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1 Introduction

Partial differentialequationgorm the mathematicafoundationfor a hostof importantareasn
engineeringandphysics.FEM LAB®1 providesa powerful interactve ervironmentfor model-
ing andsolvingscientificandengineeringproblemswhich baseon partialdifferentialequations.
Using FEMLAB ®one canmodel strongly nonlinearcoupledmulti-physicsapplicationswith
ease.Thereis no inherentlimitation on the simultaneousimulationof mary physicalphenom-
ena. The presentversion(the latestreleasel.1 datesfrom October1999)canhandle(systems

1reMLAB®is aregisteredrademarkof COMSOLAB.
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2 2 METHODSFORHIGHLY NONLINEAR PROBLEMS

of) secondorderpartial differentialequationsn oneandtwo spacedimensionsTheunderlying
discretizationschemes a finite elementmethodbasedon piecavise linear triangularelements
(andpiecaviselinearelementsn onedimensionyespectiely).

The FEM LAB®system's implementedwvithin the MATLAB ®2 environment. The latteris
aninteractveintegratedtechnicalcomputingernvironmentthatcombinesiumericakcomputation,
adwancedgraphicsandvisualization,and a high-level programminganguage.lts opendesign
makesMATLAB ®easiIyextensible,andtheseextensionsareplatformindependent.

With the growing feedbackfrom usersof FEMLAB®, therewere repeatedlymet highly
nonlinearapplicationge.g.,semiconductodevice design,non-Nevtonianflows) wherethe im-
plementedhonlinearsolver could not provide a corvergedsolution. Therefore, the needfor a
new implementatiorarosewhich shouldbe capableof handlinghighly nonlinearproblems.The
presentreportstudiesdifferentalgorithmicapproachesSection2 providesan overvienv about
differentapproachedor a robust and efficient realizationof the Newton methodfor solving
nonlinearsystemsf equations Section3 givessomeimplementationatietailsanddesigndeci-
sions.Finally, in Sectiord, wereportaboutthe performancef differentalgorithmsfor atestset
of highly nonlineamproblemsw~yhoseselectionvasbiasedowardsthefinal goalof implementing
asolverwithin the FEMLAB®environment.

2 Methodsfor Highly Nonlinear Problems

Theultimateaim of thenew designof the nonlinearsolveris theability to handlerathergeneral,
highly nonlinearproblems,of course motivatedby finite elementdiscretizationsf partial dif-

ferentialequations.Therefore thereis no otherpossibility thanusinga variantof the Newton
method.

2.1 TheBasic Method: The Newton Method
Considerthefollowing problem(P):
given: F:DCR"—R"
XeD (P)
find: X" € D suchthatF (x*) = 0.

Here,F is agivennonlinearfunctiondefinedon anopendomainD C R". We assumehatF is
continuouslydifferentiableon D. Moreover, we will assumehatx* is a regular solutionto (P),
i.e.,F’(x*) is nonsingularin orderto solve (P), we startfrom the Taylor expansionof F:

0=F(x") = F () +F'() (=) +o(x* = x7)-

By neglectingall nonlineartermswe obtaina substituteproblem: Find anx suchthatG(x) =0
where
G(x) = F(X°) +F'(x) (x—x). (1)

2MATLAB ®is a registeredtrademark of The Math Works, Inc.




2.1 TheBasicMethod: The Newton Method 3

This givesriseto a new approximationx!, to x*. Carryingout this constructiorrecursvely, we
arrive atthe Newton method

givenx?;

fork=1,2,...
solve F/(X)AxK = —F (xX);
XL = XK AXK;

(N)

This methodhasthe following well-known properties:

e Localconvergence:The sequencef iterates{x"} existsandcorvergestowardsx* if X0 is
sufficiently closeto x*.

e Fastcorvergence:lf thesequenceorverges,thenit corvergesvery fast,namely quadrat-
ically:
IXHE x| < ClIx = x|,

The setof startingvaluessuchthatthe Newton methodcorvergestowardsx* is denotedoy the
domainof attractionof x*.

The quadraticcornvergenceleadsto the following considerationgoncerningthe computa-
tional compleity:

1. Assumethatx* belongsto the domainof attractionof x*. Thenthe numberk of iterations
necessarin orderto obtainanapproximatiornk with agivenaccurag ¢, i.e., | X —x*|| <k,
is rathersmall. Sotheamountof operationss comparabléo thatof onesolutionof alinear
systemof equationsTherefore suchproblemsareconsideredo bemildly nonlinear

2. If X0 lies outsidethe domainof attractionof x*, certainmeasuresnustbe taken suchthat,
eventually aniteratex® is obtainedwhich belongsto the domainof attraction.Thesemea-
sures known asglobalizationmethodsareoften by far moreexpensve in computational
costssuchthat the overall compleity is no longercomparableo a linear solve. Such
problemswill becalledhighly nonlinearproblems.

It shouldbenotedthatthis classificatiordependsiotonly onthe propertiesof F but additionally
onthequality of the providedinitial guess®. Thisis thereasorwhy thelatteris includedin the
formulationof problem(P).

Before proceedingt appeargo be necessaryo substantiatene of the basicdesigndeci-
sions.Whenapplying(N) within the framework of the solver FEMLAB®, thenthebulk of the
computationalvork is in two algorithmicphases:

e Computationof F andF’ for a givenx*: This amountsto the assemblyprocesswithin
a finite elementdiscretization. This functionality of FEMLAB®is implementedusing
MATLAB ®m-files.

e Solutionof thelinearsystemof equationsMATLAB ®providessparse’aaussiarelimina-
tion routineswhich areimplementedn C.
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Althoughthecompleity of the Gaussiareliminationgrows muchfasterthanthatof theassembly
procesghe formeris fasterfor dimensionaup to some5,000unknonvns becausef their differ-
entimplementatiorstratgies. This seemdo be appropriatefor mediumsizedtwo-dimensional
problems.Therefore the linear systemswill be solved usingthe Gaussiareliminationroutines
providedby MATLAB®.

