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Let us solve for \; and % (z): Tt is easy to see that 2;{z) must equal o sin(\/j\—i )

ﬁcos(\/):-a:) for some constants « and 3. The boundary condition 2(0) = ¢
implies 4 = 0, and the boundary condition %(1) = 0 implies that \/)\TZ is
an integer multipte of 7, which we can take to be im. Thus N o= 122 and
#(z) = asin(inz) for any, nonzero constant ¢ (which we can set to 1). Thus
the eigenvector z; is precisely equal to the eigenfunction 2;(z} evaluated at the

sample points x; = jh (when scaled by 4/ NL_H) And when  is small, A; = 272

is well approximatéd by h=2-) = (N+1)2.2(1—cos A?f;_l) = 212+ O((N+1)72),

Thus we see there is a close correspondence between Ty (or h~2T) and the
second derivative operator *d%;' This correspondence will be the motivation
for the design and analysis of later algorithms. '

It is also possible to write down simple formulas for the Cholesky and LU

factors of Thy; see Question 6.2 for details.

6.3.2. Poisson’s Equation in Two Dimensions

Now we turn to Poisson’s equation in two dimiensions:

Pow,y) ol
o) T < fe) (66)

on the unit square {(z,y) : 0 < z,y < 1}, with boundary condition v = 0
on the boundary of the square. We discretize at the grid points in the square
which are at (z;,y;) with z; = ih and y; = jh, with h = _N}Q——l We abbreviate
vi; = v(ih, jh) and fi; = f(ih, jh), as shown below for N = 3:
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From equation (6.2), we know that we can approximate
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Adding these approxjniations lets us write
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where 7;; is again a truncation error bounded by O(h?). The heavy (blue)
cross in the middle of the above figure is called the (5-point) stencil of this
equation, because it connects all (5) values of v present in equation (6.9).
From the boundary conditions we know vg; = vN41,; = % = Yi,n+1 = 0 s0
that equation (6.9) defines a set of n = N? linear equations in the n unknowns
vy for 1 <4,7 < N:

2
dvjj — i1y — Vi1 — Vig—1 = Vg1 = b7 f. (6.10)

There are two ways to rewrite the n equations represented by {6.10) as a
single matrix equation, both of which we will use later.

The first way is to think of the unknowns v;; as occupying an N-by-N
matrix V with entries v;; and the right-hand sides h? fi; as similarly occupying
an N-by-N matrix h2F. The trick is to write the matrix with 4, j entry 4v;; —
Vim1j — Ugrlj — Vij—1 — Vij+1 in a simple way in terms of V and Ty: Simply
note that

[

2vi5 — vy — vy = (Tv- Vi,
2055 — Vi1 — Vigar = (V-Tw)y,

~

so adding these two equations yields
(In -V +V Ty = dvgj — i1 = Vig1,j — Vig—i — Vi = b fig = (B2 F)i;
or

Ty -V +V-Ty=h*F. (6.11)

This is a linear system of equations for the unknown entries of the matrix V',
even though it is not written in the usual “Az = b” format, with the unknowns
forming a vector z. (We will write the “Az = #” format below.) Still, it
is enough to tell us what the eigenvalues and eigenvectors of the underlying
matrix A are, because “Ax = Az” is the same as “InV + VIy = AV.” Now
suppose that Tivz; = Mz and Tyvz; = A;2; are any two eigenpairs of Ty, and
let V = z@z;f Then

TV +VITy = (TNZ%-)Z? + z; (Z?TN)
= ()\.,:ZZ)Z;T -+ ZZ(ZJT)\J)

(As + )\j)zizjr

(A + A7)V,

I
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soV = zzzf is an “eigenvector” and A;.+ A; is an eigenvalue. Since V' has
N2 entries, we expect N? eigenvalues and eigenvectors, one for each pair of
eigenvalues A; and A; of Ty. In particular, the smallest eigenvalue is 2X; and
the largest eigenvalue is 2An, so the condition number is the same as in the
one-dimensional case. We rederive this result below using the “Azx = b” format.
See Figure 6.3 for plots of some elgenvectors represented as surfaces defined
by the matrix entries of z;z ?

Just as the eigenvalues and eigenvectors of A~ 2TN were good approxima-
tions to the eigenvalues and eigenfunctions of one-dimensional Poisson’s equa-
tion, the same is true of two-dimensional Poisson’s equation, whose elgenvalues
and eigenfunctions are as follows (see Question 6.3):

7~ 7 sinfira) sin(imy
52 " 5y sin{irz) sin{jry
= (?x? + 727 sin(inz) sin(jmy). (6.13)

The second way to write the n equations represented by equagion (6.10)
as a single matrix equation is to write the unknowns v;; in a single long N 2%
by-1 vector. This requires us to choose an order for them, and we (somewhat
arbitrarily) choose to number them as shown in Figure 6.4, columnwise from
the upper left to the lower right.

