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Dual-arm manipulators have more advanced manipulation abilities compared to single-
arm manipulators and manipulators mounted on a mobile base have additional mobility
and a larger workspace. Combining these advantages, mobile dual-arm robots are ex-
pected to perform a variety of tasks in the future. Kinematically, the configuration of
two arms that branches from the mobile base results in a serial-to-parallel kinematic
structure. In order to respond to external disturbances, this serial-to-parallel kinematic
structure makes inverse kinematic computations non-trivial, as the motion of the base
has to take the needs of both arms into account. Instead of using the dual-arm kinemat-
ics directly, we propose to use a Virtual Kinematic Chain (VKC) to specify the common
motion of the two arms. We formulate a constraint based programming solution which
consists of two parts. In the first part, we use an extended serial kinematic chain in-
cluding the mobile base and the VKC to formulate constraints that realize the desired
orientation and translation expressed in the world frame. In the second part, we use
the resolved VKC motion to constrain the common motion of the two arms. In order to
explore the redundancy of the two arms in an optimization framework, we also provide
a VKC-oriented manipulability measure as well as its closed-form gradient. We verify
the proposed approach with simulations and experiments that are performed on a PR2
robot, which has two 7 Degrees of Freedom (DoF) arms and a 3 DoF mobile base.

Keywords: mobile manipulation; dual-arm robot; virtual kinematic chain.

1. Introduction

Compared to single arm robots, dual-arm manipulators have potential advantages
in terms of higher payloads, concurrent task execution, and more advanced manip-
ulation of a single object ! To increase the workspace of the dual-arm manipulators,
they are often connected to a mobile base, which results in a system with a high
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level of kinematic redundancy.

In this paper, we use the PR2 robot as an example to study the whole-body
control of such a dual-arm mobile robots. If dual-arm mobile robot needs to respond
to external disturbances that are hard to model and predict accurately, e.g. when
the dual-arm mobile robot co-manipulates a table with a human, we need to use a
reactive robot motion control rather than a motion planning approach 2

Unlike the straightforward inverse kinematics solution for a single serial chain,
the mobile dual arm co-manipulation behavior is not clearly partitioned into one
problem for the left arm, one for the right arm and one for the mobile base. Instead,
we approach the coordinated nature of the task by formulating an optimization
problem under a set of linear constraints and integrate them with the constraint
based programming method.

Constraint based programming allows a wide range of sub-tasks to be formulated
as inequality or equality constraints 2 The serial-to-parallel structure of the dual-
arm mobile manipulator presents some problems in formulating these constraints.
A schematic illustration of the robot kinematic structure can be found in Fig.
Note that as the mobile base is common for the two kinematic chains originating in
each arm, the inverse kinematics solution generated for the chain consisting of the
left arm and the base is different from the inverse kinematics solution generated for
the right arm and the base (see Sec. [5| for a mathematical description).

We propose to use a virtual kinematic chain (VKC) for specifying a set of con-
straints that defines the common motion of the two arms. The proposed VKC-
based method solves the coordination control with the following contributions:
(1): The VKC separates the whole-body constraint-specification and the dual-arm
constraint-specification. (2): Using the VKC, we are able to apply well-developed
serial chain control laws/constraints to control a robot with a branching kinematic
structure. (3): In order to utilize the redundancy of the two arms, we provide a
VKC-oriented velocity manipulability measure as well as its closed-form gradient.

2. Related work

Research on cooperative manipulators has received lots of attention since the 1970s.
The operational space formulation® provides dynamic modelling using the end-
effector Cartesian space coordinates. With this formulation, the augmented object
model® describes modelling of the dynamics of multiple fixed-base serial chain ma-
nipulators. Then it is extended to serial-to-parallel structure/” where the coupling
between parallel structures is described with the cross terms of the dynamic model.
Different dynamics and kinematics modelling methods are found in a recent book
chapter® on cooperative manipulators. However, in certain cases it is difficult to
create a dynamic model of reasonable accuracy, e.g., when a human is part of the
control loop; or it may not be possible to control the motors directly, for instance, we
are only allowed to control the joint velocities of most of the commercially available
robots. Then, a kinematics approach can be used.