2.2 Highly Nonlinear Problems. Globalization Strategies

Assumethat xX° doesnot belongto the domainof attractionof x*, thatis, we have a highly
nonlinearproblemat hand.Thefollowing globalizationtechniquesrein commonuse:

(a) thesteepestlescentnethod,
(b) theLevenbeg-Marquardimethod;
(c) thedampedNewton method;

(d) continuationrmethods.

Thelasttype of globalizationmethodswill notbeconsideredere.

In the presentsectionwe assumehat || - || denoteshe Euclideanvectornormin R". The
startingpoint for the first threemethodss the requirementhat the iteratesare approaching<*
successiely:

[IXFL — || < |36 — || if XK £ .

Note that, for ||x — x*|| small enough,the Newton methodhasthis property Sincex* is not
available,a substitutecriterionmustbeintroduced.Usually, insteadof the normof theerror, the
defectis used:

T = SIFRIP = SF TR (9. @

This choiceis reasonablé&ecausd-(x) = 0 if andonly T(x) = 0. Soour monotonicityrequire-
mentis now givenby
T (X < T(x9). (3)

Notethatthis substitutioneadsadditionallyto a stoppingcriterionfor the Newton method.The
aimis to computeanxX suchthat
XK= x*|| < e.

By usingthe substitutethe stoppingcriterionreads
T(Xk)l/Z <e (4)

suchthatthe defectis measurednsteadof theerror.
The steepestlescenmethoddatesbackto CAUCHY [6]: He proposedo minimize (2) ata
giveniteratex® alongthe negative gradientof T:

p* = —gradT (x) = —F'(x) TF (x"),
KT — K 4 g pK
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with a suitably chosensteplengthparametersy. It is easyto seethat, for all sufficiently small
s> 0,
T (X4 spf) < T(X) (5)

if pk+ 0. This leadsto the problemof choosingan appropriateparametess,. Unfortunately
even if the optimal parameters (i.e. T (X< + sp¥) = mins.o T (XX + $¥)) is used,only linear
corvergenceis achiezed. On the otherhand,the Newton direction pt = Ax¢ = —F/(x¥)~1F (x¥)
is alsoadescentirection,thatis, (5) holdsfor all sufficiently smalls > 0. Sowe areleadto the
damped\Newton method
F/(X)Axk = —F (x)
XL = xK 1\ AxK

(6)

whereA € (0,1] is a suitablychosendampingfactor In orderto obtainthe fastcornvergenceof
the Newton methodback, Ay = 1 shouldbe chosenif this is possible. This ideaseemsto be
introducedby GLEYZAL [11]. Again, we areleft with the problemof efficiently determininga
parametely suchthat(3) holdstrue.

A differentway of constructinga descentlirectionAx€ wasproposedy LEVENBERG [17]
andMARQUARDT [18]. It wasobsenedthata badinitial guess® leadsto a badNewton direc-
tion. Thisis attributedto the factthatthelinearization(1) is only reliablein a neighborhoodf
XK. The startingpoint wasthe GaufR-Neton method:Insteadof solving (1) directly, it is tried to
minimize T with F replacedoy G(x¥): ComputeAx® asthe solutionof

IIF () 4 F' (X)AxK]| — mint (7)

Obviously, AxK is nothingelsebut the Newton direction. SinceG is consideredo bereliablein
a closeneighborhoof XX, the unconditionaloptimizationproblemis replacedby a constraint
one:Minimize (7) subjectto

18X)| < 8. 8)

Theball {x|||x—xX|| < &} aroundx is calledthetrust region while &y is thetrustregionradius
Theminimizationproblemcanbesolvedrathereasilyusingthe Lagrangemultiplier p= p(dx) >
0:
(F'()TF'(X) + phax = —F'(x) TF (X),
XL = XK AxK.

Thedescentriterion(3) is now T (XX + Ax¥(p)) < T (xX) for all sufficiently large p. Thelimiting
behavior of AXX(p) is ratherinteresting:

e If the Newton correctionis smallerthan &, then p = 0 and AX¥(0) is identical to the
Newton direction.

o If p approachenfinity, then pAx¥(p) — — gradT (xX), which is the directionof steepest
descent.
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Efficient &-stratgjies(or, equivalently, p-strategies)canbe developed.In the presentcontet of
ratherlarge linear systemsthe Levenbeg-Marquardimethodis to expensve. In orderto find a
usablep, linearsystemswith varyingcoeficient matricesmustbe solvedat eachiteratexX.

A cheapemlternatve for this type of methods(so-calledmodel-trustregion methods)is to
considedx¥(0) asamethodof connectingheNewton direction(p = 0) with thescaleddirection
of steepestlescenip = ) by a continuouspath. The smallerdx (or, the larger p), the gradi-
entdirectionis preferred. The ideais to definea pathconnectingoboth directionsby an easily
implementablenethod.POwWELL [24] proposedhis “dog-leg” method.Thefollowing “double”
dog-lgy variantwasintroducedby DENNIS andMEI [14].

Thestartingpointis the quadratianodel(7)

m(x) = S][F () + F () (x— xX9 2 ©

Let x. denotethe Cauchypoint of (9), thatis the minimizer of m in the direction of steepest
descentAdditionally, let x* bethe Newton pointx™ = xK + AxK. Onecanshaw that

k k
[[%e = X|| < vl ATl

with a certainy < 1. Here,y = 1 is only possibleif F/(xX) is orthogonal. This casewill be
excludedin thefollowing. Thenonecanshaw that,for everyn with y < n < 1, it holds:

e Along the piecevise linear curve connectingx®, x., XX+ nAx, and x, m(x) is strictly
decreasing.

e Along thesamecurwe, ||x— x¥|| is strictly increasing.

So the trust region methodconsistsof determininga point X1 on the curve above suchthat
¥kt — xK|| = &y if ||AXK|| > 8. Otherwise the Newton iteratex“t* = x* is taken. Note that
the numberof operationshasbeendrasticallyreducedcomparedo the Levenbeg-Marquardt
approach.

Let
IF' () TF (39|12 A

A = -
L TIRSE

IR R () TR () [[2°
Thenonecomputesasilythat

Xe = XK= M F (X TE (xK).

