LIMIT THEOREMS FOR EXTREME ORDER STATISTICS

UNDER NONLINEAR NORMALIZATION

E.Pantcheva

1. Introduction.
In this paper we shall describe a stochastic model called maxima-
scheme or ﬂl—scheme: let X4’ XZ PP be a sequence of inde-

pendent random variables (i.r.v.'s.) from which the random sequence

Z = max (X

» 417
of the summation scheme when the semigroup operation ?n{hjl( X, g)

Xw) is formed. This scheme is a peculiar analog
is regarded as an analog of the summing operation X + %}

Numerous facts related to the ﬂL-scheme are gathered in the mo-
nograph by J.Galambos [Z] . In particular, it is shown (theorem
3.10.2) that the class of the limit distributicons for ( Ezn_'6%¢)//67h
where C%v and 5W are normalizing constants, &“(> O '
coincides with the class of the log-concare distribution functions.
Galambos' theorem generalizes a well-known result due to Gnedenko [3]

according to which in the case of independent identically distributed

r.v.'s. only distributions of the types

O, (W)= %P{“J;d}, x>0, 4>0

Y (@)= exp {-(—303‘}, X<0, d4>0

-&

Alx)= ea43{~ € }r X ezﬁ;{ﬂ
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can appear as limit distributions in the M-—scheme.
The meaning of any limit theorem for a random seqguence {yﬂ(}n

is that it gives a sufficiently simple approximation to the distri-

bution p (yn/ < a‘,) . Let

D(G: )< 5> P(Y<a)

-4
where 6 ((I)) =6 xt 4 ’ G is the inverse function of
4 W w 1]
w
6” and --n—‘> means weak convergence as Y —> OO . If the

limit distribution is continuous, then as a consequence we have the

strong convergence, i.e.

-1
6, = sup| PG, (¥,)<®)~P(Y<a)]
X

=pG (Y) T 0.

Since the metric p is invariant with respect to strongly monoto-

ne continuous transformations of r.v.'s., we have
= >
p0,.6,0M=8, >0,

i.e. we receive a uniform approximation to P (Yn < Ix) by
means of some universal distribution of the r.v. y .

Such a view-point to the limit theorems deprives the traditionaly
used linear transformations of their exclusiveness. Actually, the

transformation 6 (m)—.:a legn sign XL ’ an ’ 611« >0 ’
W 1(
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will serve for constructing a simplified approximation if only one can
prove a suitable limit theoremn.

Thus it makes sense to extend the class of normalizing transfor-
mations 6”(,%) . The present paper continues the Gnedenko-Galam-
bos investigations in the area of limit theorems for the random
seguence Zn , preliminarily submitted to a strong monoctone con-
tinuous transform (& (x)

w
2. Characterization of the class .M/L ~laws.

Let X4,...,Xw

We shall denote the corresponding distribution functions {d.f.'s} by

be i.r.v.'s. taking on values in IR',1 .

F).< (fx/), K= 4,..., 1 . Assume that there exists a sequence

{611' (a‘/)} of strongly monotone continuous transformations such
W

that
-4 ‘W
PG, [mac(X,... X )I<x) 7> P(X<a), 8k
where X is a nondegenerate r.v. with a d.f. FX .
Definition 1. The random sequence {X } is said to
2 (2

satisfy the uniformity assumption {(u.a.) with respect to [Gn(’) ‘}n
if

Sup [4—§K<en<x>} —0.

K<ty

The u.a. is analogous to the assumption of uniform asymptotical
negligibility of summands in the limit theorems for sums of i.r.v.'s-
In both schemes the assumption means a closeness to the "semi-group

unit", which is — OO for the ﬂ,{,—scheme, and () for the sum-

mation.
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Theorem 1. Let the sequence { Xﬂ/ }w satisfy the u.a.

