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1 About the Roe scheme and boundary conditions 
The scheme for shallow water equations with non-horizontal bottom does not always behave 
as desired when boundary conditions other than wall and supercritical outflow are given – the 
BC. proposed in Leveque. Even if a supercritical state is prescribed in the ghost cell, the 
solution may produce a shock which tends to travel upstream and gets stuck between ghost 
cell and first interior cell. That may be a bona fide solution, but the Rankine-Hugoniot 
relations are not satisfied (easy to check…). So what is going on? Bugs in the code, or? The 
answer is that this behavior is to be expected. These problems are non-linear and we should 
not expect long-term solutions to exist for arbitrary combinations of boundary conditions. 
 
1. Folklore has it that supercritical flow prevents all upstream movement of waves. That is 
untrue; it prevents infinitesimal waves from upstream travel, but not shocks. 
Exercise: 
Given the left state H = 1, U = 4 (g = 9, say), find a right state (h,u), h, u > 0 so the solution is 
an entropy-correct shock which travels left 
 
2. This means that arbitrary inflow conditions, even if supercritical, may not be possible in the 
long run. Those familiar with compressible flow in nozzles will have seen this. There is a 
maximal flow that a given throat area will allow – choked flow. For shallow water this means 
that the inflow is limited if there is a bump on the bottom.  
Exercise: 
Try to prescribe supercritical inflow with too low velocity u for its momentum hu and the 
bump size, the result is certain to be an upstream-traveling shock which gets stuck at the 
inflow condition, exactly what we observe. You should try it in your code by giving as initial 
condition , say,  0 < x < L/3, u(x) = U, h(x) = H and L/3 < x < L u = 0, h = whatever. 
 
Why strange shocks at inflow? 
There can be a steady shock if (m = hu) 
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IF the 0-state is supercritical, then for (h1,u1) there are two solutions, except h0,u0, of course,  
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where the sign is chosen to give a positive h1. You may want to check the calculation. This is 
an entropically correct shock. 
However, this is not the shock observed at the inflow boundary, so we must look at the Roe-
scheme flux. If the numerical solution is a steady shock, with a right hand state which is the 
same in cells 1 and 2 (this is what is observed) then 
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Now, if both eigenvalues of Ahat have the same sign, then 
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where the properties of Ahat were used. For +, the scheme is the upstream scheme, and if the 
shock does not move, the R-H relations are satisfied. For -, also upstream, and since cell1 = 
cell2, no change to cell 1, and the shock at the inflow stays steady, no matter what state we 
assign the ghost cell. In these cases the R-H relations are satisfied. 
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We may also write (*) as 
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If the eigenvalues have different signs, at least one eigenvalue of L+ is zero, so this gives at 
most ONE condition, that the difference of one of the characteristic variables vanish. Then we 
are back to sub-critical situation. 
 
Choked flow 
Look for a steady solution with bathymetry b(x) > 0, b(0) = 0 ( a bump ), and  
at x = 0 u = u0, h = h0. The non-conservative equations give hu = Q = u0h0, and  
 0)( =++ xxx bhguu .  
By integration, 
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The left hand side has a minimum )()(2/3 3/2 xgbgQ + , which obtains for ghu = so the 
possible solutions are characterized by 
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which we may write in terms of the Froude number at inflow, F0 > 1, 

 
0

0
0

3/2
0

2
00 ),2/312/1(max

gh
uFFFhb =−+≤  

It is clear that there will be a possible steady solution only if u0 or h0 is large enough. Larger 
bump needs higher speed at inflow. 
 


