TMAZ371 Partial Differential Equations TM, 2000-04-25. Solutions

1. Consider the Dirichlet problem
-V -(a(x)Vu) = f(z), z€QCR? u =0, for z € 990.

Assume that ¢ and c¢; are constants such that cg < a(z) < ¢, Vz € Q and
let U = Zjvzl ajw;j(x) be a Galerkin approximation of w in a finite dimensional
subspace M of H} (). Prove the a priori error estimate

lu—Ullgi) < Cxiél{l llu = x| g (o)

Solution: We formulate the continuous and approximate weak formulations as:

(1) (aVu, Vv) = (f,v), Vv € HE(Q),
and

(2) (aVU,Vv) = (f,v), Yv € M,
respectively, so that

(3) (aV(u —U),Vv) =0, Yv € M.

We may write
u—U=u—x+x—-0,
where x is an arbitrary element of M, it follows that
(aV(u—U),V(u—U)) =(aV(u—U),V(u—x))
(4) <|laV(u = O)| - [lu = X[ m3 ()
<cillu = Ullagoyllu = Xl m29)

on using (3), Schwarz’s inequality and the boundedness of a. Also, from the bound-
edness condition on a, we have that

(5) (@V(u—U), V(u —U)) > collu — Ul -
Combining (4) and (5) gives
&]
llu=Ullm ) < a“u = Xl (9)-

Since x is an arbitrary element of M, and the proof is complete.
2. See the proof of Theorem 14.1 in the book.

3. Consider the boundary value problem
—Au+u=f, reQCRY,
n-Vu=yg, on T :=99Q,
where n is the outward unit normal to T'.
(a) Show the following stability estimate: for some constant C,
IVl + ulli, @) < CU N 0 + 19lZ,m)-

(b) Formulate a finite element method for the 1D-case and derive the resulting
system of equations for Q@ =[0,1], f(z) =1, g(0) =3 and g(1) = 0.
1



2

Solution: a) Multiplying the equation by u and performing partial integration we

get
/Vu-Vu+uu—/n-Vuu:/fu,
Q r Q
ie.,

(6) |IVUII2+IIUIIZ=/QfU+/F9uS||f||||UI|+|Ig||r0sz(|IVUII+|IUII)

where || - || = || - [|£,(@) and we have used the inequality ||u|| < Co(||Vul| + ||ul]).
Further using the inequality ab < a® + b?/4 we have

1 1 1
IVl + [lull® < [[£I]* + Zllell® + Cliglle + 3 [Vl + 7 [Jul]?

which gives the desired inequality.
b) Consider the variational formulation

(7 /QVu-VvﬁLuvz/fou—k/rgv,

set U(z) = Y U;9;(z) and v = 1; in (7) to obtain

éUj/QV%‘V¢i+¢j¢i=/9f¢i+/rg¢i, i=1,...,N.

This gives AU = b where U = (Uy,...,Un)7, b= (b;) with the elements
bi=h, i=2,...,N—1, b(N)=h/2, b(1l)=h/2+3,
and A = (a;;) with the elements

—1/h+h/6, fori=j+1 andi=j—1
a;; =< 2/h+2h/3, for i =j andi=2,...,N—1
0, else.

4. Consider the initial-boundary value problem

o — Au =0, z € Q, t>0,
u=0, x € 01, t>0,
u(z,0) = uo(z), z€Q.

Show the stability estimates:

t t
2 \V 2d 24 C 2 ds,
u(d)] +/0 IVu(s) | ds < [fuol” + /Ollf(S)II 5

t t
HW(t)H2+/0 || Au(s)|* ds < ||Vfto||2+0/0 [I£(s)II* ds.
Solution: Multiplication by u gives
. 1 1
(i u) + ||Vl [* = (£, 0) < [[f[[Jull < ClFNIVull < SCIAAP + 5[Vl

Here (i,u) = 4 ||u||*> and hence

d
el + IVl < Ol
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Integrating fot -ds gives the first inequality. To get the second one we multiply by
—Au:

. 1 1
(i, = Aw) + [[Aull® <[] ||Aul| < SIFIP + Sl Aull®.

Here (i, —Au) = 1 4||Vu||? and hence

A

L1vulP + laul? < 171

5. Prove an a priori and an a posteriori error estimate for a finite element method
for problem

—u" +u' +u=f, in (0,1),  w(0)=u(l)=0.

Solution: Multiplication by v € H{(I) and integration gives the variational for-
mulation: Find u € Hj (I) such that

(8) /I(u'v'+u'v+uv)=/lfv, Vv € Hy(I).

The corresponding finite element method ¢G(1) is: Find U € V)? such that
(9) /1 (U +U'v+Uv) = /1 fv, YveVP c Hy(),

where

V;? = {v : v piecewise linear, continuous in a partition of I, v(0) = v(1) = 0}.

Let now e = u — U, then (8)-(9) gives that

(10) /(e'v' +evtev) =0, YveVQ.
I

We define the energy inner product and norm viz;

e = [ o), il = s = [0

To derive a posteriori error estimates first we note that

, 1/1 d .
= = - = = ]_ = ().
(11) /Iee 3, dm(e) 0, since e(0) =e(1) =0
Thus

el = /I(e'e' +ee) = /I(e'e' + e+ ece)
- /I((u _UYe + (u—U)e+ (u=U)e) = fv = e in (8)}
/ fe— / (U'e' + U'e + Ue) = {v = mre in (9)}
/f e— mhe) /(U'(e _ mhe) + U'(e — mhe) + Ule — mre))

= {partial integration on each subinterval} = / R(U)(e — mpe),
I
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where R(U) := f+U" —U'—U = f —U' — U, in each subinterval. Let now
I[-11 =1l llza(r), then
lell < [[RRU)|[ [P~ (e — mne)|
< Gl |hRQU)|| €]l < Cil[RR(U)]| Ile]| 2,
and hence
llellz < Cil|AR(U).

As for the a priori error estimate, a similar approach would result
lelft = [ e+ ee) = (1) = [ (e + et ee)
I I

- /I(e'(u _U) 4+ (u=U)+elu—U)) = {v=U = mpu in (10)}

= /(e'(u —mpu) + €' (u — mpu) + e(u — mhu))
I
< e I(w = mnw)'[| + [le']] v = mnul] + llel} [ = mhul|
< llelle{ll(u = mpw)'|| + 2||u — mhul[}
< Cillellz{llhu"[| + [|h?*u"]]},

consequently
llellz < Ci{[[hu”|| + [[h*u"[|}-

MA



