Hints and solutions to problems in course
book:
Computational Differential Equations

Johan Hoffman

If the problem has been solved at an excercise session this is indicated,
see your notes from that session.

If nothing else is indicated the following conventions are used:
[w]l = [lw]l Ly

Chapter 4

4.21: Move absolute values inside integral:

=1 [ 5@ o) et < [ 17 9@ o= [ 150 lot)] @

b
< [ g 1) lo(e)] do = s [£(o) / 9)| dz = 7 saton ol aco

4.22: Prove conditions for a norm at p.63. First condition is given by
continuity of the function: the only function f such that ||f| 1,z = 0 for
p=1,2,001is f =0. We then prove the second and third conditions:

b b b
o leion = [ laf@] do = [ jal 17@) dz =la] [ |f(x)| da

lof llmatery = ( / af @) de)? = (Jaf? / (@) dz) 2 = Ja( / ()] d) 2
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J0fll oy = max o (2)| = max [a] |f(@)] = |a] max |f(@)

To prove the third condition, the triangle inequality, we prove some useful
inequalities that are valid for general domains Q C R%:

Young’s inequality:
ab? b

1 1
ab < — + —, a,b>0, p>1, —+-=1
p q P q

Proof: log(x) is concave: log(Az1+ (1 —X)x2) > Alog(z1)+ (1 — ) log(z2)

1 1 P e
log((lb) = — log ap + = log bq S log(a‘_ + _)
p q poq
Holder’s inequality:
1 1
If gl < Iln@lolzae, 2 +0=1

Proof: Using Young’s inequality, with the notation: ||f{|, = ||f gllz,@)

If gl 1 Ifl gl
- dx dx
wqunmmmévm o T/ Tall

E/Qﬂ)d*‘/Qﬂ)dx

1
|f\pdx—i— /\g|qu— +—:1
p!|f||p/ qllgll§
Cauchy-Schwarz inequality: Follows by Holder’s 1nequality (p=2):

[(f,9)l = I/Qf g dx] < /Q\f gl de =1 gllx < I fll2llgll2

Minkowski’s inequality:

1f 4 glly < 11y + Nl
Proof: With ¢ = p/p — 1, so that (p — 1)¢ = p:



|f+glP = 1f+gl 1 f+glPH < (f1+1gDIf+gPH = 1f1 1 f+gP gl [f+9lP

1/p 1/q
=1 q P (»—1)aq g )
Listirearaes ([irae) = ([1r oo i
1/p 1) 1/q
p—1 p p—1)q
/Q|g\ |f+glP~ de < (/Q|g\ da:) (/Q\f+9| dx)

P l/p_ P e _ Jolf gl da
i(/ﬂ‘fﬂ,\) _(/Qmm) < 151+ gl

(ol

Minkowski’s inequality gives the triangle inequality for the norms | - ||,

with p = 1,2, and for || - ||« we get the triangle inequality by the triangle
inequality of the absolute value.

4.24:
| sinmz||r..0,1) = sing =1
1
— 2
| sin 7|, 01) = |sinmz| de = / sinmzx dr = [M] ==
0 0 ™ ™
: 2 1 sin2 . /1 sin2
| sin 7|7, 01 = = ST < | sin7z|| ,00) = - = 37 1
H.CE2||LOO(0 1) = - = 1
371 1
12211 0.1) = / \x2|dx—/x dx_{%}ozg
12| Lo(0,1) = </ |2%|? dx) 1
2 V5
||erHLoo(0,1) =el=¢
1 1
le“lzy0.) = e’ dx = / efdr=..=e—1
0 0
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1 1/2 9
e —1
HeanQ(o,n:( | dx) -
0

4.25: The function f(z) = 27° is in the space L,(0, 1) if || f||1,) < oo.

1 1-s 71 1—
1 — s
/x_sdx: x = ¢
. 1—s], 1—s

e—0 = % — o0 if s > 1. That is, f(z) =27 € || f|l, 01 if s <r =1
Similarly, f(z) = 27° € || f|lzo0,1) if s <7 =0.5.

