical points and connectors (i.e.
the topological skeleton), we have to fill the remaining ar-
eas of the domain which are not tetrahedrized yet. To do
so, we define a bounding box around the domain and apply
a constrained Delaunay tetrahedrization incorporating the 8
vertices of the bounding box. For this task, we used an adap-
tion of the freely available library TetGen [Si02]. This way a
number of new vertices may be created. To assign them with
vectors (as well as to assign the vertices of the bounding box
with vectors), we compute a weighted average of the vec-

(© The Eurographics Association and Blackwell Publishing 2004.

tors of all vertices sharing an edge with the new vertex; the
weights are the inverse of the distance of the vertices.

5.3. Topological Completeness and Consistency

Our vector field construction approach described above
guarantees that all topological features (critical points and
connectors) of the skeleton are contained in the vector field.
However, we can not guarantee that no additional critical
points and connectors appear.

The appearance of additional connectors is due to the fact,
that our modeling approach does not allow full control over
the behavior of the separation surfaces. To achieve this one
would need to model them as e.g. parametric surfaces, which
is a cumbersome or even impossible task. Furthermore, there
seems to be no approach to create a vector field with stream
surfaces coinciding to such parametric surfaces. However,
depending on the scenario one can try to model stream lines
in order to give the field (and its stream surfaces) a certain
direction in a specific area (cf. Figure 14b).

There are two main reasons for the appearance of addi-
tional critical points. First, the indices of the modeled critical
points may sum up to a high (positive or negative) number.
This happens if e.g. only sources have been modeled, but
no sinks or saddles. As vector fields usually tend to have an
index close to zero, additional critical points are likely to ap-
pear in this case. Second, additional critical points may be
due to an inappropriate tetrahedrization of the remaining ar-
eas or an inappropriate choice of the vectors at the vertices of
the bounding box. A more involved strategy may make them
disappear. However, such an optimized tetrahedrization or
choice of vectors is beyond the scope of this paper.

6. Examples

In this section we demonstrate our approach to model a num-
ber of 3D vector fields of different topological behavior.

Figure 12a shows a modeled topological skeleton consist-
ing of 6 critical points and 8 connectors. Each of the criti-
cal points consists of two hyperbolic sectors and is actually
a first order saddle point. Each of the connectors was de-
fined by specifying start and end point and omitting any in-
termediate points. Thus, each connector consists of one cu-
bic segment. Figure 12b shows the result of the tetrahedriza-
tion of the critical points and the connectors. In this figure
we can clearly see that each connector is constructed in one
tetrahedron. Figure 12c shows the complete tetrahedrization
of the piecewise linear vector field consisting of 256 tetra-
hedra. Figures 12d and 12e show different visualizations
of the newly constructed vector field. Figure 12d shows a
stream surface integration of the separation surfaces. They
are color coded in red (outflow surface) and blue (inflow
surface). Figure 12e shows the extraction of saddle connec-
tors [TWHSO03] revealing that they coincide with the mod-
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(a) Modeled topological skeleton.
connectors.

(d) Separation surfaces of constructed vector field. View from top.

(b) Tetrahedrization of critical points and

(c) Complete tetrahedrization.

OO

(e) Saddle connectors and stream lines of constructed vector field.

Figure 12: Example 1.

eled connectors of figure 12a. In addition, figure 12e shows
a number of illuminated stream lines [ZSH96].

Figure 13 shows another modeled topological skeleton.
We included this example to demonstrate that our approach
can also handle a higher number of connectors between two
critical points. In this example, we alternately connected
the outflow surface of the critical point in the middle with
the inflow surfaces of the two other critical points. All the
connectors are modeled without intermediate points. Figure
13a illustrates the tetrahedrization of the skeleton, showing
that each of the connectors is represented by 4 quadratic
pieces. The automatic subdivision (which is responsible for
this) first subdivided the modeled planar cubic curves into
two quadratic curves, then each of them was subdivided one
more time to remove the intersections of the defining tetrahe-
dra of adjacent connectors. Figure 13b shows the integrated
separation surfaces in a semi-transparent way. Note how the
red separation surface follows all connectors to the other two
critical points. This example exemplifies that the control of

separation surfaces using connectors is possible to a certain
degree.

In figure 14 we modeled a vector field consisting of 80
critical points, 80 connectors, and 14 additional stream lines.
It describes a laminar flow in which 20 regions of different
flow behavior are inserted. Each of these regions consists of
a source and a sink and is bounded by the separation sur-
faces of two critical points with two hyperbolic sectors (Fig-
ure 14a). We modeled 4 connectors between each of these
critical points. The regular setup of this example ensures
that the two separation surfaces coincide. Inside the areas
of these surfaces we have a simple behavior: every stream
line starts in the source and ends in the sink. Outside these
areas we modeled a turbulence-free flow around it, which is
laminar in a certain distance from the inserted regions. To
do so, we included a number of straight stream lines into the
flow. Figure 14c shows a visualization of the resulting piece-
wise linear vector field consisting of 8198 tetrahedra: two
inserted LIC planes reveal the laminar flow in a distance of

(© The Eurographics Association and Blackwell Publishing 2004.
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(b) Separation surfaces and modeled connectors.

Figure 13: Example 2.

the inserted areas as well as the flow behavior inside it. In
addition, a number of illuminated stream lines are inserted.

7. Conclusions
In this paper we made the following contributions:

e We introduced a classification of 3D higher order critical
points to the Computer Graphics and Visualization com-
munity.

e We introduced the first visualization technique for higher
order critical points.

e We showed how to model a topological skeleton as a col-
lection of control polygons.

e We showed that non-planar cubic polynomial curves are
contained in the class of stream lines of linear 3D vector
fields.

e We introduced an approach to automatically construct a
piecewise linear vector field from the previously modeled
topological skeleton.

We see the research reported in this paper as a starting point
for a number of ongoing research projects which are mostly
mentioned in section 2. In particular, for the next future we
intend to apply the approach for pattern matching and topo-
logical simplification.

(© The Eurographics Association and Blackwell Publishing 2004.
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Figure 14: Example 3.
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