Then (1) is true iff

w@: = bm Z [1-F (6 (@) <2, (2)

n—>00 K=4

Furthermore, ]i( (x) = M'/p { - H/CII:)}

Consider the following condition

lim Z [1- F(G (X)) ]<e0 (3)

n—->00 K=1
for each sequence of integers {m } such that
K
oo, TEs) A€,
m < “, mn " "N w ' s 1. (*}
Definition 2. A nondegenerate d4d.f. F belongs to class ML ’
if it is a weak limit of p(Gﬂ/ [ max (X4,.. .Xn)] <x) under the

u.a. and (3).
If the u.a. is satisfied, then condition (3)is equivalent to the

following one:

Gim P [maz (¥ ... X,, )<6, (0]

w

exists and is a nondegenerate d.f.
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Condition (3) is essential for the d4.f. FX to belong to the

class of self~decomposable laws, as it will be shown in Theorem 2.
Theorem 2. Let the sequence {Xn }‘rt satisfy the conditions
(1), u.a. and (3). Then for every >\ , }\ € (0,4) , there exist

a d.f. FX (x) and a function g(/\ (X) such that:

I-;(ac)=ljx(g,>\(x))'|'_)\(x) . (4)

Here Fx() is the limit d.f. in (1) and  §y (L)  is de-
termined by the following lemma.

Lemma 1. Under the conditions of Theorem 2 the limit
&/m 3
= U X (5)
%(ao) 4 6% L Gw( ) ]

exists and satisfies the following functional eguation

gL g @ I=g @, sAW0D), g

at each continuity point & of FX (x)

If for each X the function g,)\ (X) , considered as a
function of )\ , is solvable (i.e. each equation ¢f the form
9’}\ (CC) = t for given X and T/ has a unigue solution

A= (g/ (1,%) ), then the solution of the functional equation (6)

has the following form

G, () =.3»_4[ h(x)-log Al (7)
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where h() is an invertible continuous function (see Theorem
20 in [1]).

Throughout this paper we shall consider only such normalizing
transformations Gn((j}) that the limit function (5) is solvable
with respect to }\ .

9
Let us denote by ,,0 the composition of two functions, i.e.

;D g((ﬁ) == )Q [q(m)] . Then we may write F;( [g{)‘(a'/)] =
=Foh [h@ - logAl.

Lemma 2. Under the conditions of Theorem 2 the function
809/ ( FX o &,—4)(5(,) is concave.

Now, it is easy to prove that the function F}\ (x) in Theo-
rem 2 is a d.f., i.e. the limit FX is self-decomposable in the
sence that it may be represented in the form (4). It turns out that
the converse is also true:

Theorem 3. Let a nondegenerate d.f. F)-( have the decompo-

sition

F (@=F g @] F@

for each \ (0,1) , where F}\((X/) is a d4.f. and g/)\<-'x/)
is a solution of (6). Then FX belongs to the class JH;L . More
precisely, there exist two sequences {Gn(a‘,)}” {of strongly mono-
tone continuous transformations) and {Xﬂ/ }ﬂ/ (of i.r.v.'s) sa~-

tisfying u.a. and (3) such that
<6 (@) — F.(2)
Pmaa(X,,...X,)<6,(X) > F (1.

The last two theorems imply that the class of JH/ -laws coincides

with the class of self-decomposable laws (in the sence of (4)).
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The scheme of the proof of Theorem 3 is the following: 5 (x)
-4
is a d.f.; this vields the log-concavity of Fx o ;}, , which
leads to the existence of {Gw}n, and {XW}" such that (1)
holds. This proof emphasizes the role of the log-concavity of FXO f’l,
as a characteristic property of the class .ML.