Choosenow ann € (y, 1). Thenthenew iterateis givenby x<t1 = xK + &€ where

AxK if ||AXK|| < &,
AxK ; k k
g BkW - if n{|AX<| < & < ||AXY|,

—AF )T (X)) A F () TF (X)) +nAXS) i [[]AF/(X)TF(xX)]] < 8 < ||InAxK]],
if 8 < |[\F' () TE (9]
(10)
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Thevalueof A canbe determinedy solvingthe quadraticequation
1= AF! (X)TF () +A(F'(xX)TF (<) + nax) 1> = &

All the methodsdescribedsofar use(3) andthe definition (2) immediately However, there
aretwo mainobjectionsagainst(3):

(i) Theerrorof XX is measuredn thewrongspacenamely via thedefect.

(i) If theequatiorF (x) = Ois scaledby anonsingulamatrix A suchthatthenew systenreads
AF(x) = 0, thenthe Newton methodprovidesexactly the samesequencef iteratesasthe
unscaledrersion.But (2) is now definedaccordingto

T(4A) = SIAF (| (11)

which canchangedramatically

The property of the Newton methodto be invariantunderlinear scalingsis called the affine
invarianceof the Newton method. This is why DEUFLHARD [9] proposedo require thatany
globalizationmethodshouldbe formulatedin affine invariantquantities.This approactstrongly
suggestso usethe dampedNewton method.As it turnsout, the affine invariantformulation of
the Levenbeg-Marquardimethod(7) — (8) is just

IF(X)~1F (X€) + AXK|| — min!

subjectto the constraint
|AXK| < 3.

If the constraintis notactive, AXX is just the ordinaryNewton correction.Otherwise AxXX(8y) =
A(8)AXK is just a dampedNewton step. Sowe obtainoncemore the dampedNewton method

(6).For agivennonsingulamatrix A, let
G(x|A) :={ze D|T(ZA) < T(X/A)}
bethelevel setof (11). Thedescentondition(3) for (11)is
T A) < T(KA). (12)

It is fulfilled if Xt* is aninnerpointof G(x|A). Thereforeijt is naturalto consider

G(X):= [] G(XA).

A€GL(n)

DEUFLHARD wasableto shav that,undercertainrathergeneralconditions,@(xo) is atopolog-
ical pathx: [0, 1] — D calledthe Newton pathwhich hasthefollowing properties:
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(@  F(XN)=(1-NF),
T(XNIA) = (L-NTCIA).
All level functionsdecreasalongx, A € [0, 1]. This propertyis independenof the special
choiceof A.

dx regy—1 0
(b) 5 =-FFKX),
X(0)=x, x(1)=x"
Onecouldfollow this path by numericallyintegrating the differentialequation. But the
latter problemcanbe extremelyill-conditioned. Sothis possibilityis no realalternatve.

©) ¥|,_o=—F () Fx%)=nx
Thetangentdirectionto x at A = 0 is just the Newton direction. So this directionis out-
standingevenfar away from the solutionx*. In view of (b), its lengthis to large. Sowe
areonceagainnaturallyled to usea dampedNewton method(6).

Let us notein passingthat the equationH (x,A) = F(x) — (1 —A)F(X°) = 0 is often called
thedefectreducinghomotoyy for solving(P). In thisinterpretation(b) representthe Davidenko
differentialequationbelongingto H ([7], seealso[1]). The useof this informationgivesrise
to so-calledcontinuationmethods. Such methodswill be implementedin future releasesof
FEMLAB®.

Up to now we do not known which A shouldbe chosenin the dampedNewton method.
Takingthe affine invarianceprinciple asthe guidingidea,we areled to

A=F/(x)™1 (13)

sinceT (-|F/(x€)~1) is affine invariantfor a givenxX. DEUFLHARD callsthis choicethe natural
monotonicitycriterion becaus®f thefollowing outstandindeatures:

(i) TheNewtondirectionAx¥ is simultaneouslyhedirectionof steepestiescentor T (-|F/(x)~1).

(i) If F istwice continuouslydifferentiable,
*\— 1 *
TR/ (<) ™) = SlIx =X+ o(f|x—x"[|*)

suchthat T (X"1|F/(x€)~1) providesanerrorestimatiorfor xX.
(i) ThedampingfactorA canbechosenargerthanfor otherchoicesof A.

Note that the matrix A is no longer constantbut changeswith k. This hasthe consequence
thatcornvergencecannotbe guaranteedheoreticallyany longer! A pathologicakcounterg&ample
is providedin [3]. Neverthelesspracticalevidence,especiallyin the contect of the numerical
solutionof two-pointboundarywalueproblemshasshovn thatthenaturalmonotonicityfunction
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yield ratherrobust nonlinearsolvers. An explanationcanbe foundin the cited paper[3]. One
hasto payfor thenice propertiesalsoalgorithmically It holds

1 1
k ky— ky— k k
T (x[F'(x9) l=§|IF'(X) 'F(X )||2=§||AX [

- 1 _ 1, —k+1
k k k k 2 2
T (X (X 1):§||F'(X) FEY) = Slax

whereAxK denoteghe ordinaryNewton correctionwhile AX™ is the modifiedNewton correc-
tion for the (k+ 1)-st step. Assumingthatan LU-decompositiorof F/(x) is availablefrom the
computatiorof the Newton correction the additionalcostis thatof oneback-substitutionln the
presentontext this shouldbe negligible. Thisis nolongertrueif thelinearsystemis solved by
othermeanse.g.,iterative methods.

2.3 Step Selection Strategies

The performanceof all globalizationmethodsdependsssentiallyon a carefully selectedstep
lengthparameterA correctchoiceof this parametedecidesiotonly abouttheefficiency butalso
aboutthe succes®f acode. A steplengthselectionstrategy containstwo phasesA prediction
strategy for estimatinganinitial guessanda correctiondevicefor adjustingthe parameteif the
monotonicitycriterionis notfulfilled.