November 9, 2015 14:35 WSPC/INSTRUCTION FILE paper

Whole body control of a dual-arm mobile robot using a virtual kinematic chain 3

We can separate the kinematic constrains specification of the two arms and the
mobile base? whereas if we want to increase the manipulabilityl¥ we need to pose
the constraint simultaneously on the mobile base and the manipulator. For the in-
verse kinematics calculation of a dual-arm mobile manipulator, it is not clear which
arm the mobile base should coordinate with. If we use a master-slave formulation /1
which explicitly connects the mobile base to only one of the arms when formulating
the kinematic constraints, the dual-arm manipulability}? is unstable, see Sec.
Using the proposed VKC based method, we obtain a more consistent dual-arm
manipulability.

Virtual mechanisms are frequently used in the robotics literature. There are both
dynamic and kinematic methods. In the wvirtual model control3 the legs of a robot
are programmed to mimic different virtual mechanical structures in order to con-
trol the dynamics along the gravitational force direction. In the wvirtual mechanism
approach*® a VKC was used to chain serial mechanisms together. Our approach is
different from the virtual model control*¥ in that the VKC is part of a kinematic
model, and different from the virtual mechanism approach™ in that we use the
VKC to specify the common motion shared by the two arms. Since we use a VKC
to specify the relative motion rather than to physically interact with the environ-
ment, we typically use a VKC with less or equal to 6 Degrees of Freedom (DoF). By
choosing a task-dependent VKC, we could explicitly specify the task-dependent mo-
tion for the two arms. For example, we could use a virtual revolute joint to specify
the orientation and a virtual prismatic joint to specify the translation.'# We could
also specify task-dependent VKC’s in the 6 DoF task space in a more systematic
way, for example by applying methods such as the instantaneous Task Specification
using Constraints (iTaSC)* but that is outside the scope of this paper.

The velocity manipulability ellipsoid proposed by Yoshikawal® measures the
transmission ratio from the joint velocity to the end-effector velocity. We can find
its extensions in case of a dual arm*? robot or in case of a closed-loop chain1? We
can also use the manipulability ellipsoid to optimize the manipulator configuration
with respect to a given task!® However both the intersection of manipulability

t17 are not directly differentiable, therefore we

ellipsoids? and the Rayleigh quotien
formulate a VKC-orientated measure using the generalized eigenvaluel? and use its
closed-form derivative to optimize the manipulator configuration. The closed-form
derivative is obtained based on the product of exponentials formula?’ and analysis

of higher order differential kinematics.2}

3. Notation and preliminaries

Prior to the mathematical discussion, we define the notations, coordinate frames,
kinematic chains, transformations and Jacobian matrices in this section.
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3.1. Notation

We list most of the notations used throughout the paper, note that we use bold
symbols for vectors and a preceding * to denote the desired value of a variable.

e g, the joint positions.

e Y, the virtual joint positions of the VKC.

e R € 50(3), a rotation matrix. We use R(k, 6) to denote the rotation about
an axis k by an angle 6.

e Q = {n,€}, a unit quaternion, where € € R3 and |€ll2 = 1. We use * to
denote the quaternion multiplication.

e t € R3, a translation vector.

e g : R* — R* a homogeneous transformation, where g = (¢, R) € SE(3).
gi,; defines the Euclidean transformation of frame j w.r.t. frame 3.

e Ad, : R® — RS, an adjoint transformation. Given g € SE(3), we have Ad,
and its inverse defined as:

R SR . [RT —RTS(t)
Adg:[o . } Ad :[O el

where S(-) denotes the skew-symmetric matrix.

e t € R?, a translational velocity.

e w € R3, a rotational velocity.

oV = [iT w']T, a spatial velocity.

o J € R6*" 4 Jacobian matrix of a robot arm with n DoFs. We use iJ, “Je
R3*™ to denote its translational and rotational part respectively.