3. The class JH/S of max~stable laws.

Let X/“ . "Xﬂ/ be i.r.v.'s with a nondegenerate d.f. F .
Denote by X a r.v. with the same d.f. F .
Definition 3. F is said to be max-stable if for each positive

integer " there exists a strongly monotone continuous transfor-

mations 6 xX) such that
w

-4 d
6, Lmax(X,...,.X )1 =X
d | . .
( == means coincidence in distribution), i.e. for each

holds the equality
us
Fla)=F [6 ). @)

Clearly, from Definition 3 it follows that each max-stable d.f.
may be considered as the limit of the d.f. of the normalized maximum
of i.i.d.r.v.'s, The converse is formulated as Corollary 1 of Theorem
4.

Suppose now that there exists a sequence {Gn(x)}n such

that the weak convergence holds

- 4
6, [max(X,... X )]5>X,

where X is a nondegenerate r.v. with a d.f. H , i.e.
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F L6, @S H@®. (5

The relation (9) means, as usual, that F belongs to the
domain of attraction Cy( F‘) of the d.f. P4

Obviously, conditions (3) and u.a. of Section 2 are fulfilled in
case of i.i.d.r.v.'s 1f (9} is assumed. The characteristic decompo-
sition (4) of the limit distribution Iﬂ is reduced here to the

following functiocnal equation
H(x) = H(@)\(IL))‘H(%_A(IL)) . (10)

Now, Theorem 2 could be formulated in a more simple way:

Theorem 4, If the weak convergence (9) holds, then the limit

distribution F{ has the form

-ha)
H(x)=expf-¢ ], an

where ﬁv(ﬂo) is the invertible continuous function from (7).

Introduce the following notations:

y';= rm/tH=W{x:H(m)<4j ’

1

b = Dot H = inf H=inf {a:H@)>0} .

Since F{(CO) is a d.f., we have



292

i h(ay=o0 ,  lim h(x)=- o0

L x>0

(in case of nonidentically distributed i.r.v.'s the relation

E{'/H’I/ H(x) = (> - is also possible).
ol
Coreollary 1. EBach limit distribution (11) is max-stable.
Actually, consider independent copies X,1 g e ey Xn of a r.v.
X with the d-f- H <\T/) = W/p {—- 6h(x) } and choose the nor=-

malizing transformations G (x) as follows:
W

—4
6, =h [ hw+lognl .

men  H[6, (0] =ep{- 7€ ] ) dee.
14
H (6”«1})] = H(.T/) . Here the tail of the distribution’ H has

the asymptotic behaviour:

~h
e (x)=—E09,H<ac>=—ﬁog, [1-(1- H@)] =

=1+ oMW1 M-H), X—>r.

Corollary 2. Each strongly monotone continucus distribution F
is max-stable.

In fact, we have in this case

1

h(x)=-"log Log Fo)

Now, consider a non-max-stable d-f- F which belongs to O’(H)
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where H is a max-stable d.f. The construction of the normalizing
transformations 6 (-) and the asymptotic of the tail of
14
F are given in the following theorem.
Thecrem 5. A nondegenerate d.f. F belongs to U(H) iff
hex)

~h
4"F(\T/)=[4+0(4)]L(£b(x»6 , as xX— V'@.’I)T/F y (12)

where L(m) is a regularly varying function. The normalizing

transformations can be chosen as

Gn(ao)=¥;4 {f(xr+bog [n L(fogm)1} . (13)

This result is not surprising. Roughly speaking, the operation

maoo ( X4 y o e oy XW) attracts the "mass" of the distri-
bution to rext F . This explains why translation plays decisive
role in construction of the normalizing transformations. For the same
reason the asymptotic behaviour of the normalized maximum is completely
determined by the behaviour of the tail of the distribution only for

X —> rext F , and does not depend on the behaviour of F
for X —> lext F

Note here that the three distributions @d/ (x) % ()

and A (x) may be reduced to only one A (h(:jr,)) , where

h(m) is an invertible continuous function, since

Q@ =Nalogx) , ¥ (0)= ACdlog(a) .
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We denote by % the class of invertible continuous functions

on R}, . Theorem 4 shows that by the ncrmalization Gn & %
the class of the three distribution
{ qz’ Q&, A—hm
types expands to the class {@_ } , although
hed

all limit distributions are of the same double exponent type.

