TMA371/MANG660 Partial Differential Equations TM, E3, GU
2000-12-13. Solutions

1. Show that the linear interpolant m f of a function f on an interval I = [a,b]
satisfies the interpolation estimates:

@)  f = mfllneeap < 0= a)||F" Lo (a,b);
) " = @) Moo (ap)y < (b= a)||f"l|Lo (ap)-

Solution
(a) See lecture notes, chapter 5, Theorem 1, page 5.3.
(b) Similar. (Or see CDE, chapter 5).

2. Let U be the ¢G(1) approximation of u satisfying the initial value problem
u+au=f, t>0, u(0) = uo.
Let k be the time step and show that for a =1,

|(w = U)T@)| < min (|[k(f = U = U)l[zee(o,21, TNl [ 1ovfo,1) -

Solution
See lecture notes, chap. 16, Lemmas 1 and 2, page 16.10. (Or see CDE, chapter
16).

3. Show that the dual of the problem 2:
—c/H—acp:O, 0<t<ty, <p(tN)=eN,

satisfies the stability estimate:

()] < exp(Atn)len|, if la(t) <A forall0 <t <ty
= lenl, ifa(t) >0 for all 0 < ¢ < tn.

Solution
See lecture notes, chapter 9, Theorem 9.2, page 9.4. (Or see CDE, chapter 9).

4. Consider the boundary value problem
—(au)' =f, 0<z<1, u(0) =4'(1) = 0.

(a) Show that the solution of this problem minimizes the energy integral

F(v) = / / fu,

i.e., u € V where V is some function space and F'(u) = min,cy F(v).
(b) Show that for a = 1 and a corresponding discrete minimum F(U) = minyey, F(v),
with U € V}, C V we have that

1
F(U) =F(u) + 5l(w = U)'|I”.
(c) Let @ = 1 and show an a posteriori error estimate for the discrete energy
minimum: i.e., for [F(U) — F(u)|, with V) being the space of piecewise linear
functions on subintervals of length h.
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Solution

(a) See lecture notes, chapter 8, page 8.3 (the only modification is that you put
g1 = 0). Thus from the differential equation for u it follows, after multiplication by
w and using integration by parts, that

1 1
(1) / av'w' dz = / fwdz.
0 0

Hence, for arbitrary v = u + w we have that

(2) F(v)=F(u+v) = F(u) + /1 av'w' dz — /1 fwdz + /1 a(w')? de > F(u),
0 0 0

since using (1) the first two integrals are add up to zero and the third integral is
> 0.
(b) Let a = 1 and use the following Galerkin orthogonality:

1
3) / (W—U)v'ds =0, VveVh,
0

with v replaced by U to get

1 1
(= UY|]2 = / (w—UY(u—U) do = / (w—UY (u+U) do
(4) o , ’
- / (W')? do — / (U2 dz = —2F(u) + 2F(U),
0 0

where we have used the identities
1
(5)  2F(u) = |[u'|* - 2/ fudz = {with w =w and a = 1 in (1)} = —|['||?,
0

and similarly 2F(U) = —||U"||?.
(c) Recall that in the one dimensional case, we have the interpolation estimate, (see
problem 1),

llu" = T'|| < Cil R,

where C; is an interpolation constant. This gives using (b) that

|F(U) = F(u)| < C7[IRfI".

5. Apply the finite element method ¢G(1) and prove an a posteriori error estimate
for the following Neumann problem:

-V-(aVu) +u=f, inQCR?, adpu =g, onT =90N.

Solution
We start to give the continuous and discrete variational formulations: Multiply by
a test function v € V = {v : [,(a|Vv|*> + v?)dz < oo} and integrate over Q.

—/V-(aVu)vdx—}—/uvdw:/fvdw, Yv e V.
Q Q Q

Using Green’s formula we have that



—/QV-(aVu)vda:: —/F(aVu) -m}ds+/Q(aVu) -Vvdx

={aVu-n=a8"u=gon F}:/(aVu)-Vvdm—/gvds.
Q r

Thus we have the continuous variational formulation:
Find u € V such that

(6) /(aVu)-Vvdx+/uvda::/fvdm+/gvds, Yv e V.
Q Q Q r

The corresponding ¢G(1) method for this problem reads
Find U € V}, such that

(7 /(aVU)-VUd:E+/Uvdmz/fvdm+/gvds, Yv eV
Q Q Q r

Thus (6) — (7) yields the Galerkin orthogonality

(8) /QaV(u—U)-Vvda:—}-/s)(u—U)vdw:O, Yu € V.
A Posteriori Error Estimates: Let e =u — U, U € Vj,

llellz = (e;u = U)g = (e;u)p — (e,U)r = {(6), e € V}
) :/Qfed:c+/rgeds—(e,U)E: {(7), mhe € V. }

