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Summary so far
Error estimation

Energy norm:
« A priori
- A posteriori

Adaptive algorithm
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Equation: R(u) = 0.

Compute solution U, exact solution .

Errorie=u—U

u IS unknown, what can we say about the computational error ¢?

In science/engineering we want to guarantee our solution is
close enough, give a tolerance on error:

le|l| < TOL

We also want to compute U with as little computational power as

possible.
We will see how a posteriori error estimates/bounds can make

this possible.
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Simple summary so far

Want to solve R(u) =0 [—u" — f = 0]

Multiply with test function and integrate:

Jo R(u)vdz =0 [fol —u""v — fodx = 0] (weak form)

POSSIb|y use partial integration to move derivative to test function
[fol —u'"v — fodr = fol uw'v' — foder =0, v(0)=wv(1)=0]
Linear case can define two parts, one with « and one without:
Jq R(uw)vdr = a(u,v) — L(v)

[ 01 uw'v' — foder = a(u,v) fo v'dr, L(v)= fol fodzx]
Pose finite element solution U = Zz:l v, UeV,

Note that we are seeking approximation of the solution function
U and not directly the equation.

Plug in U, and approximation space V.

a(U,v) — L(v) =0, YveV,
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Simple summary so far

Plug in definitions of U and basis ¢;, j=1,...,N of Vj to
compute elements of matrix A and vector b

M
U=> &5, UeV,
1=1

=
Az] — a’(¢j7 gbz)dﬂﬁ,
b; = L(¢;)

Solve linear system for &; and construct solution U.
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Examples for specific equations:
A priori example (order of convergence):

lelle < Cllhu”|
A posteriori example (actual computable bound on error):
lellz < CllRR(U)]
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For a linear PDE we observe:
a(u,v) — L(v) =0
a(U,v) — L(v) =0=
alu—U,v)=0, Yvel,

We can define the “energy” inner product/norm:

For the equation:
R(u)=v"—f=0, z€(0,1)=

1 1
(f.9)5 = /O gz = ||f |z = /0 ()2
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A priori estimation

(Recall estimate for L2 projection)

lelE = (e;e)p = (u—U,u=U)p =
(u—Uu—U)g+(u—U,v—0v)g =
(u—Uu—v)g+(u—-Uv—U)g =
(u=U,u—v)g < |elpllu—v|p =
lelle < flu—vlp, VveV,

This proves that there is no better approximation than U in V}, in
the energy norm.
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A priori estimation

Continuing, remembering that interpolant 7u € V}, and using
interpolation estimate ||u — 7ul|p < Chl|v/||g:

lellz < llu—vlg, YveVy=
lelz < llu—mullp < Chllv'||e

Which means that the energy norm (in this case derivative) of
the error converges to zero with first order rate.
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A posteriori estimation

Want to extract R(U) from expression with e.
Observe that Ae = —R(U).

Galerkin orthogonality: f01 Uv' — fode =0, Yv eV,
Note that me € V},

1 1
HeHQE:/O e’e’da::/O (U'e — fe)dxr =

/1(U’ "— fe— (U'ne' — fre))dx =
0
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A posteriori estimation

Continuing, using integration by parts on each cell/interval
K; = [a;,b;],0 < a; < b; < 1 and that the interpolation error is
zero in the nodes: (e — me)(x;) = 0.

M b, 1
Z/ U’(e — W@)’dw — / f(e — ﬂe)dx —
i=1 7 i 0
M b,
Z/ (=U"(e —me) — f(e —me))dx + [U'(e - 7'('6)]2’2 —
i=1 7%

Clean up, defining discontinuous R(U) = —U" — f

lell3, = /0 R(U)(e — me)da
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A posteriori estimation

Continuing using Cauchy-Schwartz and interpolation estimate
le — mel| < Chlle|| = Chlle| e

1
el = /0 R(U)(e —me)dzr < |R(U)||[le — me]| <

|RU)||Chlle] s
Which gives the final estimate/bound:
lellz < CllRRU)|

Note that the right hand side is computable given a solution U.
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Adaptive algorithm

Want to compute the solution U to a given tolerance of the error:
lelle < TOL
Since we have:
lells < CIRRU)|
We need to satisfy the requirement by the estimate:
CllhR(U)| < TOL
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Adaptive algorithm

Split up error bound into contributions from each cell:

C|hR(U)| = C\//O (RR(U))2dx = C\/Z /K(hfz(U))de
K

Simple condition: refine (split) cells K where the error
contribution [,.(hR(U))?dx is largest.
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Adaptive algorithm

Simple adaptive algorithm:

1. Choose an (arbitrary) initial triangulation T}
2. Given the jth triangulation T,{ compute FEM solution U
3. Compute residual R(U) and evaluate error bound C||hR(U)||

4. 1f C||hR(U)|| < TOL stop, else

5. Refine a percentage of cells K where the error contribution
[ (RR(U))?dx is largest.
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