4. Application of main results.

A. Derivation of Gnedenko's distributions.

Under the linear normalization 6‘4« ((X,) = an'f‘a/n , 6W>O s

we get
- b G.-0
6 6= t ”6’"'”’
k¢ w mn mn
M 5 e (01).
1 w

Then the form of the limit function 9,)\ is g,/\(a}) =ﬁ)\a‘, +O(/)\
where
b

M

ﬁz: %m 6mw ’

a,, -0
dy = lim g
A 6%

From these asymptotic relations the following equations can be ob-

tained:
ﬁ)\s =P B s =k Ptk =Pt A s <),

which yield two possible solutions (cf. [2] , § 3.10):
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S Y and oy = fog A
ii) ﬂ)\ = A and oy = &O\m_/;) ‘

Thus, the concrete form of the limit distribution H(JO) depends

on the parameters W and E{,
The function Ey(m) corresponding to 9,/\({};) = Q0+ E{, 609:)\

can be obtained as a solution of the functional egquation

b (at ke fog M) =hy-log A,

X .,

namely 21/(30) = - 7 L ?1/4 (\T/) . Since for each X

9’)\ (a‘,) > X (a consequence of the representation (7) ) then

& < () . The corresponding max-stable distribution

b, (@

W)p { 4 } obviously concides with /\ (x)

for & = -
Tr:; other possible form of Q«A (‘T/) , namely (}A (a}) =
= )\ (a} + k) - k ;, leads to the functional equation
m
RO -k)=h(a-k)-log . (1)
The inequality 9/)‘ (x) > & gives two other cases:

51"4-&20 and x'+g?,éao.Let (I}'I-&?O
In this case m < 0 and the function sz<m)=- —?/?I’I/— EOQ/(“H’ k)
is a solution of (14}. For & = () the corresponding max-stable

NNE) o
d.f. w}p {‘@ } coincides with oo(x) ’
1
= — >
>0,

Let now X + & < 0 . In this case W > () and a
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solution of (14) is El( = - i - + ) . If we set
4 (%) o bog (-(x+ k)
d = R >0 and EL =0 , then the max-stable distri-
s v, ()
bution eAP {-e¢ } coincides with 9
Note that the parameter determines the power o(; of
the max-stable d.f. and &, is connected with its support.

B. Description of MS -laws for power normalization.

Let now 6 (a‘,) be of the power type, namely Gﬂ/(x) =
W
= O/n [0 sign & with 0’11/ , Bﬂ/ >0 . In this case

B . b
Gy () = dy 117" sign & ,vnere By = fim b,
-4
' 0w )b M 5\ e (0,4
dy = &?:n (me)m” ! W (0,1)
As in Subsection A we obtain two possibilities for the coefficients

and , namely

i) B, =1 and 'd = A

m

ii) ﬁ’)\ =)\

where m and 2{/ are constants. In the case i) we have

w
and o(/)\=@&()\ R ’

9,/\ (x) = )\&q‘, and this again leads to the known limit
distributions @d (x) and -l_.l,_fob (X)) + o =d( &)

In the second case t"}&e function 9‘,\ (x) =

m .
= w‘/p { &/()\ -1) }l fr,lstgﬂ/x leads to the following functional

equation

w

z b
hiclxl signxd=hc)-logh, ci=e . (15)

For simplicity we suppose C =1 . According to the cases Cﬁ24 ’
or 0 & < 1 or -1 < X <0 ,or X<~

r
we obtain four solutions of (15). In addition, the sign of m is
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determined by the inequality g,)\(a‘/) > X . Finally, for the
corresponding max-stable distributions we obtain the following fun-

ctions with d = d (W) >0

H, , (¥) = eap {—(ﬁogmy} . 2%

H, , (@) = eap {—Iﬁog{aold} . 0<a<

ol
Hz,ac<x)=%P{_|£0%mH }, 4<x<0

Ha’d(ao)=w,p{—(@o% iacl)d}, x< .