A simplebut ratherefficient algorithmwasproposedy ARMIJO [2]: Choosethe parameter
Ak suchthat

11

)\kE{l,é,Z,...}, (14)

T (X4 AeAXK) < (1— %) T(X9). (15)

Obviously, this strateyy canalsobe appliedin the naturalmonotonicitycriterionT (-|A). In (14),
thelargestpossible\ shouldbechosenn orderto obtaintheundampedNewton methodassoon

aspossible.Sotheobviouspredictionstratayy is to choose\l((o) = 1 asthefirst trial valueand,if
(15)is notfulfilled, to retry using)\l((”rl) = 0.5)\8). Sinceit is highly probablethatasmallAy 1

leadsto asmallAg duringthe next step,a moreconserative predictionis )\l((o) = 2\k 1.
For the affine invariantNewton method,morerefineddampingstratgiesarepossible9, 10,
4]. An optimal predictionstratgy is givenby

)\l((o) =min{1, uﬁo)},
_ =K
O _ & 1A (16)

=— k-1-
1BXS— Axk||  [lAxK]

Since)\l((o) is definedrecursvely, aninitial guesskéo) mustbe provided. If the monotonicitytest
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fails,areductionstratgy

_ NO
N = ming =, WD)
- 17
0 _ 8 0y )
T k41 j i
IBX ) = @- Ny 2

is invoked. Practicalexperienceshaws thatthe reductionstepis, in mary casesgxecutedonly
oncesuchthatit is ratherefficient. For very highly nonlinearproblemsijt is usefulto modify the

above mentionedstrategiesby replacingul((j) by uf(”/z.
Anothersteplengthstratey for (3) is the back-trackindine searchproposedy DENNIS and
SCHNABEL [15]. Here,thefunction

f(A) i= T (XK +AAxXK)
is modeledby quadraticandcubic polynomials.The predictionstepchooses
0
A =1,

If thedescentondition , ,
T +A0) < (21— aa)T (56) (18)

for afixed0 < a, 1is notfulfilled theso-calledback-trackings invoked. For j = 0, f(0), f/(0),
and f(1) areknown after evaluating(18). Thesetwo valuesare interpolatedby a quadratic
polynomial. The minimum of this polynomialis choserasthe next trial value

(1) _ —f'(0)
N AT~ 1(0) - 7(0)° )

If (18) is not fulfilled for )\l(}), all further reductionstepsare computedusing a cubic model
definedby f(0), f/(0), aswell as f (A\\! ) and f (\\")). Thelocal minimizerof this polynomial
is choserto provide )\l(('H)). It is ratherstraightforwardto obtainthe formula

)\l((j+1) —b+/b2—3af’(0)
3a

b s (i) 1 (D) (20)
(a) _ 1 B2 ) fA) = £(0) — F/(0)A/
b )\(j) . )\(i—l) - A f()\l((lfl)) — £(0)— f/(o))\l((lfl) )

In orderto obtainareal)\l((jH), a mustbechosersmallerthan1/4.

The steplengthstrateyy for the dog-leg methodfollows the modificationof Powell’s method
accordingto DENNIS and SCHNABEL [15]. The controlling parametein trustregion methods
is thetrustregion radiusd, andnota dampingparametely. This differencen the construction
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of the methodleadsalsoto a differencein the parametesearch:First, a paramete®, mustbe
selectedsuchthat a descentriterion is fulfilled (the former correctionstratay), afterwardsa
predictionfor the following stepis made. Assumethat s¢ is computedaccordingto (10) for a
giventrustregionradius.Thedescentonditionreadsnow

T(X+ ) < T(X) —aF (X)TF/(xK)s<.

This conditionis identicalto (18)if ¢ = AxK. If it is fulfilled, the new iterateis acceptedlf it is
notfulfilled, anew trial valueis choserusingthe quadratiomodel(19):

Notethatthe cubicinterpolationis nolongerjustified suchthat(20)is not used.

Assumenow, thatdy is acceptedIf s¢ = AxK is the Newton step,dy.1 = ||AXK|| is selected.
Otherwisejt is proposedn [15] to try alarger stepstartingfrom x¥ first becausef a possible
reductionof the computationaleffort. Note that, if a larger stepis possible,the basiceffort
is to computea nev elementon the dog-lgy curve. To decideaboutthe possibility of doing
so, the accurag of the quadraticmodel(9) is estimatedoy comparingthe predictedreduction
forea= M(X* 4+ &) — T(x¥) with theactualreductionAT = T (X< +&¢) — T(X). If either

or we have aregion of negative cunvature,
T8 < TK) = F&) TF/ (),

the currentstepis retriedwith & := 20&.
After these“correction” stepsthe resultingxt1 = xK + s¢ is acceptedlt remainsto predict
thetrustregionradius.Here,the stratgy is rathersimple:

Ok otherwise

2.4 Quasi-Newton Updates

It is usuallyvery costlyto computethe JacobiarF’ (xX) andto performthe LU-decomposition.
Onemethodto avoid thesecomputationsare quasi-Nevton methods. Especially the Broyden
updatingprocedurg5] hasbeenfrequentlyapplied. This methodhaseven superlineaicorver-
gence.Computationaéxperienceshovsthatthis methodshouldonly beappliedif theundamped
Newton methodcornverges,i.e. A\x = 1. Sothe methodtakestheform

AkSk = _F(Xk)a

21
X =k &K, ()
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Obviously, if Ax = F/(X), thes¥ is the usualNewton correction. After eachstep,the matrix Ay
is updatedo yield anew Ay 1. Accordingto BROYDENS proposal Ay, 1 is computedoy

_ T
Ar = A Y (?jﬁf) , (22)
Y =F (X — F(x9). (23)