Fig. 1: A schematic drawing of the coordinate frames and the kinematic chains of a mobile
dual-arm robot.
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3.2. Coordinate frames and kinematic chains

In order to facilitate the constraints specification, we plot a schematic drawing of
the kinematics of a dual-arm mobile manipulator in Fig. [ We use a world frame
Fu to define the pose of the mobile base. The torso frame F; is defined with respect
to a mobile base frame JF,. From the torso frame F; there are two end-effector
frames F., and Feo. In order to specify constraints for the common motion of the
two arms, we define a virtual end-effector with frame F,, which is in the middle of
the Fe, and Fe,:

tyy, = %(tbel + tb62)7 Ry, = RbelR% S 50(3)
where Ry = R(k, %) and k, 6 are angle axis representations of Ry, Rie,.

We use a superscript to denote the reference frame for a matrix or a vector. For
example we denote a velocity in F., as V. For velocity, translation, rotation and
Jacobian, we use two consequent subscripts as is shown in the following example:
the virtual end-effector velocity relative to the base frame expressed in the base
frame is denoted as vgv. If no superscript is used, by default it indicates that the
reference frame is F;. Note that there are more than one kinematic chain connecting
F; and F,. Apart from the two kinematic chains of the two arms that branch from
F: and join at F,, there is also a virtual kinematic chain that starts from F; to F,.

3.3. Base-arm Jacobian and base-VKC Jacobian

In line with the notations in the book/#¥ we use the following to perform spatial-
velocity transformation for different points on a rigid object:

VZE:’ = VZt + Ad!]bt Vieﬂ (1)

Given an arm-less mobile base we have a Jacobian: Jy.q, = Vi and given a fixed-
base manipulator we have Jf, q; = Vﬁei, where J; = Jf, for i =1,2. We can use
the transformation to combine these two parts together as:

Bilay @/ 1" = Ve,

where B; = [Jpt AdgbtJttei]. Using again, we can concatenate the mobile base
joints g, to the VKC joints x as:

Clay X" = Vi,
where we define a base-VKC Jacobian:
C = [Jbt AdgbtJttU]

In Fig.[1} we marked the robot components corresponding to B; and C respectively.
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Fig. 2: The difference between ||J1q;|2 and ||J2g5||2. The data is generated with the
master-slave method described in Sec. [6.1}

4. Problem formulation

Based on the base-arm Jacobian defined in the previous section, we point out the
inverse kinematics problem when we pose a constraint simultaneously on the two
arms and the mobile base. Suppose the virtual end-effector frame needs to realize
a desired *Vy,, by directly formulating the following two constraints:

mobile base

~ = )
Joeq,  +AdgneJ1q,
Joeq, +AdgpJ2qs
——

= *Vb'ua

mobile base

two separate kinematic chains are used, which are: (1) the mobile base and the left
arm (2) the mobile base and the right arm. However the two separate constraints
relate g, simultaneously to ¢, and ¢, such that we end up with a self-conflicting
q, as:

. Vi — AdgyiJ1q,
= 2
Toely { Vi — Adgy Joqy’ @

where J;q; in general is not equal to J2g4 due to the different arm configurations.
We illustrate this difference by explicitly plotting ||J1q,]|2 and ||J2@s|2 in Fig.
To summarize, the whole-body manipulation problem for a dual-arm mobile robot
can be described as:

Problem 1 Control the two arms and the mobile base in a cooperative way (without
conflicting constraints) such that the following are fulfilled:

e Track the desired virtual end-effector pose:

Ri, = "Ry, (t) and i, = ", (). (3)

wv

e Keep the desired relative pose between the two arms:

R, = "R, () and £, = "2, (t). ()

€1€2 €1€2 €1€2 €1€2
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5. Proposed solution

We propose a constraint based programming solution to Problem 1. We formulate
constraints that are able to solve and in Sec. Then in order to explore
the redundancy of the two arms, we introduce a VKC-oriented manipulability mea-
sure together with its closed-form gradient in Sec. We integrate the proposed
constraints using a variation of constraint-based programming in Sec.

