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Stability

Model equations:
- Heat equation
- Wave equation
- Convection-diffusion equation

Implementation of adaptivity
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FEM for ODE

In general:

u:f(t,U)

Model problem:
U+ au = f(t)




FEM for ODE: dG(0)

dG(0): U € Wy, with U; = ug, W}, space of piecewise constants

tn .
/ Uv+aUv — fodt+ (U, —U,_1)v=0, YveW,=
/

U, = U, 1 — / " aOU® + f)dt

N
U= &bi, ¢di=1, kn=tn—ty_1=
1=1

tn
gn — fn—l — /t a(tn)fnﬁbn + f(tn)dt

Note that U = 0 on a time interval [t,_1, t,]
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FEM for ODE: dG(0)

Right-point quadrature, we get backward Euler (+ quad. err.):
En = En—1 — kn(a(tn)n + f(tn)) + kg




FEM for ODE: cG(1)

cG(1): U € Vi with U(0) = ug, Vi Space of piecewise linears

tn .
/ Uv+aUv — fodt =0, YveW,=
t

n—1

U, = U, 1 — / " aOU® + fD)dt

N
UZZ&'@;, ¢i = T , kn=tp —th1 =
i=1

tn
En = &n—1 — [ﬁ a(tn)(gn—lqbn—l + £n¢n) + f(tn)dt
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FEM for ODE: cG(1)

Trapezoid quadrature, we get Crank-Nicolson (+ quad. err.):

bn = &t — hn(altn1)n 1+ alta)én + f(tn 1) + (1) + B,




Error estimate for dG(0)

For general ODE: R(u) =4 — f(t,u) =0
Similar construction as for error estimates in space.

u(T) = U(T)| < k|R(U)|S(T)

_ Sy |@lat

€T

where stability factor S(7T)

S gives a quantitative measure of the stability of the equation.
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Stability factor examples

Primal equation

w4+ u=sin(t), u(0)=wug

Dual equation

—¢+UZO, gb(T):eT
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S doesn’t grow with T' = equation is very stable/parabolic.
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Stability factor examples

Primal equation

w—u=f(t), u(0)=uo
Dual equation

—¢p—u=0, ¢T)=er
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S grows exponentially with T' = very unstable/expensive to
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FEM for IBVP/PDE (space-time)

Model problem (Heat equation):
uw— Au = f(t,x)

Domain D is cartesian product of domain in space and time
Interval: D = Q) x I

Mesh is space-time slab D,, =7T,, x I,, where T,, = K IS
triangulation of €} and I,, is sub-interval of length &k,, = t,, — t,,_1.

cG(1)dG(0): Trial and test space W, with basis functions

b = &1, Where ¢, basis functions of W, (piecewise
constant/discontinuous in time) and ¢, basis functions of V},
(piecewise linear/continuous in space).
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FEM for IBVP/PDE (space-time)

Galerkin’s method for cG(1)dG(0):

(Un,v) = (Up—1,v) — /ttn (VU, V) + (f,v)dt, Vv & Wy

n—1

N - N
U=> &= &bui, v=u, i=1,..,N
1=1

1=1

Again, with right-endpoint quadrature we get backward Euler
(+quad. err.):

(Un,v) = (Up_1,v) — kn(VU (tn, ), Vv)) + (f(tn),v), Vv W,




FEM for IBVP/PDE (space-time)

Substituting U gives the formulas for matrix/vector elements.




Stability

Sensitivity to solution (or derivatives of solution) to perturbations
In data f and u0.

Want to find bounds of type (for exact solution):

lull < S[[f]l or [Jul| < S|u(0)]]

and for approximate solution:

IUI < S| fll or [U]| < S[|U0)]

where S Is a constant/factor which doesn’t depend on u or U.
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Heat equation

u— Au= f(t,x)
u(0) = ug
Assume f =0

T
u(T) +2 g [Vull*dt = [[u(0)]”
Dissipation of temperature/energy (u).

Un||* + 2k||VU|]? < [|Up-1]?

Similar statement for discrete solution.

Un ‘2 < HUn—1H2

Discrete solution does not grow for any time step.
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Wave equation / cG(1)cG(1)

i — Au = f(t,x)
’LL(O) — Uup, U(O) — iLo
u(x) =0, xzel

or
dl — A’UQ =0
Ao + Auq = f(t, 33)
u(0) = ug

u(x) =0, xel




Wave equation / cG(1)cG(1)

Assume f =0

Dy(|[a]* + [[Vul) = 0
Total energy conserved.

1URI] + [[VU[| = [[Un—1 ||| + |VUn—1]|
Also total energy for discrete solution conserved.
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Stability factor examples

Primal equation

U1 + 2ue = cos(wt/3)
'U:Q — 2u1 =0
ui1(0) =0, wu2(0)=1

Dual equation

—1 4+ 209 =0
—pa — 2¢1 = 0
u1(0) = v, u2(0) =1




Stability factor examples
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S grows linearly with T' = hyperbolic.
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| mplementation of adaptivity
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