In thisform, theupdatds notefficient. Theupdatingmatrixis afull matrixdestrging thesparse-
nessof the stiffnessmatrix in thefinite elementmethod.Althoughthereareproposaldor using
only thoseelementof thesecondermin (22) which referto nonzeroentriesin A¢ [25] andthus
preservinghesparsitythenecessityof anLU-decompositiorremains.Theupdatingcanalsobe
appliedto the LU-decompositionmmediately Neverthelessthe sparsitypreservingupdateof
the LU-decompositiorshav a seriousperformancelegradationof the methodaccordingto the
authors experiencg12]. Thereforepneshouldtry to use(22)— (23) asfaraspossible.
Thefollowing niceideais dueto DEUFLHARD [10] (cf. also[23]). Thestartingpointis the
obsenationthatwe needto computeonly oneor two vectors,namelythe Broydencorrection

= —AF(X)
and,for theaffine invariantNewton method the modifiedBroydenupdate
1 — AT (L.
Equation(22) canberewritten by using(21), (23):
Y= A = F(XY — F(X) + F (X) = F(XH) = —AG T,
Hence theupdatingformulareads

1 T
Aor=A(1-S55r) (24)

or, equialently, Lk
+1d\T
A1 =Ac— —A”(lg()T s(k )

Thelatterrepresentatioteadsto

§<+1 §< T
At (I +(sk)%§)() A,
whichyields 1k
+1/k\T
Al = (I T §()(T52< )A;l. (25)

Assumenow that, up to a certainindex kg the standardNewton methodis usedsuchthat A, =
F/(xK) for k < ko. Moreover, 0 = Ak andso+! = Ax° ! arecomputedisinganLU-decomposition
of Ay,. In thefollowing we assumenithout lossof generalitythatko = 0.
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Let ze R" beagivenvector Definev! = Aj_lz. Using (25) we obtain

LT
Acaz=V"= (' * (sk)(T§)< )A‘le

F)TK
= Vst (§<§Tsk

= VK + a (V) ¢t (26)

~—~

whereay(V¥) caneasilybe computed.Unfortunately s<1 is unknavn up to now. Remember
thatv = $t1 solvestheequationA . 1v = —F (Xt1). Hence lettingz= —F (xX*t1) in (26)yields

SHL = K g (V)1

suchthats“*! canbe computed This givesriseto the following simplerecursionfor computing
thequasi-Nevton correction:

W= —AalF (X by usingthe availableLU-decomposition
vitl = vig(vl)sit? forj=1,...,k—1
St _ A
1— og(VK)

Onces“t1 is known, A;jlz canbe computedor ary zif thelastequations replacedcby
Atz =V + o (V)L

For arealizationof this algorithm, the quasi-N&vton correctionss¢ mustbe stored.With the
exceptionof the back-substitutionthe computationabmountis proportionalto k - n.

If we intendto usethe monotonicitycriterion(4), onehasto provide Ay, 1zfor agivenze R"
additionally This canbedonealongthe samedines. Equation(24) leadsto

1 T

Al

= Alz—B(2)F"Y)

Therefore Ay 1z canbe computedoy
VKt =7
vi =it g (vthsitifor j=k,...,0

Aci12=Ag\°
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oncest1 is known. This recursionis by far more expensve than that before since both the
guasi-Nevton correctionandthemodifiedquasi-Ne&vton directionmustbe computedandstored.
Sothe computationaéxpensedoublesroughly.

Finally, it is sometimesusefulto have a similar algorithmfor the computatiorof A;[Hz. One
readily obtains

W=Az
Vit =vi—y;(v)s for j=0,...,k
A 1z= Vv
wherey; (V) = %%}’—J Again,thecomputationatompleity amountdo doublythatof thefirst
algorithm.

3 Mode Implementations

In orderto getanestimationaboutthe behaior of thedifferentmethodswe realizedthe damped
Newton methodwith backtrackindine-searchthe doubledog-leg method,andthe affine invari-
ant Newton methodwithin the MATLAB Yernvironmentin the function m-files bt ds, t r ds,
anddnw. Thedesignwaschoserascloseaspossiblein orderto enablea comparison.

Theguidingideawithin thesemplementationss completelydeterminedy thefinal goalof
realizinga new nonlinearsolver within the FEMLAB®environment:

e Thenonlinearsolveris situatedatherdeepwithin theprogramhierarchy Thisimpliesthat
the usercannotsupplymuchinformationto the solver. Consequentlymostof the control
mustbe doneby thealgorithm,i.e. automatically

e Thestartingpointfor the needof a new implementatiorwasthe occurrencef very highly
nonlinearproblems. Therefore robustnessaandreliability arethe ultimate goal, possibly
with a certainlossof efficiency.

e Forsimpleproblemsthelossof efficiency dueto theaddedcompleity shouldbetolerable.

Oneof the mostimportantissuesn theimplementatiorof methodgor solving nonlinearequa-
tionsis thatof a correctscaling(see[19, 21,13]). A givennonlinearequation

F(x)=0
canbeequvalentlywritten down as
D 'F(D(D X)) =0

with nonsinguladiagonaimatricesD andD. ThescalingD of theunknovnshasaninfluenceon
thecriterion (12) with (13) for the affine invariantNewton methodaswell ason thetrustregion
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method.Similarly, thescalingliin thespaceof residualontrolsthe step-sizeselectiorstratgy
for the backtrackindine-searchandthetrustregion methodvia (5).

Accordingto our first guideline,the scalingsshouldbe choserautomatically Accordingto
the resultsin [19] ( in the caseof the Levenbeg-Marquardimethod),thesescalingsshouldbe
choseradaptvely within thecourseof iteration,i.e., insteadof choosingixedmatricesD, D one
shouldadaptthemaccordingto

Dy = Dk(Xk), 5k = Sk(Xk).
Let x¥ begiven. Thenthe equatiorfor the (k+ 1)-stiteratereads
D, F(Dk(Dx) =0 (27)

with the Jacobian _
A = D, 1F'(X)Dy. (28)

Consideffirst the scalingsof theunknOan MORE [19] compareslifferentstratgieswhich use
the norm of the partial derivative -2 Fr F (X ") asa measue of change of F with respecto thei-th
unknown. Thereforethei-th dlagonalelememof Dy is takento be equalto this norm:

D = diagd ..., d),

©_,0 - i

g _HG_X;F(XO)” Looi=1..n (29)
K k-1) O - -

di():maX{di( 1),||6—XIF(Xk)|| 1}, Izla"'7n'

Anotherproposalis usedNowak andWEIMANN [23]. Their choiceis motivatedby the error
control. Since|| - ||p = ||D~*- || is usedin the errorcontrol,the component-wiseelative erroris
adequatelyepresentetly

D, 1AxK||, Dy = diag(x;, .. ., X%).