=/ f(e—whe)d$+/g(e —7pe)ds — (e — e, U)g.
Q r
Recall that

(e — mpe, U)E—/aVU V(e — mpe) dar—}-/Ue—whe)d

—Z/ aVU - V(e — mpe) d:c+/Ue—7rhe

Hence using the following version of Green’s formula

(10)

/VU-dearz/aandes—/wV-(aVU)d:c,
Q r

Q

we may write

(e—whe,U)E:Z</

0K

/Ue—whe

/(U V- (aVU))(e — mpe) d:c—l—Z/ ad,U(e — mpe) ds.
Q

ad,U(e — mpe) ds —/ V- (aVU)(e — mhe) dm)



4
Substituting into (9) we get
lellE = /Qf(e—mze) d:v+/rg(e—7me) d8+/Q(V-(aVU) —U)(e — mhe) da
- ; /81( ad,U(e — mpe) ds
= /(f—}—V - (aVU) — U)(e—whe)d$+/g(e — mhe)ds
Q

r
- Z/ a0,U (e — mhe) ds
& JOK
Let now
(11) R(U)=|f+V:(aVU)-U|.
Then
el < [ R@)le=meldo+| S [ avnUe—me)ds
(12) Q2 K JOK

+‘/g(e—7rhe)ds‘ =1+ 1T+ 1II.
r

Below we shall estimate each term separately:

—‘/ R (U |e—7rhe|da: ‘/ \/_ |e—7rhe|da?‘

1/2 1/2
< hR; (U /ah e—mpe))?

< ([ aem@y?) " ( [ ate-me)?)
<||ARy (U)||o-1 - ||h " (e — mhe) | o) -max/a
<|[hR1(U)]]a-1 - Cil[Ve|| Ly 'mgxx/a

< [[hR1(U)]lo=1 - Cil| Vella - max va/ min va

< Ci( max v/a/ min v/a) ||hBy (U) |1 - |Jel

Similarly

II—‘Z/ ad,U(e — mpe) ds|<2‘/ a0y, Ue—whe)ds‘

a) ; ‘ ok h}(/QanUh;/Q(e — The) ds|
1/2 1/2
< mgx(a) ; (/GK hx|0,U|? ds) . (/BK hi' (e — mhe)? ds)

< m{?lxx(a) ; (/M( hi|0,U|? ds) v (g hx /81((6 — mpe)? ds) v

=mgx@ 3 (| mlonds) " (S hlle ~maeliye)
K oK —



Thus usinfg Theorem 14.2, (14.9) yields

1/2
2 . .
II < mgx(a) EK (/BK hk|0,U| dS) CillVel| Ly (@)

/

< (max(a)/min(v@) - ([ mxlonvpas) - civell
K

< C’i(mgx(a)/m(%n(\/a)) 3 (/M hi|8nU 2 ds)1/2||V6||E <.
K

1/2

) (max Vi) Ui )
ming (fK dw)
maxgq (faK ds)l/2

12
ming (fK dz

< C; (max(a)/ m{%n(a)

5 |h B (U)]]1,(0 || Vells

<C; (max(aw)/ Irgn(a)) (max \/ﬁ)

2 AR (U)]]4-1 | Vel

where
(13) Ry(U) = higt max 0, U].
Now it remains to estimate the last term:

I =‘ /Fg(e - Whe)‘ ds < ; ‘ /BK Y2 gh 2 (e — whe)‘ ds
<2 [ [ otae) " (it [ e meras) ]
< (S [, o) " (Shlie—melliom)
2
< {Theorem 14.2, (14.9)} < (;h,{ /M e ds) / CillVell o)
< i 78 v (0% [ )19l

Ci 1 maxq [;, dS(Z/ (thI%x|g|)2dw)1/2||Ve||E
= /K

< .
~ ming /@ ming A ming fK dz
Cimaxgy/a  maxg [y ds

: hR3(U)|| -1 ||Ve|| &,
S e [ M)l Vel

where
(14) R3(U) = max|g|.

Inserting I, IT and III in (12) we get the following a posteriori error estimate:
llel|z < Ci[|hRy(U)||o-1 + Co|[hR(U)||o-1 + Cs||hR3(U)|[o-1,
with R;(U)’s i =1,2,3 given by (11), (13) and (14) above.

MA



