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Ramsey graphs: How large can graphs be without containing cliques
or independent sets of some given size? Questions like this studied in
Ramsey theory, which could easily be the topic of a separate course
(or several) — we will barely scratch the surface.

Some applications/connections are to: number theory, Kakeya
problem, coding theory, computational geometry, computational
complexity lower bounds, extraction of “true randomness” from
impure randomness sources.

Will see some constructions using simple linear algebra.

Expander graphs: How can one construct very sparse graphs that are
essentially as well-connected as complete graphs? Again, this could
easily be the topic of a separate course (and perhaps will be in a few
years, if someone in the TCS group gets the necessary energy). And
again, we will just scratch the surface.

Applications: Robust networks, derandomization, error-correcting
codes, data structures, computational complexity lower bounds.
Will use linear algebra to analyze a graph by looking at its adjacency
matrix and look at connections between expansion and eigenvalues
of this matrix.

Also, algebra can be used to construct good expanders. Hope to see
some of this.

Error-correcting codes: How can one transmit messages reliably over
a noisy channel?

Spoiler alert: One way is to use evalutations of polynomials. Used e.g.
in CDs. We will look at how to construct such codes and how to
decode messages efficiently even if they have been corrupted.

This is a fascinating (and very active) research area with many
beautiful results. Has been the topic of a separate course in the TCS
group, although this was a while back.
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Circuit complexity: How can one prove lower bounds on circuits
computing Boolean functions?

Approach towards separating P and NP.

General model: AND-, OR-, NOT-gates of bounded fan-in. Most
functions are hard to compute (counting argument) but very hard to
prove lower bounds.

Restricted models: E.g. bounded depth. State of the art: strong lower
bounds for circuits using AND-, OR-, NOT-, MOD-gates (ACC_0).
Proof technique uses polynomials in ingenious ways.

Interactive and probabilistically checkable proofs: How can
interaction between computational agents be used to exactly
characterize classical complexity classes?

NP: Problems with solutions verifiable in polynomial time.

PSPACE: Problems solvable in with memory usage scaling
polynomially in problem instance size.

Interactive proofs:

(1) Verifier: polynomial-time bounded.

(2) Prover: All-powerful, but might not be trustworthy.

Verifier wants to interact with prover to solve problems but without
being fooled.

Such games can be used to exactly characterize, e.g., NP and PSPACE.
How? Among other things by using polynomials.

Kakeya conjecture for finite fields:

Kakeya problem: How large volume must a body haveifalcm
needle can be turned from any direction to any direction inside this
body?

Finite field version: How large must a set of vectors be to contain a
line in every direction in a vector space? Attracted some of the very
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brightest minds in math — Spectacular(ly simple) solution by TCS PhD
student in 2008.

Low-degree testing: Given a (huge) function table for a multivariate
function, is it possible to probe the table in just a few positions and
decide with high confidence whether the function is a low-degree
polynomial or not?

Fundamental question about polynomials.

Of fundamental importance for, e.g., hardness of approximation:
proving that some problems are not only NP-hard to solve exactly,
but that even getting approximate solutions is also NP-hard.

Polynomial identity testing: Very efficient probabilistic methods are
known to test whether two polynomials are the same, but is there a
way to do this deterministically?

Another fundamental question about polynomials.

Deep connections to central problems in computational complexity.
Will have guest lectures by a leading expert on this.

We probably will not be able to cover all of the above. Topics left
out could be suitable for reading projects, though.
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