This leadsto thefollowing choice:
Dy = diag(d¥, ..., d{),
d? = max{}0|,t}, i=1...,n (30)
K 1 - )
o = max(S (R + 1Dt i=Ln,

wheret denotesa given positive thresholdvalue. Accordingto a classificationprovided by the
user

(— T, if theproblemis highly nonlinear
~ |1, if theproblemis mildly nonlinear

with theerrortolerancer imposedoy theuser Hence for highly nonlinearproblemsthecontrol
is biasedtowardsa relative error.
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Althoughascalingof theresidualds of asimilarimportanceasthescalingof theunknawns,
theauthoris notawareof any dynamicalstratey for choosingDy. DENNIS andSCHNABEL [15]
proposeo usea constanscalingmatrix to be provided by the usersuchthatthe componentsf
D~1F areroughlyequilibratedaway from the solution. In the presentontet we have to usean
adaptve scaling.In [23], the scalingmatrix is computedoy

Dy = diagdl”, ..., d\),

3K YD) i —
d _1ma<)§]\( "(X)Dw)ijl4 i=1...,n

(31)

This choiceseemgo aim ata minimal conditionnumberfor the matrix Ax in (28). Notethatthis
scalingdoesnot have ary influenceon the affine invariantNewton method. Accordingto our
experiencethis choiceleadsto suchdrasticalchangesn the scalingsuchthatthe corvergence
of theothermethodss badlyinfluenced.Therefore we preferthefollowing choiceof D for the
backtrackingdampedNewton methodandthe doubledog-leg method:

Dy = diagd, ..., dM),

1O _ S (O i
d Z|(F(x)).,|, i=1,..,n )

a® = (dT"1+z\ X)),  i=1,...,n

°9

The terminationcriteria baseon the scaledquantities. The affine invariantNewton methodis
consideredo be successfuif

IDFIAX

| <T, AM=1
hold true. For the othertwo methodsa successfuteturnis indicatedby a small(quasi-)Newton
correction:

D 1AxXK|| < T andA = 1.

This decisionwastakenin orderto make the methodsmorecomparabldo eachother Addition-
ally, certainsecuritychecksareappliedin orderto ensurethattherecentiterate XX, is within the
domainof quadraticcorvergence.

Failure of the programis indicatedin two circumstances:

1. A userprovidednumberof iterationsis exceeded;

2. the dampingfactor Ay (andthe trust region radiusdy, respectiely) fall belov a minimal
givenvalue.

The algorithmfor computingthe dampingfactor andthe trust region radius, respectrely, are
safguardedagainsimeaninglespredictionsby assuminghat
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and,similarly,
wdl <3 < o3V,

Accordingto the proposalsn [23, 15], it holds

u=0.1,0= 0.5 (backtrackingandtrustregion methods)
u=0.1,0= 10 (affine invariantNewton method).

The propertythat X doesnot belongto the domainof definition of F canbe signaledto the
algorithms. They reactby halving the dampingfactoruntil a trial value within the domainof
definitionis found.

For simpleproblemsthe quasi-Ne&vton methodsaccordingto Section2.4 areimplemented.
In orderto ensurerobustnessBroydenupdatesare only usedif (a) the userallows so, (b) at
leasttwo successfutompleteNewton stepshadebeenperformed,and (c) in the caseof the
affine invariantNewton method,a certainpredictionof the expectedapproximationquality is
sufficiently small. Theusercanalsolimit the numberof successie quasi-Nevton stepsbefore
the Jacobiarns reevaluated.If thedampingfactoris lessthanl, thenext stepwill be carriedout
usingtheexactJacobian.

4 Examples

4.1 A Set of Test Examples

TheBratu Problem. LetQ = [0,1]? C R? denotetheunit squaren R?. For agiven\ € R, we
areinterestedn finding a solutionto the problem

—Au=Ae"inQ, u=0o0onl =09Q.

Here, A denoteshe Laplacianandl is the boundaryof Q. This problemis widely usedfor
testingdifferentaspect®f numericalmethodscf. [20].

If onehasA < 0, thetheleft handsidesconstitutesa stronglymonotoneoperatorsuchthata
large numberof numericalmethodswill work quitewell. Sotheinterestingcaseis A > 0. The
setof solutionsform a curve parameterizetby A. It hasa turning point nearA. = 6.80812...
For A < A¢, thereexist exactly two solutionwhile thereareno solutionsfor A > Ac.

The partial differential equationis discretizedby the usualfive-point discretizationon a
squaregrid with grid sizeh = 1/N in both coordinatedirections. The initial guesswas cho-
sento beequalto thetrivial solution.

The nonlinearproblemis mildly nonlinearfor valuesof A evenrathercloseto Ac. Sowe
expecteventhe Broydenmethodto work quitewell.

A Tubular Chemical Reactor Model. Thesteadystateof o non-adiabatichemicalreactorn
whichthereis processea simple,first-order exothermicchemicalreactioncanbe describedyy



18 4 EXAMPLES

thefollowing secondordertwo-pointboundarywalueproblem(see[20] andthereferencesgited
there):

1 /! !/
—u —u —Daf(uvy)=0,0<x<1
Pen ( Y)

%\/’—\/—B(v—vo)+BDaf(u,v;y) =0,0<x<1

subjectto theboundaryconditions

U = Pen(u—1),V =Pe,(v—1) atx=0
U=V =0atx=1

Here, f(u,Vv;y) = uexp(y—Y/V) is thereactionratederivedfrom Arrheniuskinetics.