Chapter 5
5.8: Use Lagrange’s formula (5.1):

w3 f(x) = sin(0)Ao(z) + sin(w/6) A1 (z) + sin(7/4) Ao (x) + sin(7/3) A3(x)

- (@) + %Az(@ + ?Ag(@
oy (=0l = /) = 3
(m/6 —0)(7/6 —7/4)(7/6 — 7/3)

(x —0)(x —7/6)(x — 7/3)
(m/4—0)(r/4—7/6)(n/4 —m/3)

(2 = 0)(& = 7/6)(x — /1)
(m/3—=0)(n/3—7/6)(n/3 —m/4)

5.9: Excercise session 3. Use definition of \; at p.76:

)\2(3?)

)\3(3?)

r—b x—a a—b
oz—b+ b—a a—b
(€ Vhola) + (61~ DA () = (60— 2) o + (6 — ) =0

§o— & & — &o
Use (5.4),(5.5), and the above equalities, to prove the error representation
formula.

5.13:

)\0+)\1: 1




1+1
a—b b—a

_ / _ ! — o — & 61 — =
(o — )N () + (&1 — 2) A () f0—& & —&

5.14: See lecture notes from Lecture 4.

Ao+ A= =0

1

5.17: Excercise session 3. Use the coordinate transformation = = &b +
(1—¢&)a, with £ € (0,1) and = € (a,b). This gives that dz = (b — a)d¢, and

of _ Ofox __ of

1 1/p b 1/p
r|f||Lp<o,1>:(/0 |f(£)|pd§) :(/ @) <b—a>dx) — (=) f Ly

Wi = ([ 1760 ac) v ([ 16-arrap o) v

= (b= @) | 0y
Thus,
1f = mifll,00) < 1" lz,00)
= (b= a)"?|f = 7 fllLy@p) < (0= a)* P L)
= [1f = 7ifllp@n < (0= a?[1f Ly
5.23: For sub-interval I; = (z;_1, z;), choose for example the midpoint

Z; = (x;—1 + x;)/2, and then use the second degree Lagrange polynomial
defined on page p.76.

5.24:

r1 — X
polz) = ) Prmi1(T) = ————
1 — Tg Tm+1 — Tm

T— Tm




Chapter 6

6.2: Use (6.4). You do not have to solve the resulting systems of equations.
The case ¢ = 2:

1 1 1 1 1
allz —_ = - — — = —
1+1 1+1+1 2 3 6
2 113
ST T 9r14+1 1 1
1 1111
T T 14241 3 4 12
2 11 13
2 9 T 91241 2 5 10

1 1

b:—:—

Tl 2

1 1

by = —— = —

27941 3

oo T
| IS |

[
1
QO [
—_

6.8:

w1 —1 [ ~1
i—14 = —d = — d =
G, / = =

(2 Ti—1
6.9: a; =2/h, a;_1; = a;;+1 = —1/h, and all other entries zero.
6.10: Use the definition of the basis function ¢;(x).
6.11: Use Problems 6.9 and 6.10.

6.12: All function in Vj, can be written as a linear combination of the
basisfunctions: v € Vj, = v(z) =Y mipi(z), o'(x) =D 0" migl(x)

0> (v'(2)” = midi(x) Y mig(x) = D mmyei() () = Y magm; = n" An
i=1 j=1 ij=1 ij=1

Ifnot ;=0 foralli=1,2,..,m.

6.14: Excercise session 1. Use partial integration in equation (6.19).
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Chapter 8
8.6 Similarly for a;;_; and b;.