5.1. Dual-arm mobile manipulator control constraints

As stated in Problem 1, the constraints specification of the dual-arm mobile manip-
ulator consists of two parts: in Sec. we introduce the constraints that describe
a mobile manipulation task that is defined in the world frame F,, and then in
Sec. we describe the constraints that keep the time-dependent relative pose
between the two arms.

5.1.1. Whole body control constraint

In order to fulfill the constraint 7 which is defined in the world frame, we use
the extended serial chain and the associated base-VKC Jacobian C' to specify con-
straints simultaneously on the two arms and the mobile base. Basically we minimize

the orientation and translation error Ae!,, AtY, € R? with two equalities in the

following form:

A€l = —kAé€,

w

At,, = —kAt”

wv wv?

which can be further developed as:

Orientation: We use the unit quaternion Q%! * *Q!, (t) to represent the orienta-
tion error R!, *R! (t). As stated in the book2? it is sufficient to represent the 3

dimensional orientation error with the vector part Aef, of Q7' * *QL (¢):

Aeiv = nfv*eiv - *U;uft - S(eiv)*eiv‘ (5)

tv

For notational compactness we omit the sub-/superscripts in the following discus-

sion. Using the quaternion propagation??
L r
n=-—gew
. 1
e=—-(nI —5S(e))w,

2

we obtain the relationship between the time derivative of Ae and the virtual end-
effector velocities:

Aé="en—"ne+ S("e)e = —% (*ee” + (*nI — S(*€))(nI — S(e))) w.
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Then we can minimize Ae with the following equality:

("ee” + ("nI = S(€))(nI — S(€))) “Clay x '] = ~kAe (6)

N | =

where we used the relation w? =“Clq, x']"-

Translation: The translation error can be defined in a straightforward way using
the following difference:

Atﬁv = tgv - *tﬁv (t)

Since the base-VKC Jacobian C' is defined in the base frame, we transform At}
into the base frame:
Ath, = Ry, ALy, — RY, Y

wb wb

and use the following to minimize At}
[Clagx"]" = —katy,. (7)

Using the constraints we are able to generate the joint velocities g, and x. In
order to simultaneously control the mobile base and the two arms, we can directly
apply ¢, to the low-level joint velocity controllers and we use x to constrain q;, ¢,.
As we assume V&', = 0, we can obtain the following equation using ([I)):

Vi'u = Vi(ii + Adgei'uVEi = Vt

e;v te;’

S AE-BE-RE-T
0 erz q2 Vteg Vt'u Jttvx

5.1.2. Relative pose between the two arms

which leads to:

The relative pose between the two arms are controlled with two equalities:

0AEet? 5/AN %

€1e2 + €1€2 — 7]<5A661

aql an e1ez
OAtS ., N OAtS ., — _RAEG
dq, dq, rez’
which minimize the orientation and translation error Aeg!, , Atg!,  respectively.
We can define the error of the relative orientation RS, = R}, ITR?EQ using unit

quaternion as:

t —1 t t —1 t
A 262 = Qtel * Qteg - *Qtel * *Qt627
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then we take the vector part Ae¢'_ of AQS

e, ole, and differentiate it w.r.t. to q;,q,

using the quaternion propagation:

— 5 (el + (I~ S(e)mI ~ S(e) * Iy
42 (e + T - S(e)) T - S(e2) “ )
= —kAe

where for notational compactness we omit the sub-/superscripts again. Then we
define the relative translation error:

At =t —

e1€ez e1eg ereg’?

where t¢, = R T(t!

erez tey tey

following equality:

— t},,). Differentiating At!, w.r.t g;,q,, we obtain the

€1€e2

(Ri.] +RLTS(t,, —th,)) “J1ay — Rl “J2qy = —kAL

tey teq tey eijez”

(10)