This problemis often usedin the context of testingpathfollowing methodsbecauset has
a rathercomplicatedbifurcationdiagramdependingon the parameter®en, Pe, (massandheat
Pecletnumbersrespectrely), Da (the Damkbhlernumber),B (the heatof rection),3 (the heat
transfercoeficient), andy (the activation enegy). In [16], a numberof different parameter
constellationgreprovided:

No Pey, Pen B B Da Y Vo n
1 2.5 5 15 0 0.07 20 0 1
2 {2913 2913 20 O 0.05826 20 0O 3
3 4 8 15 2 0.07 20 0 3
4 5 10 15 2 0.07 20 0 5
5| 22 44 15 2 0.07 20 0 5
6 | 50 100 15 2 0.12 20 0 3
7| 70 140 15 2 0123 20 0 3
8 | 25 50 15 2 0.12 20 0 1

Here,n denoteghe numberof (known) solutions. For highervaluesof the Peclethumbers,
the solutionsexhibit boundarylayers.Evenfor lower Peclethumbersthe problemis oftenvery
difficult to solve.

The problemis discretizedon an equidistantgrid with stepsize h = 1/N using standard
symmetricstencils. Differentsolutionguessesre usedin anattemptto computedifferentsets
of solutions.

A Semiconductor Problem. In [8], DEN HEIJER andRHEINBOLDT proposedo usethe fol-
lowing two-pointboundaryalueproblem:

—U(t) = AegePlla=) _\q,e?PU=%) 1 d(t), a<t<b

—A fort <
d(t) = Ca, fort<o
ACp, fort >0
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subjectto the boundaryconditions
u(a) = Aua, u(b) = Auy,.

Onagivenmesh the problemis discretizedoy pieceviselinearfinite elements.
Particularly interestingandcomputationallychallengingvaluesof the parameterare

a=-9%x107°b=10">,uy =0,u, = 700
B = 40,cy = 10'2 cp = 10,
A simplersetof parameterss givenby
a=-9x10"3b=103u;=0,u, =25
B=20,ca=10° ¢, =10".
The parameten is introducedartificially. The problemto be solvedis obtainedfor A = 1,
while it is trivial for A = 0. Soin [8], continuationmethodsare proposed.In our context, it is

interestingto compareheiterationsfor differentvaluesof A startingatthetrivial solution.
Themeshis givenin thefollowing table:

i |0 1. 2 3 4 5 6 7 8 9 10
10 |9 -7 -5 -45 -425 -4 -375 -35 -3 -1 1

Supersonic Transport Air Pollution. This exampleis a straightforvward extensionof anin-
stationarylD modelfor the pollution of the stratospherdy supersonidransportgd26] (cf. also
[22]). Theequationsaregivenby

—DAu; = Ky — kioug + k13up + ky4us — kgsugup — KqgUius

—DAu; = ka1uz — KaoUp + kagUp Uz — kagUpUs

—DAuz = —kz1u3 + K3ous + kazuug — kagupuz + 800+ S

—DAus = —Kg1u4 + kaoUpuz — KazupUg + 800
ontheunit squareand

Sy) = {3250 if (x,y) € [0.5,0.6)2
’ 360 otherwise '

The boundaryconditionsare homogeneousleumannboundaryconditions. The constantsare
givenby
D=0.5x10"°,
k11, k12, ka3, K14, K15, kig = 4 x 10°,27244380001610 4,0.007,3.67x 10716 4.13x 1072,
ko1, koo, kos, koa = 2724438 1.00016x 1074 3.67 x 10716, 3.57 x 1071°,
ka1, ka2, Kz, kaa = 1.6 x 1078,0.007,4.1283% 10712, 3.57x 1071°,
ka1, Kaz, Kaz = 7.000016x 10°2,3.57 x 10~1°,4.1283x 10712,
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This exampleis a badly scaledproblem.Theinitial values
u1(x,y) = 10° up(x,y) = 10%,u3(x,y) = 10", ua(x,y) = 10’
createa highly nonlinearproblem.In contrasto that,the startingapproximations

ur(x,y) = 1.306028x 10°, up(x,y) = 1.076508x 10%2,
uz(X,y) = 6.457715x 10'° us(x,y) = 3.542285x 10'°

yield amildly nonlinearproblem.
Thedifferentialequationis discretizedon asquaregrid usinga grid sizeof h=1/N.

4.2 Results

Thefollowing tablesprovide a certainimpressioraboutthe behaior of thedifferentalgorithms.
Becausewe have tried to implementthem using identical techniqueswe expectthemto be
comparable.The programswvererun without ary tuning, someexceptionsaregivenif they are
simply applicable. In that case,the parametersare changedfor all programsin an identical
fashion.In orderto have a certaincomparisorof what canbe obtainedby rathersophisticated
techniquesve addeda straightforvard implementatiorof the ARMIJO dampingstrateyy (14)-
(15). The convergencecriterion basessolely on the residualmeasuredn the Euclideannorm.
Thisis essentiallythe stratg)y usedin thesolverf emrml i n within versionl.1 of FEMLAB®.
For the scalingof the unknovnsthe stratey (30) is used.An examplewherewe succeeded
with (29)is givenadditionally In general(32) seemgo be muchworsethan(29).
Theabbreiationswithin thefollowing tablesareasfollows:

Algorithms | nl i n | straightforvardimplementation
dnw | affineinvariantNewton method
trds | trustregion method
bt ds | Newton methodwith backtrackindine search
Statistics | NF numberof functionevaluations
NJ numberof Jacobiarevaluations
(equalto the numberof LU-decompositions)
NBS | numberof backsubstitutions
cond | conditionnumberestimationof the scaledJacobiaratthe solutions
“a.bc(d)” shouldbereadasa.bcx 107,
Result| indicationof the succes®f the method
e ok errorcriterionfulfilled
e fm maximalnumberof allowed Newton stepsexceeded
e fd underflav of thedampingfactor
An “(0k)” indicateshata solutionwasobtained
but the algorithmdid notrecognizehis.
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The Bratu Problem Thefollowing resultsareobtainedfor avalueof A = 6.8 which s rather
closeto theturningpoint. Neverthelessall methodsarecorverging ratherfast.