[t [ oitbae [“0sa 3
Qi = ap;p; dr = x)—-— dv r)——— dx
0 _— hh = h h

1 +x2 o +1 +x2 Tt
I R R

. 1 Ti—1 +X; 1 x; + Tir1
= (b W= g (b =)

1 Ti—1 +x; T; +
:_(2+ 12 + 2 +1)

h
1 z; 27 Ti

¢ 1-1 -1 T

i1 = "ol L dr = l4+2)——dr=— |z + —
a;—1 A agngpz—l x /le( x)h h L h2 |:x D) o

-1

-1 Tio1+ T -1 Ti-1 + T4
=—h+h———)= —(1+ —-—
) = =)
8.7: Yes, the stiffness matrix is still symmetric, positive-definit and tridi-
agonal.
8.9:

’(x)— 1—2z 0<2x<z2
N —z z<zx<l1

/Olg;(x)e'(x) dx:/oz(l—z)e'(x) da:+/zl(—z)e’(x) dz



=—A%WWW%UW%M=A%@Uw+W@Mx
=/Exwmmdx=om%em,

0
and g, € Vj, if and only if z = z; (with z; a node in the mesh of V})
8.10:

—Aﬂmwwwzégmwwm—mmwm

_(1-2) /Oz?/(x) d:);—z/ V(z) dz — (—20(1) — (1 — 2)0(0)

= (1=2)(v(2)=2(0)) —2(v(1)—v(2))+(zv(1)+(1=2)v(0)) = v(z) = —gZ(x)

8.11: Excercise session 3.

8.12: Excercise session 3. Partial integration of (8.13), then use the
Robin condition (8.12).

8.13: At the left end-node xy = 0 there is a trial basis function but no
test basis function. Integrating over the element I; = [zg,x1], we get the
equation

So—&=0

and for the rest of the unknowns &; we get equations:

—&im1 + 28 — &in
With M interior nodes we get a M + 1 x M + 1 system with ¢

0,1,2, ..., M.

8.16:

8.17: Excercise session 5.



1 1
[ oo dol = [ @)@ ) de <
0 0

1 1
| / o da] = | / (@20) (@) da| < [0/l -
0 0

8.18:
v(x) for z € (0,1) and with v(0) = 0:

v(y) = /Oy V'(z) dx = /y a 12 (a'?v'(2)) dx

0

< (/Oy = dx)l/Q(/ya(v')2(m) )2 0<y<1

0

If/Ola_1 der < oo =

Y Y
o(y)] < (/0 a’ dx)1/2(/0 a(v')*(z) dz)'? < |[1|o1 olle = lolloe < [1Lllafl0]le

8.20:

[WR(U) o = ha™ (5 + @U) || = [ha™2(~ (@) + @)’
= b (=a's = au” + V)| = [ha (U7 = ) + ()]

<Ol = U'lla + [[Pula < Cllu’ = mnt[la + |2t o < (CC + 1) |2 |la

8.21:

8.22:
The a priori error estimate is the same since the same Galerkin orthogo-
nality holds for the weak formulation:



1 1
/ au'v’ dx = / fvdx + giv(1)
0 0

For the a posteriori error estimate, note that

gi(e(1) —me(1)) =0
8.23:
8.37:

8.40:
8.41:

Chapter 9
9.4: Excercise session 4.
9.5: Excercise session 4.

9.10: Excercise session 5.

Chapter 10

10.18: Excercise session 4.

10.21: Excercise session 4.

Chapter 13

ow
afL’Z’

13.30 Excercise session 1. Use (13.12) with w =

Chapter 14

14.9 (¢;, 0;) = / ¢i(x)pj(x) dx; is zero for all 4, j so that that the support
Q
of ¢; and ¢; do not overlap.
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Chapter 15

15.14: Excercise session 1.
15.16: Excercise session 1.
15.19: Excercise session 6.
15.20: Excercise session 6.
15.21: Excercise session 6.
15.44:

15.45: Excercise session 1.
15.48:

15.49: Excercise session 5.