The equalities are expansions of the two equalities we aforementioned in the
beginning of this section that are able to constrain the relative pose between the two
arms. Depending on the task specifications, the relative pose error Aeg!,, , Atc!,,
on the right side of can be calculated for a static or a dynamic task, e.g. they
can be calculated in case of a dual-arm pan cleaning task? and they can also be

used to define the impedance relation between the two arms

5.2. VKC-oriented manipulability measure

In light of the velocity manipulability ellipsoid proposed by Yoshikawal® as well
as its extensions to the dual-arm casel? and the closed-loop casel, we propose a
velocity transmission ratio from the joint velocity ¢, € R™ to the virtual end-effector
velocity Vi, € RS. In order to use it in the optimization procedure with a better
accuracy we also provide its closed-form derivative. Suppose we have a unit sphere
in the joint space R™, which is: ||q||*> = ¢} +¢3 + ...+ ¢> < 1. Using a manipulator

Jacobian J , we map the unit sphere into a end-effector velocity ellipsoid in RS:
g g=v"'JsH v =1 (11)
The determinant
v = —det(JJ )3, (12)

is proportional to the volume of the ellipsoid . We could minimize w.r.t.
the robot configuration to increase the velocity transmission ratio.

As we specify the common dual-arm motion according to the constraint , the
end-effector velocity of each arm V;ei is defined by the virtual end-effector velocity
Vﬁv. Therefore instead of , we use the following manipulability measure in order
to count in the constraint:
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Definition[VKC-oriented manipulability measure] For the ith arm, which is con-
strained by the virtual end-effector velocity , we define the following velocity
transmission ratio from g, to the end-effector velocity V7, :

Yo, = —det ((J, J5,) (i) (13)
where 7, is proportional to the volume of the velocity ellipsoid defined by:

T _ -1
Viv ((va‘]ttv) 1(J1JZT)) Viv

The motivation of the above definition is as follows. According to the constraint
, V,tfel_ needs to simultaneously satisfy:

92
The above two equations define two velocity ellipsoids for the VKC and the ith arm

Ji |:q1:| = Viei and Viei = Vittv = Jttvx

separately:

T T _

ST T _

X X =V, (JLJL)TVE =1
We define the intersection of these two ellipsoids using the product of the generalized
eigenvalues, see Remark 1, of the matrix pair (J;J;", Jf, J] ). The volume of the

intersection is proportional’® to v, defined in (13). We choose to minimize its
derivative to increase the velocity transmission ratio. The closed-form derivative of

(13)) is given as follows:
6'71)~ -1 a/l/
L = —det(p)Tr —1, 14
94, (1) Tr[p aqj] (14)
where ji; = (JypJ,0) " (S JT) T and

O (0T oJ;
u' = (Juw )t (aquiTJrJiaQ )
J J

Note that the derivative of the spatial velocity Jacobian could be calculated by
differentiating the product of exponentials formula2!

Remark 1. (Generalized eigenvalue decomposition) For a matrix pair
(A, B), where A, B € R™*" all the scalar A and non-zero vector w that satisfy
the following equation:

Au = \Bu.

are the generalized eigenvalue A and the generalized eigenvector for (A, B). If B is
non-singular, then the generalized eigenvalue decomposition is solved by standard
eigenvalue decomposition:

B 'Au = \u.
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If A and B are real and symmetric, then all the generalized eigenvalues ) are real **
Since (J;J;7) and Ji,Jt, " are real and symmetric, the product of the generalized
eigenvalues — det ((Jf,Jf,) 71 (J;J;")) is real-valued. [ ]

tv

5.3. Constraint based programming implementation

We solve two consequent Quadratic Programming problems (QP) to calculate the
joint velocities gy, ¢;, ¢, and x. The QP is formulated according to a variation
of constraint-based programming® Note that in order to fix the feasibility of the
constraints , we use a slack variable in each row and minimize its 2-norm in
the objective. In the first QP, which is summarized in Table [I we solve for ¢, and

X using constraints (6H7]):
. min @y Qo + X QxX + V] Quvr + 3 Qovs (15)
b X V1,V
s.t. —1 (Y€€ + (*nI — S(*€))(nI — S(€))) “Clay x'|" +v1 = —kAe(16)
tOlg) x T 4+ vo = —kALL,. (17)

where ¢ € [@minGmaz) A0d X € [XminXmaz)s the slack variables v1,vy € R? are
used to fix the feasibility of , Qp, @, @1, Q2 denote the weights.

