> #Maple proof of (18) for tracking critical points
restart;
with(linalg):

#Taylor expansion of 2D time-dependent vectro field
#V(X,y,2) = (uf(x,y,2) , vi(x,y,z) )*T
#z is the time component

uf :=u+u x*x +u y*y+u z*z

+ u_xx*x*x + u_xy*x*y + u_xz*x*z
+u_yy*y*y + u_yz*y*z + u_zz*z*z:
vi:=v+v x*x+v y*y+v z¥z

+ v_XX*X*X + v_Xy*x*y + v_xz¥x*z

+V_yy*y*y + v_yz*y*z+ v_zm*r*z

#feature line passes through (0,0,0)

u :=0:
v:=0:
#partials of V

uf x := diff(uf,x):
uf y := diff(uf)y):
uf z:= diff(uf,z):

v x := diff(vfx):
Vi y := diff(vf,y):
vi z := diff(vf,2):

#the feature flow field F = (uff,vif,wfH)* T
uff := uf y*vf z-vf y*uf z:

vif := uf z*vf x - vf z*uf x:

wif := uf x*vf y - vf x*uf y:

#gradient field G

#HG := (det(V,V_x) , det(V,V_y), det(V,V_2))*T
hugf := vf*uf x -uf*vf x:
hvgf := vf*uf y -uf*vf y:
hwegf := vf*uf z-uf*vf z

#Correction Field G = (ugf,vgf,wghH*T = -F/|F| x HG

ugf := (hvgt*wif - hwgf*vit)/(uff*2 + vit"2 + wif*2)*(1/2):
vgf := (hwgt*uff - hugf*wff)/(uff*2 + vit*2 + wit*2)*(1/2):
wef := (hugt*vff - hvgt*uff)/(uff*2 + vif*2 + wit*2)*(1/2):

#partials of G

ugf x := diff(ugf,x):
vef x := diff(vgf,x):
wef x := diff(wgf,x):

ugf y := diff(ugf,y):
vef y := diff(vgf,y):
wef y := diff(wgf,y):

ugf z:= diff(ugf,z):
vef z := diff(vgf,z):
wef z:= diff(wgf,z):

#renaming: F = (fffu,fitv,fffw) " T



ftfu := (uff):

fttv := (vff):
fttw := (wff):

#FN = F/|F| = (fffun , ffftvn , fffwn)*T

fffun := fffu / sqrt(fffu”2 + ffiv*2 + fifw*2):
fftvn := fffv / sqrt(fffu”2 + fifv*2 + fifw”"2):
fitwn := fitw / sqrt(fffu”2 + ffiv 2 + fifw/2):

#renaming: G = (gggu,gggv,gggw)" T
gggu := ugf:

gggv := vgf:

gggw := wgf:

#partials of F

fffu_x := diff(fffu,x):

fitv_x := diff(fffv,x):

fftw_x := diff(fffw,x):

fffu_y := diff(fffu,y):
fifv_y := diff(fffv,y):
fitw_y := diff(fffw,y):

fffu_z := diff(fffu,z):
fitv_z := diff(ftfv,z):
fitw_z := diff(fftw,z):

#partials of FN

fffun_x := diff(fffun,x):

fifvn_x := diff(fffvn,x):

fffwn_x := diff(fffwn,x):

fffun_y := diff(fffun,y):
fftvn_y := diff(fftvn,y):
fitwn_y := diff(fffwn,y):

fffun_z := diff(fffun,z):
ffftvn_z := diff(fffvn,z):
fitwn_z := diff(fffwn,z):

#partials of G

gggu_x := diff(gggu,x):
gggv x := diff(gggv,x):
gggw_x := diff(gggw,x):

gggu_y := diff(gggu,y):
gegv_y := diff(gggv,y):
gggw_y := diff(gggw.y):

gegu_z:= diff(gggu,2):
gggv z:= diff(gggv,z):
ggow 7 := diff(gggw,z):

#we are interested in the behavior at (0,0,0),
#all necessary derivatives are computed
x:=0:

y:=0:

z:=0:



#hfl = det(F,F_y,F 2)
hfl :=

+ fffu*fffv_y*fffw _z

+ fitv:fffw_y*fffu_z

+ fiffw*fffu_y*fffv_z

- fitw*fffv_y*fffu_z

- fifu*fffw_y*fffv z

- fifv*fffu_y*fffw_z:

#hf2 = det(F_x,F,F 2z)
hf2 :=

+ fifu_x*ffivfifw_z

+ fffv_x*fffw*fffu_z

+ fitw_x*fffu*fffv_z

- fitw_x*fifv*fifu_z

- fffu_x*fffw*fffv_z

- fitv_x*fffu*fffw_z:

#hf3 := det(F_x,F_y,F)
hf3 :=

+ fffu_x*fffv_y*fffw

+ fitv_x*fffw_y*fffu

+ fifw_x*fffu_y*fffv

- fifw_x*fffv_y*fffu

- fifu_x*fffw_y*fffv

- fffv_x*fffu_y*fffw:

hhhf := factor (hfl*fffu + hf2*fffv + hf3*fffw):
e

hgl :=

+ fifu*gggv_y*gggw _z
+ fifv*gggw_y*gggu z
+ fiftw*gggu_y*gggv_z
- fifw*gggv_y*gggu_z
- fifu*gggw_y*gggv z
- fifv*gggu_y*ggew_z:

hg2 :=

+ gggu_x*fifvgggw_z
+ gggv x*fffw*gggu z
+ gggw_ x*fffu*gggv z
- gggw_x*fffvgggu z
- gggu_x*fffw*gggv_z
- gggv x*fffu*gggw z:

hg3 :=

+ gggu_x*gggv_y*fifw
+ gggv_x*gggw_y*fifu
+ gggw_x*gggu_y*fftv
- gggw_x*gggv_y*fifu
- gggu_x*gggw_y*fffv
- gggv_x*gggu_y*fffw:

hhhg := factor(hgl*fffu + hg2*fffv + hg3*fffw):
SRR

hhl :=
+ hhhu*hhhv_y*hhhw_z



+ hhhv*hhhw_y*hhhu_z
+ hhhw*hhhu_y*hhhv_z
- hhhw*hhhv_y*hhhu_z
- hhhu*hhhw_y*hhhv_z
- hhhv*hhhu_y*hhhw_z:

hh2 :=

+ hhhu_x*hhhv*hhhw z
+ hhhv_x*hhhw*hhhu_z
+ hhhw_x*hhhu*hhhv_z
- hhhw_x*hhhv*hhhu_z
- hhhu_x*hhhw*hhhv_z
- hhhv_x*hhhu*hhhw_z:

hh3 :=

+ hhhu_x*hhhv_y*hhhw
+ hhhv_x*hhhw_y*hhhu
+ hhhw_x*hhhu_y*hhhv
- hhhw_x*hhhv_y*hhhu
- hhhu_x*hhhw_y*hhhv
- hhhv_x*hhhu_y*hhhw:

hhhh := factor(hh1*hhhu + hh2*hhhv + hh3*hhhw):
HEHHRHHHEHE

hkl :=

+ fffu*fffv_y*gggw z
+ fifv¢fifw_y*gggu z
+ fffw*fffu_y*gggv z
- fifw*ftfv_y*gggu z
- fifu*fffw_y*gggv z
- fifv*fffu_y*gggw z

+ fffu*gggv y*fffw z
+ fffv*gggw y*fffu_z
+ fifw*gggu_ y*fffv_z
- fffw*gggv y*fffu z
- fifu*gggw y*fffv_z
- fifv¥gggu_ y*fffw z:

hk2 :=

+ fffu_x*fffv*gggw z
+ fitv_x*fffw*gggu_z
+ fffw_x*fffu*gggv z
- fitw_x*fffv*gggu_z
- fffu_x*fffw*gggv z
- fffv_x*fffu*gggw z

+ gggu x*fifv*fifw_z
+ gggv x*fffw*fffu_z
+ gggw x*fffu*fffv_z
- gggw_ x*fffv*fffu_z
- gggu x*fifw*fffv_z
- gggv_x*fffu*fffw_z:

hk3 :=

+ fffu_x*gggv_y*fffw
+ fffv_x*gggw_y*fffu
+ fifw_x*gggu_y*fifv
- fffw_x*gggv y*fffu



- fffu_x*gggw y*fffv
- fifv_x*gggu_y*fffw

+ gggu x*fffv_y*fffw
+ ggov x*fffw_y*fffu
+ ggew_ x*fffu_y*fffv
- gggw_ x*fffv_y*fffu
- gggu x*fffw_y*fffv
- gggv x*fffu_y*fffw:

hhhk := factor(hk1*fffu + hk2*fffv + hk3*fffw):
SR

s0 := factor(fffun_x+ fffvn_y+ fffwn_z):
sl := (+(gggu_x + gggv y + gggw_z)) / (fffu”2 + fiiv 2 + fiftw*2)"(1/2):

sh :=s0 + al*sl:

p0 := hhhf/ (fffu”2 + VA2 + fifwA2)A2:
pl := hhhk / (fffu”2 + fifvA2 + fwA2)"2:
p2 := hhhg / (fffu2 + fffvA2 + fifw"2)72:

ph := p0 + al*p1 + al*2*p2:

Warning, the protected names norm and trace have been redefined and unprotected

> #now the proof of (18):
factor(sl);
factor(s1*2 - 4*p2);
factor(2*s0*s1 - 4*p1);