Chapter 16

16.14 Excercise session 4.

Chapter 21

21.1 Excercise session 2. Bilinear and linear forms for equations (8.1), (8.2),
and (15.18):

1 1
1) = W' dr L(v) = d
(8.1): a(u,v) /o u'v' + cuv dr L(v) /0 fv dx
(8.2): alu,v)= /lau’v’ dr L(v) = /1 fvdx
0 0

(15.18) :  a(u,v) = / Vu-Vvdr L(v)= / fu dx
Q Q
21.2 For symmetric bilinear forms we define the energy norm as

lwlla = aw,w)"’?

for which we have the Schwarz inequality:
|a(v, w)] < [vllalwlla

11



Proof of equation (21.22):

lu— U2 =a(u—Uu—U)=alu—Uu—U)+alu—UU —v)

= a(u—=U,u—v) <|lu="Ullallu = vl

Proof of analog of (21.5): bilinear form a(-,-) is elliptic, and linear form
L(-) is continuous, which gives:

plUlly < a(U,U) = L(U) < ssl|U]lv

21.8(a) Excercise session 2. Let V = {v € H*(0,1) : v(0) = 0},

1
[l = llwll ) = /0 [w'|* + w? da = [|w'[|* + [|wl]|*

Multiply by v € V, partial integration gives variational form:

/0 @ (@) do— @)@} + a / ) dr — / fla

Boundary conditions gives:

/Olu'(x) ()dx—l—a/ dx—/ @

Let a(u,v) fo ' () d:);—l—fo au(x)v(x) dz and L(v fo dx.
For a =1 we have k1 = 1:

lwlly = w1 + [lw]* = a(w, w)

For a = 0 we have k; = /3, using Poincare-Friedrichs inequality (21.17):

lwlly = l[w']* + [lw]* < w1 + 2[w'||* = 3]Jw'||* = 3a(w, w)

That is, a(-,-) is elliptic for &« = 0,1. Continuity of a(-,-) with ky = 1
follows by Cauchy-Schwarz inequality, and since for v;, w; > 0:

V1w + vawa = (v1,va) - (w1, wa) < (v 4 V)2 (wh + wd)?

12



1
(v, w) = / v) do+ / v(@)w(z) dz < ||| '] + o]l lw]
<

("1 + Fol®) 2 (w12 + [l )2 = flollv wllv

and for a = 0:
1
a(v, w) :/0 V' (z)w' (@) do dz < ||| [[w']] < | [[w'f] + (]| |
< (012 + P2 (w1 + lwl?)? = ol lwllv

Continuity of L(-) with ko = || f|| follows by Cauchy-Schwarz inequality:

/ f@yo(z) de < [ [l < I lellv = £ Aol < 1A ol
21.8(b) Choose V = {v: [} v/(2)? dx + v(0)? + v(1)? < 0o}

|w||? :/0 w'(2)? dr + w(0)? + w(1)?

Multiply by v € V, partial integration gives variational form:

/Olu'<> '(2) d — [ /f

Boundary conditions gives:

/0 o ()0 (2) d + u(0)0(0) + u(1)o(1) = /0 F@)o(z) da
Let

a(u, v) = /0 W/ (2)0(2) dz -+ uw(0)0(0) + u(1)p(1)

_ /0 ' F@yo(e) de

Ellipticity of a(-,-) with k1 = 1 is given by

and

13



[w]lf = [|w'[|* + w(0)* + w(1)* = a(w, w)
Continuity of a(-,-) with ko = 1 is given by
a(v,w) :/0 V' (x)w' (z) de+v(0)w(0)+v(1)w(l) < ||| [|[w'||+v(0)w(0)+v(1)w(l)

= ([IV'll,0(0), v(1)) - (lw'[], w(0), w(1))
< (IV'II° + 0(0)* + w2 (|w'|* + w(0)* + w(1)*)V? = [lv]lv [wllv
Continuity of L(-) with k3 = 1:

L(v) =/0 f(@)o(x) dz < LFI ol < 1FI )P +0(0)* +u(W)) Y2 = [L£] ollv

21.9 Excercise session 5. Multiply by a test function v and use integration
by parts:

[ e et [ @] - @@l = [ @) @

(a) u(0) =/ (0) =u(l) =u/(1) =0

H?*(0,1) = {v: /01(21(:)3)”)2 dx + /Ol(v(a:)’)2 dx + /01(21(:)3))2 dr < oo}

HM@=ACM@W+QW@V+W@de

alu,v) = /0 lu"(x)v"(x) dr, L(v)= /O f(2)o(z) do

Ellipticity of a(-,-) with x; = /7 follows by Poincare’s inequality (21.17)
for v and v

14



loll?, = / (0" (@))? + (o (2))? + (0(2))? de
< / (0" (2))? + 20" (2))? + 200/ (2))? de

1
< / (v"(2))* +2(v"(2))* + 4(v"(2))* dz = Ta(v, v)
0
Continuity of a(-,-) with k3 = 1 follows by Cauchy-Schwarz inequality:

1
alv,w) = | Vi@ (z) do < o] "] < Jlvllv lwllv

Continuity of L(-) with k3 = || f|| follows by Cauchy-Schwarz inequality:
1
L(v) :/0 f(@)o(z) de < [|f]| ol < ([ lvllv
(b) u(0) = u"(0) = w'(1) = u"(1) = 0

V ={ve H*0,1):v(0) =v"(0) =2'(1) =2"(1) = 0}

||w||2V:/O( W'82))? + (' (2))? + (w(z))? da

a(u,v) = /Olu"(x / f(z

Ellipticity and continuity shown similar to (

(c) u(0) = —u"(0) +u'(0) =0, wu(l)=1u (1) +u/(1) =0
V=A_v: /0 (v"(x))? dx+/0 (v(x))? dz+(v'(0))*+(v'(1))* < oo, v(0) = v(1) = 0}
wlf3 = /O (w"(2))? + (w'(2))* + (w(x))? dx

1

a(u,v) = /0 u' ()" (x) de, L(v)= [ f(z)v(x) dx



Ellipticity and continuity follows by Cauchy-Schwarz inequality and the
inequality vyw; + vews + v3ws < (v1 + v + v3) (w1 + we + w3) for vy, w; > 0.

21.11 f € H'(Q) means that || f||g-1q) < co, with

, U
| fllz-—1@ = sup 2]
vEH} () o]l

This gives that

(f,v)
vflv

with || - v = || - |l1(0y. Thus

<@ = (Fo) <flla=@llvlv

L(v) = / fu de+ / gv ds < | f =@ ol + gl ol zacey

< flla—r@llvllv + gl Cllvllar e < (a1 + Cllgllzm)llvilv

by the trace inequality (21.20):

]| zomy < Cllollare)

21.12 Excercise session 2. Find v € V such that

/Vu~Vvdx:/fvdx, YoeV
) Q

with
V={veH'(Q): v=gonTl}, V=H\Q)

21.13 Excercise session 2. Similar to 21.8, but use Green’s formula
instead of integration by parts. For the case of « = ¢ = 0 we cannot
use Poincare-Friedrich’s inequality (21.18), we cannot say anything about
|w||Lyry since we only have a Neumann boundary condition d,u = ¢ on
I'. Thus the conditions for Lax-Milgram are not satisfied. It is easy to see
that indeed we do not have a unique solution to this problem, since for any
solution u(z), the solution plus a constant u(z) + C' is also a solution.

16



21.14 We prove ellipticity of a(-,-) using
/(6-Vvv+oz02) dx >0
Q
and the Poincare-Friedrich inequality (21.18):
a(w,w):/ve-Vw—i—ﬁ-wa—i—awwdmZe/Vw-Vw dx
Q Q

C+1
[wlf = llw]]? + [Vw]]* < (C+ D] Vuw|* <

a(w,w)

€
This means that the constant x; = o] decreases as ¢ decreases.

21.17 Use Poincare-Friedrich inequality for each vector component, and
use the norm

3
lolly = / S (V| da
=1
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