If the mobile base had 3 DoF, in principle we only need to choose the other 3 DoF
(one translational and two rotational) for the VKC in order to specify a 6 DoF
virtual end-effector motion. In order to provide a proof-of-concept verification we
choose a 6 DoF VKC to fully use the two arms. If we do not have any preference of
the orientation or translation along a certain direction, we can use a generic 6 DoF
VKC with three prismatic joints followed by a three rotational spherical joints. This
specific choice easily defines the VKC workspace as well as its forward and inverse
kinematics.

Using the solved x from the first QP we can calculate q,, ¢, by formulating the
second QP which is summarized in Table [2l The overall procedure is listed in Algo-
rithm 1. Note that we can extended the two QPs listed in Table [[]2] with additional
constraints. For instance if we need to add an obstacle avoidance constraint for the
mobile base, we could add it to the first QP in Table

Table 1: Solve for q; and x with the extended serial chain

Objective: Min. Max. Eq.
Joint velocities: ||@,ll2 + ||x|l2 v
2-norm of the slack variables v
Constraint: Equality | Inequality | Eq.
Torso frame orientation constraint v (@
World frame translation constraint v (7

Joint limit constraints v
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Algorithm 1: Dual-arm mobile robot control using a virtual kinematic chain.

Goal: Calculate: q,, ¢4, ¢, and Xx.

(i) Formulate the first QP defined in Table
(ii) Solve the first QP for ¢, and x .
(iii) Formulate the second QP defined in Table [2| using X.
Solve the second QP for ¢; and q5.
Apply 44, 4, and g, to the low level joint velocity controllers.
Update the VKC with x.

(iv
(v

(vi

— — — N

Table 2: Solve for q; » with the solution of X

Objective: Min. Max. Eq.
Configuration measure v (113)
Joint velocities: [|q; o2 v
2-norm of the slack variables v
Constraint: Equality | Inequality | Eq.
VKC constraint v g
Dual-arm relative orientation constraint v g
Dual-arm relative translation constraint v @D
Joint limit constraints v
Table 3: Master/slave solution to Problem 1
Objective: Min. Max. Eq.
Configuration measure v (112)
Joint velocities: [, 1 o[l2 v
2-norm of the slack variables v
Constraint: Equality | Inequality | Eq.
Master chain v @D
Dual-arm relative orientation constraint v @
Dual-arm relative translation constraint v (ID
Joint limit constraints v

6. Simulation and experiment evaluation

Three sets of simulations and one experiment are presented to validate the proposed
solution which is summarized in Algorithm 1. The three simulations step by step
verify that Algorithm 1 is a valid answer to Problem 1. Then we apply Algorithm 1
to a human robot co-manipulation experiment that is carried out with a PR2 robot.
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In the first simulation, we compare the proposed method with a master-slave
solution. In the second simulation, we show that the two arms obtain better mea-
sures Yy, , Yo, Using the closed-form derivatives. In the last simulation, we specify
an example of Problem 1 and then solve it with Algorithm 1.

The simulation is based on the ROS Groovy PR2 robot simulator whereas the
experiment is performed on a real PR2 robot. In the simulations and experiment
we use two 7 DoF redundant arms and a 3 DoF mobile base. The QPs are solved
with the software Gurobi 6.023 at 200 Hz, whereas the underlying joint velocities
controllers run at 1000 Hz.

6.1. Comparison

Instead of explicitly specifying the common motion of the two arms using the VKC
constraints (618), we can have a master-slave solution to Problem 1, which also
avoids the contradicting use of Jy:q; shown in . Basically we link only one of the