For example, when N = 3 one gets a column vector v = [vg,. .. ,vgl . If
we number f accordingly, we can transform equation (6.10) to get

- 4 -1 1
'”11 14 -1 1
Vg

—1
-1 4 -1
-1 —1 4
—1

-1
-1

fa

The —1’s immediately next to the diagonal correspond to subtracting the
top and bottom neighbors —v; j—1 — ¥ j+1. The —1’s farther away away from
the diagonal correspond to subtracting the left and right neighbors —v; 1,5 -
¥j+1,;. For general N, we confirm in the next section that we get an N2 by—
linear system

Tnxn v = h2f,
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Fig. 6.3. Three-dimensional and contour plots of first four eigenvectors of the 10-by-10
Poisson equation.
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Fig. 6.4. Numbering the unknouns in Poisson’s equation.

where Ty has N N-by-N Dblocks of the form Tw + 21y on its

diagonal and
—In blocks on its offdiagonals:

In+2In -1y

T = N . _ : (6.16)

. —Iy
—Iy T+ 21y

6.3.3. Expressing Poisson’s Equation with Kronecker Products

Here is & systematic way to derive equations {6.15) and (6.16) as well as to
compute the eigenvalues and eigenvectors of Lnxn. The method works equally
well for Poisson’s equation in three or more dimensions.

DEFINITION 6.1. Let X be m-byn. Then vec(X) is defined to be a column

vector of size m - n made of the columns of X stacked atop one another from
left to right.

Note that N2-by-1 vector v defined in Figure 6.4 can also be written v =
vec(V). o ’
To express Ty as well as compute its eigenvalues and eigenvectors, we

need to introduce Kronecker products.

DEFINITION 6.2. Let A be an m-by-n matriz and B be a p-by-g matriz. Then
A® B, the Kronecker product of A and B, is the (m - p) -by-(n - q) matriz

a171'B al,n-B

m,1 B ... G - B

The following lemma tells us how to rewrite the Poisson equation in terms
of Kronecker products and the vec(-) operator.
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LEMMA G.2. Let A be m-by-m, B be n- byn and X and C be m-by-n. Then
the following properties hold:

L. vec(AX) = (I, ® A) - vec(X).

2. vec(XB) = (BT ® L) - vec(X).

3. The Poisson equation Tn'V + VT = h>F is equivalent to

Tyxn-vec(V)=(Un@Tn +Tn @ In) - vec(V) = hzvec(F). {(6.17)

Proof. We prove only part 3, leaving the other parts to Question 6.4. We start
with the Poisson equation TwV + VT = h?F as expressed in equation (6.11),
which is clearly equivalent to

vec(TnV + VTy) = vec(INV) + vec(VIn) = vec(R2F).
By part 1 of the lemma
vec(TnV) = (In ® Tn)vec(V).
By part 2 of the lemma and the symretry of Ty,

vec(VIn) = (Th @ Iy)vec(V) = (Ty ® IN)vec{V)

Adding the last two expressions completes the proof of part 3. O
The reader can confirm that the expression

Tvxny = IN®@Tn+Tv® Iy
T 2iy —1In
7 .
- o Iy
TN *IN 2Jer

from equation (6.17) agrees with equation (6.16).2¢
To compute the eigenvalues of matrices defined by Kronecker products, like
TNy, we need the following lemma, whose proof is also part of Question 6.4.

LEMMA 6.3. The following facts about Kronecker products hold:

1. Assume that the products A-C cmd B - D are well defined. Then (A ®
B)-(C®D)=(A-C)®(B-D).

*We can use this formula to compute Ty in two lines of Matlah:

TN = 2+eye(N) - diag(ones(N-1,1),1) -~ diag(omes{(N-1,1),-1);
TNxN = kron(eye(N),TH) + kron(TN¥,eye(l));
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2. If A and B are invertible, then (A® B)™ = A1 g B—L.

3. (A BT =AT o BT.

PROPOSITION 6.1. Let T = ZAZT be the ergendecomposition of Ty, with
Z = [z1,...,2n] the orthogonal matriz 1whose columns are etgenveéctors, and

A =diag(A,..., An). Then the eigendecomposition of Ty wy = IQTn+Tn &I
1§

I@TN+IN®I=(Z202)- ToA+ARD) - (Z02)T. (6.18)

I®A+ARI is a diagonal matriz whose (iN + 5)th diagonal entry, the (4,7)th
ewgenvalue of Tun, s hi; = A + Aj- Z & Z is an orthogonal mairiz whose
(iN + )th column, the corresponding eigenvector, is z; & z;.

Proof. From parts 1 and 3 of Lemma 6.3, it is easy to verify that Z ® Z is
orthogonal, since (Z@ ZW( 20 Z) = (Z02)(2T 0 2Ty = (7. ZN&(Z-27) =
I'®1=1 Wecan now verify equation (6.18):

(Z@Z) I@A+ARD)-(Zo z)T
= (ZeZ)- IeA+AR]) (4T 2T)
by part 3 of Lemma 6.3
= (Z 17292 A2+ (202D 02 1- 27
by part 1 of Lemma 6.3
(1) @ (Tw) + (Tw) © (I)
= Tnxn.

Also, it is easy to verify that T® A +ART is diagonal, with diagonal entry (iN +
J) given by XA; + Ay, s0 that equation (6.18) really is the eigendecomposition
of Thrxy. Finally, from the definition of Kronecker product, one can see that
column iN +jof Z® Z is 2 @z, O

The reader can confirm that the eigenvector z © zj = vec(z;zl), thus
matching the expression for an eigenvector in equation (6.12).

For a generalization of Proposition 6.1 to the matrix A® I+ BT &1, which
arises when solving the Sylvester equation AX — XB — C, see Question 6.5
(and Question 4.6).

Similarly, Poisson’s equat‘ion in three dimensions leads to
Inxnxn =In@IN@IN+IN@ TN @ Iy + Iy ® In @ T,

with eigenvalues all possible triple sums of eigenvalues of Tiy, and eigenvector

matrix Z & Z ® Z. Poisson’s equation in higher dimensions is represented
analogously.
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