Hence, the class of the max-stable laws for the power normali-
zation O,n loo | W sign 1 contains six distribution types:
@d x), 'l_[foc(go), Huc(x) e ey Hl;,oc (X) - Potice that
the last four distributions are examples of distributions which are
max-stable under power normalization, and not max-stable under linear
normalization.

5. Proofs of the results.

Proof of Theorem 1. Set Zﬂ zﬂl maox (X']""’X?’V) , FW(OC) =
=p(Z”<33)' Since F,;(x)= TT FX (x) , from u.a.
K=4 K

and the Taylor expansion of the function 309 (4-2), O < % 44 2

it follows at once

g F, (6,@) = 7 log [1-(1~F, 6, (@] =
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=-[1+0] 2 T4-F, (6, ,
K K

=4

for W —> 0

Obviously, both convergences (1) and (2) either hold simultaneously
or not, what to be proved.

Proof of Lemma 1. The conditions {3) and u.,a. imply the conver-

My

gence TT F;( (Gw(a*/)) ——n—> S(ﬁ/) where
K

K=4
5(x): = %m PL Zmn<6n(ao)]=
. -4 -4
=tim Ple, (Z,)<6, (6,@N.
On the other hand, under assumption {1) we have

-4
L @=linPL6, (Z,)<2].

If we use the corresponding modification of Khinchin's theorem {see
Lemma 2.2.3 in [2} }» then the last two equalities yield the existence

of the limit functions (5) and the eguality

Sa) = F (g, (X)) (16)
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The transformations { ES?D (.‘) }?p are monotone and conti-
nuous and consequently such is gkk(CC) . In addition
gkk (CD) is nondecreasing in X because the function
F o X

-4
Foo g = ﬁz«» ple, (2, )<al,

is a limit of nondecreasing functions. Let S 55:(0,4) . Then by

the definition of g,)\ (x) we have
-1
9,5’)\(90) 76%50 6, (X) =

-4 ~4
=6mn50 6mw ° 6mn ° Gn () —7 Q’so @/\ (x).

In Rhinchin's theorem the limit normalizing function is uniquely de-

termined, therefore

g,sx(ac)= g}s L %(30)] ,

and this is exactly what was to be proved.

Proof of Lemma 2. Since

P[ mawm (X LX,)<6, @ 1=

y oo
My +4

-A -4
=Pl Z,<6,@1/PL6, ( Z,)<G,*6,@],
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then under the conditions of Theorem 2 there exists the limit fun-—

ction

R(x): =
Lim P 6, (@l P
= U [ max (X ., X <6, (@]= ’ (17)
" ( m+a’ w> n< Fx (9,)\(50))
As a limit of nondecreasing functions F)\(.’X}) is also of the
same type. Hence, for xd < xz we have the inequality
F, () F (x)
X < X (18)
Fx(g@)  Fgu@)
From {7} it is clear that for )\ e (0 4) g/ (a}) > X . We

choose \'ﬁz = 9’)\ (x4) . Then w le, [ﬁ(m) + Kog/ )\J

and (18) turns into

(F, o ) [h)]>

>(F o) () laghI (e b )T Bix)-leg ] .

Since hcoo)——Q(h(oc)wog,xw—(k(x%ﬂow) ,

then the last inequality means that the function Zo@(F ﬁp )
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is concave. This completes the proof.