M VKC |lighl arm 1.4e-05
r Master S\;/chlﬂ: ﬂ 12605 -
0= MasterSIavelgen arm !l 1605 m M.pri Iy
0s ﬂ oo LA
0s \ oo L
O VUV
Uy
ol = 'R
Master Slave
0 0 10 20 30 40 50 60 ! 0 1‘0 20 30 40 50 60
35 \ T \
30 VKo it am j:gz | Twe )
05 | Master Slave right arm —— Master Slave n
Master Slave left arm —— 6e-05
2.0 5e-05 A n X P[W
' o (i
1 (UL TAINA
0.5 R \ A \ \”\/\/\_, 16-05 I'\Urw\v U U \UI U
° 0 10 20 30 40 50 60 ! 0 10 2‘0 30 40 50 60
28 ‘ VKC fightarm | 14605 : ‘
2.0 - Master Sle\llvtcri;ﬁ ‘;Q 12605 1=
Master Slave left arm | 1e-05
8 l 860
1.0 " 6e-06 \
\ f
| T L
U L_J o Masler‘ S\\/a:f/(e; ] l U L}J
0 07 - ;H - ;;J - 30 40 50 60 00 10 20 30 40 50 60

Fig. 3: Time [s] Time [s]

In the left column, we plot the velocity manipulability measures (12| for the two arms and
in the right column we plot the dual-arm manipulability measure. 2 The separation line
in the middle of each figure indicates that we switch from the proposed method to the
master-slave method. We can tell that due to a bigger overlap of the measure (12 between
the two arms, the proposed method has a more consistent dual-arm manipulability.
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two arms to the mobile base with:
Bilg) 4] ="V, (18)

and let the other arm be a slave by applying the closed loop constraint .
We summarize this method in Table [3| This method has a biased use of g, in
the sense that only ¢, is supported by @, in the constraint . Furthermore,
different constraints are applied on g; and ¢, such that the configurations of the
two arms (g; and g,) differ from each other over time. This difference results in
different manipulability between the two arms and decreases the dual-arm
manipulability2, which is proportional to the volume of the intersection of the two
velocity ellipsoids defined by (J1J;")~% and (JaJ5 )7L

In order to compare the proposed solution with the master-slave solution, we
use a 6 dimensional sinusoidal function as the desired *V7, in . We also use the
6 dimensional sinus wave to specify the desired velocity of the virtual end-effector
instead of the desired pose *R!, (t) and *t?,(t). Basically we use the following to
replace the constraints in Algorithm 1:

Clay X' ="V

From the first row to the third row in Fig. [3] we used the wave amplitude: 1N,
2N and 3N. In the right half of Fig. [3] we can see that the proposed solution has
a better performance in the sense that its dual-arm manipulability measure does
not vary over time as much as the master-slave method. This result is supported
by the left half of Fig. [3] where we can see that using the proposed method the
manipulability measures of the two arms have a bigger overlap.

Fig. 4: Left: Initial configuration. Right: Optimized configuration.
We illustrate the benefit of the closed-form gradient by maximizing the velocity
ellipsoid volume vy, and 7y, while keeping a constant relative pose R¢le, and tgle,.
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6.2. Configuration optimization

The closed-form gradient provides an analytical form of the gradient used to
improve the VKC-oriented manipulability measure +,,. We demonstrate it by fixing
the relative pose between the two arms:

el _ €1 —
t;l., = constant, Rg!, = constant

and keep on minimizing 'ZI” and Z”l in the objective. On the left side of
Fig. ] we start with an initial dual-arm configuration with ~,, = —0.0220276
Yo, = —0.0220434. On the right side we plot the optimized configuration with

Yo, = —0.0820283 7,,, = —0.0820668.

6.3. World frame Lissajous curve tracing task

In order to verify the whole-body control of the two arms and the mobile base, we
define a curve tracing task, see Fig that covers an area of (0.4 x 1.8) m?, which
is way larger than the workspace of two arms. We plot the tracing error and the
relative dual-arm pose error in Fig. [6] and Fig. [7] respectively. We also refer the
interested readers to a video in the link belowfl

We use the Lissajous curve to define the desired world frame translation:

¥ (t) = acos(wyt — 0y)

tw, (1) = < yw,(t) = beos(wyt —b,) ,
Z}qu(t) =0

where the parameters are selected as: a = 1, b = 0.2, w, = 0.018, w, = 0.012,
d, = 0.7853 and ¢, = 0. We plot the desired *t;,, and the realized ¢, in Fig.

| == Desired trajectory |

Virtual end effector trajectory

0.2

0.1

Y [m]

-0.1F

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Fig. 5: The desired Lissajous curve *ty,, and the achieved virtual end-effector trajectory
tiy. Both are plotted in the world frame Fy,.