Proof of Theorem 2. The decomposition (4) was already obtained

by Lemma 1 and the formula (17). Now, we still have to show that

F)\(.T,) is a d.f.. The properties

a) OéF}\(m)é’I ,

b) F;\(a‘,) is a nondecreasing in X function,
o bim Fy (2)=1
x>0

are evident. Thus, we have to prove only

d) b F)\(oc)=0.

x> ~00
The property d) is cbvious in the case WFX = B >—00 .,

Let us consider the case E(V,X‘/T/ FX = ~ 00 . If
F»(oc)—* C>-00 for X —> —©0 , then d) is obvious
again. Hence, in the sequel we shall dwell on the case h(.’x/)—) — 00

for X —> — 00 . Then the relations

-1 -4
bog. £, (o) = bog(F kv ) Ch()]-log (F ° h ) Ch)-tog A <

<(logF b b~ Log \1-fog

hold. The first factor tends to + 00 for X —> — 0 , the
second is negative. Thus, property d) follows at once, i.e. F}\(x)

is a d.f. The proof is complete.

Proof of Theorem 3. Note that from the facts that F}\ (x) is
a d.f. and g,)\(a}) h E h(x) ﬁoq )\:] it follows that :
the function (F h (x) is log—concave and nondec-

reasing,
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b gv(ac) = 00,

xX—> oo
We construct the desired sequences { 6 ( ’ ) } and
w w

{X } as follows :
k1

W

6, () = Pj [ o+ %@K],f'}d(m)ixﬁ(@),

F b [hco) - Log «]

F;"( (x): =
K x b [ ) - bog (1c-1)]
for all K2 2 . We shall prove that the so defined function

FX (m) is a d.f.:
K
a) 0= FX (x) <« 1 , which is obvious.
K
b} FX (a‘,) is nondecreasing. In fact, if (X}4 < xz , then

T - Eo KK< T - ﬁO (K‘“4)< T, _gog/(K—/]) and there exist p ’
4@ 69(0,4) 4such %hat x, —Eoz%(K~1)=p(ac4—£0%1<)+@(.’1)y50@(1<~4)).

We choose \’1}2 so that P = Ci, =7 , i.e. .’xz

-4
K-1
= x,j —50(;} "'—"‘K . Then it is clear from the log-concavity of ﬁ(o ﬁb

that the inequality

(Fe ; 4 )2 [%(%‘%%K)‘*%(wz“&)g'(’('@)] >

2(F, ﬁf)[ a,~fog x1(F ° ﬁj) [ ,~log(k-1)]

holds. This is equivalent to
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(F° o ) Lot~ Log(k-1)] (F h)[ac bog «1

(Fe H)Ex ~bog(k-1)] (F h)[m %@(K-m

But :x, - ﬁOQ/(K"’) == a‘,z - EO% K and it is obvious that
(acz) F x,) .
c) lem/ F (m) = , which is clear from the remark
L—>0
made at the beglnnlng of the proof.
a bm Fx (x) =0 . Indeed, for K=1 it

x> -0 K
is clear.

Let E = ef/x;t F;( be finite or infinite. If

h(x)-—)c >—-00 for X —> e , then we determine o(r ' a(fn > 8
from the asymptotic relation h (.T/) — C aog' w for
x — d’ﬂ/ . Then

_,1 "’1

h [ h(m)’@O@ﬂ/] *—)h (C) =- for x*%o{/w ’

- 4
?»4 [h(oc)"ﬁogf(n—m—%(c%og(%»—oo, L—d .

Consequently, Fxn ((X‘,) —> () for X — OL?‘V , i.e. KQX'/T/ g(n=ccn .

Let now %(a‘,) —_— -0 for P€X —> 6 . For K22 (as

in the proof of Theorem 2) we have

bog FX'< (x) =
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~log (F b )L i)~ agx-log (£, B') T heo-logk-)] <

-4, —/
<(fog F o b N Th@-log k-1 - log = —> = v L.

Now we shall show that the weak convergence (1} is valid . For

every W

W
P(Z <6, )= KE f-;(K(Gw(ac)) =

(Fob) WamWJ-(FxoW)Werzog%J...(@oﬁf)mcxneog,"—;]
) (f-)_(oW)[h(oo)%ogn]...(50%4)Eh(w)+ log -]

=F (x).
X
In order to complete the proof we have still to show that the
r.v.'s Xn y "= 1 ’ Q; e with corresponding d.f.s FX (:X})
ke

satisfy (3} and the u.a. The latter follows immediately from

(Foh ) htlog%]
(F b hay+logy]

P (6,@) =

Under the u.a., for each sequence { mw}w satisfying (*}, we
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get

5 LA-F (6 oleg T F (6,(@).
K=1 . k=1

The last product however converges:

M

(2

F (6,@)=(Fh [ hrlog 7,

k=4

— (Fe W) h@- fog \I=F (g, ().

w—>

This concludes the proof.

Proof of Theorem 4. As it was proved in Theorem 2 there exist the

limits
ﬁi;:rv P [mam(x4,...,xmn) <6 (0)1=H(g,())
ﬁixrv P [max (me .. X, )< 6, () 1=H, (x),
where Hx(ac) is a d.f. Now we obtain the form of  H, (&) in
the case of i.i.d.r.v.'s :

DCmam (X,, ., .0X, )< 6, (@] =

’ .
M, +1
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-4
P max (X,,... X, )<6,,, (6,,°6,@)]

7 H ((}4_A(oc)).

The decomposition (4) of the limit distribution H is reduced to
-1
the functional equation (10). Putting | ()= Ho {;y (x)

we can rewrite it as

T(h() =T [ hiay-log A\ T hy-log(1-A)],

where ﬁl, (90) is the invertible continuous function from the
representation (7) of g,)\ (x) . Let us now put | ( ﬁog, U’)‘ =
— W((}’) for the new variable ! = wcp{ h(f}(})} . This

leads to the well known functional equation
_ Y. L)
W(U)—W(T\—> (4—')\ ’

a
whose solution has the form W(U) = m’p < T}’—) where (O

is a negative constant. Thus, we get as a solution of (10)

~h ()
H()=T (h(x)= W) =exp{-cl }, (19)
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where = —(, >0 . If El/*= gb +C , then

g, @) =¥; [ h*csc)-fiogu#f [h(@-loghT,

i.e. in the representation (19} we can put ( =/ . Hence the
proof is completed.
Proof cof Theorem 5. On account of Theorem 1 the necessary and

#
sufficient condition for the convergence [ V(GW(:X'/)) %) H(x)

has the form

)
n['1~F(6w(oc))]= C1+0M)]e (20)

-4
We put ‘g/ 6 x) = {f’b(x) + ZOQ L %L(KO@W)]} . For
-4 -4
6, v gt G (1(,;)— b {ﬁ(gyﬁog/[nld(ﬁogn)] }
It is easy to see, that the construction (13) is consistent with the
convergence (5), i.e. for each sequence {mw} satisfying

(*) we have

~4 L(logn)
6, ° 6, (2= h{?y(ocwf’ogrm + log L(Ko;mn j

11/

—s b (R~ log A} =g, @),

w

because of the convergence
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L(fogn) _ L(logn)
L (fogm,,) L8, logn) ™

where 811, > O ’ 61¢ 7 1

Since h(x) —> 0 for % —>reat F
Y= 0, (Xy>real Fror o —> reat ' ana also for 1—>00.
Now for 'Ij, —> rw}t F (20) becomes

1 ~{hap-log[nL(bog n)l}
1-Fy)~ 7 € p-loglnllognll

4 L(bog [nLlogn)] e-{ hy)-loglnL (bogn)l}
" L(fogn)

~y

Here we used the asymptotic behaviour of the second term for % —>C0:

bog L (Logn)
L(EOQ% [/I + %ﬁogn ]

L (fog n)

L (6, bog ) .
L(bogn) ™

b

where O < Gn " > 4 . Taking also into account that
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L (fog CnL(fogn)1)~

~ Lk + bog CnL(logm)]) =L(hay),

we get finally:

- hay)
1=Fp ~Lhp)-e tor  fY—>rextF
Thus, the asymptotic equality (12} is true, which was to be established
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