The error ||AtY,||2 is plotted in the first row of Fig.[6] We can see that [|At,[|2
converges from the initial offset, which is 0.8 m, down to below 2 c¢m. We also

aThe PR2 robot performs the Lissajous curve tracing task: http://youtu.be/HO_amCdft-A.
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defines an orientation requirement:

*Q = {0.2sin(0.1¢), x },
where x denotes the x axis of F,, and we transform *() into F; as

t
*Qtv = in * *Q

Virtual end effector pose error
o.8 T T

0.4 : -

Translation error

50 100 150 200 250

0.07
0.06
0.05
0.04
0.03
0.02

QOrientation error

0.01

O

i i
50 100 150 200 250
Time [Sec]

Fig. 6: In the first row we plot the world frame translation error ||Aty,||2 and the mean
is 0.0167 m after the first 10 s, then in the second row we plot the base frame orientation
error | A€l, ||l2 and the mean is 0.0362.

Dual arm relative pose error
0.035 T T

0.03 —
0.025
0.02
0.015 ¢ —

Translation error

0.01 -
0.005 —

i i i
o 50 100 150 200 250

0.02
0.015 -

0.01 H

QOrientation error

0.005

o i i i i i
o 50 100 150 200 250
Time [Sec]

Fig. 7: We fix relative translation and orientation between the dual-arm. In the first row
we plot the translation error ||Atele, (¢)||2 and the mean is 0.0204 m. In the second row
we plot the orientation error |A€gle,||2 and the mean is 0.0096.
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In the second row of Fig.[6] we can see this orientation requirement is fulfilled
as the the vector part of Q% **Q%, is close to zero. Note that there are two reasons
responsible for the translation error [|AtY, |l2 and the orientation error ||Aef,|2.
First we are not using any time feed-forward term in the constraints . Second
we are only using kinematics.

In this simulation, we choose to keep a constant relative dual-arm pose *Rg! ., (t)

and *tg!,. (t). We can see from Fig. Iﬂ, the pose error is close to zero. If we need
to reduce the error [|Atg!, (t)|l2 and [|A€g!,, |2, apart from using a slower world

frame translation or orientation trajectory, we can also increase the weight of the
constraints (9410 compared to the constraint in the second QP.

6.4. Human robot co-manipulation

Based on the accurate dual-arm mobile manipulator performance illustrated from
the previous section, we can easily develop applications, for instance a human robot
co-manipulation task shown in Fig.

Fig. 8: Example of a human robot co-manipulation task. As the table is rigid, the robot
applies fixed grasps on the table and the relative pose between the two arms is fixed.

Suppose we need the robot to follow the behavior of a human operator through
an admittance control law that is given as: Vi, = D~'h" where h” € R®*! denotes
the force torque measured at the virtual end-effector frame 7, and D € R®*6 could
be a positive diagonal matrix that specifies the damping coefficient. Then we express
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this control law in F; as:
Vi = Adg,, Vi, = Adg,, D™'RY,
and specify the parallel arms motion using the base-VKC Jacobian C"
Clay x']" = Vi, = Ady,, D 'h". (19)

As a constraint that defines the cooperation between the mobile base and the two
arms, we can use to replace constraints (67) in Algorithm 1. We can find a
video about the experiment in the link belohere we can see that the task is
successfully executed.

7. Conclusions

We present a constraint-based programming solution to control a dual-arm mo-
bile robot. The use of the VKC separates the whole-body constraint-specification,
e.g. the admittance control constraint , trajectory tracing constraints 7
and the dual-arm constraint-specification, e.g. relative pose constraints . The
manipulability of the dual-arm mobile robot is measured by a VKC-orientated ma-
nipulability measure and we integrate it into the constraint based programming
implementation with its closed-form gradient.

The proposed solution is validated in a trajectory tracing simulation and a
human robot co-manipulation experiment. It achieves a good coordination between
the two arms and the mobile base in terms of the dual-arm manipulability.
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