NF NJ NBS cond Result
nlinf 9 8 8 7.64(3) ok

dnw 9 8 16 9.51(3) ok
trds | 10 9 9 1.52(4) ok
btds | 10 9 9 1.52(4) ok

Becausef theniceresultsabore, thenext testwascarriedout usingthequasi-Nevton meth-
odsproposedn the previousparagraphlt turnsoutthatthe securitycheckwhichis additionally
implementedn the affine invariantNewton methodseemsdo seethe nearbysingularitysuchthat
Broydenstepsareonly allowedin a closeneighborhoodf the solution. Soonly two Broyden
updatesarecarriedout, andthenumberof iterationstepds notincreasedtomparedo the“pure”
Newton method.In the presentasethealmostuncriticaluseof Broydenupdatesn thelasttwo
methoddeadsto a moreefficientalgorithm.Sincethe corvergencebreaksdown, the Jacobians
reevaluatedn thesecases.

NF NJ NBS cond Result
nlinf 9 8 8 7.64(3) ok

dnw | 9 6 16 8.72(3) ok
trds | 12 2 11 1.18(4) ok
btds | 12 3 11 1.47(4) ok

A Tubular Chemical Reactor Model This modelgave riseto alot of experiments.Surpris-
ingly, we werenot ableto computea solutionusingthe mostsimpleinitial guessof taking all
unknavnsidenticalto one. The following tablesare computedusingthe parameteset6. The
numberof discretizationpoints was chosento be 1000in orderto be ableto resole at least
moderatedboundarylayers. The first table shavs thatthe problemis rathersimpleif a constant
valueof 0.5is takenasaninitial guess.

NF NJ NBS cond Result
nlinf 6 5 5 1.76(6) ok

dnw | 5 4 8 1.11(5) ok
trds| 6 5 5 2.43(5) ok
btds | 6 5 5 6.9505) ok

The next experimentscontainsthe resultsfor a constantstartingvalue of 10. The solution
computeds differentfrom the previousone. The solutionv containsa very narrow initial layer,
now. It wasnotpossibleto take a muchlargervaluebecauseghe exponentialtermoverflovs. We
werenot ableto computethethird solutionby choosingdifferentinitial guesses.
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NF NJ NBS cond Result
nlin| 19 16 16 1.59(10) ok
dnw 22 21 42 2.24(8) ok
trds | 33 18 18 4.00(8) fd(ok)
btds | 19 17 17 5.76(9) ok

Sincethefirstinitial guesdeadto arathersimpleproblem,we allowed Broydenstepsto be
taken. As expected,everythingwentwell. Eventhe affine invariantmethodusedthe Broyden
updatefrom the begginningin contrasto the Bratuproblem.

NF NJ NBS cond Result
nlin| 6 5 5 1.75(6) ok

dnw 7 2 12 9384 ok
trds| 9 2 8 2.43(5) ok
btds | 9 3 8 3.23(5) ok

A Semiconductor Problem This problemturnedout to be a ratherhard problem. The first
two experimentsarecarriedout usingthe moresimpleparametesetwith A = 1. Thefirst table
containgheresultsfor the standardptions.

NF NJ NBS cond Result
nlin| 64 17 17 7.22(8)  fd(ok)
dnw | 194 101 294 1.76(3) fm
trds | 38 14 14 4.40(9) ok
btds | 21 13 13 3.02(13) ok

A secondunwasmadein orderto seeif the“highly nonlinear”stratey for theaffine invari-
ant Newton methodgivessomegain. Indeed,the switch to the relative error togetherwith the
moreconserative dampingfactorselectiongave betterresults.

NF NJ NBS cond Result
nlin| 64 17 17 7.22(8)  fd(ok)
dnw 27 21 47 1.67(2) ok
trds | 45 14 14 4.40(9) ok
btds | 21 13 13 3.02(13) ok

The lastfor tablescontainresultsfor the hard parametersTaking all standardoptionsand
A = 1 nomethodwasableto solve the problem.

NF NJ NBS cond Result
nlin| 37 4 4 22313 fd
dnw 65 6 12 1.05(3) fd
trds | 16 3 3 23510 fd
btds | 22 3 3 23510 fd
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Therefore during the following experimentswe usedthe parameteA = 10~3. Settingthe
initial dampingfactorto 0.01,thefollowing resultsareobtained:

NF NJ NBS cond Result
nlin| 53 14 14 3.96(8) fd(ok)
dnw 33 32 64 9.28(2) ok
trds | 60 29 29 4.95(10) ok
btds | 402 101 101 4.92(15) fm

Thehighly nonlinearoptionsdoesnot have ary influence.Insteadtheinitial dampingfactor
is importantin the presenproblem.For aninitial factorof 1 we have:

NF NJ NBS cond Result
nlin| 53 14 14 3.96(8) fd(ok)
dnw 29 24 52 9.28(2) ok
trds | 39 19 19 4.76(10) ok
btds | 402 101 101 4.92(15) fm

Supersonic Transport Air Pollution The presenexampleshows clearlythe importanceof a
correctscaling.In thefirst runs,theinitial guesdeadingto amildly nonlinearproblemis chosen.
With the standardptionswe got:

NF NJ NBS cond Result
nlin|902 101 101 6.27(11) fm
dnw 5 4 8 1.92(12) ok
trds | 108 101 101 3.89(9) fm
btds | 504 101 101 1.10(10) fm

In orderto testthe scaling(29) we ranthe sameexampleusingthis formula.

NF NJ NBS cond Result
nlin|902 101 101 6.27(11) fm
dnw 13 6 18 2.31(12) fd
trds | 108 101 101 2.44(12) fm
btds | 504 101 101 4.93(12) fm

Thenext two examplesareidenticalto the previousones.Theonly differences thatthehard

initial guessesreprovidednow.

NF NJ NBS cond Result
nlin| 16 2 2 5.37(10) fd
dnw 16 15 30 1.92(12) ok
trds 4 2 2 9.93(10) fd
btds | 13 2 2 9.93(10) fd
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NF NJ NBS cond Result
nlin| 16 2 2 5.37(10) fd
dnw 28 18 45 2.08(12) fd(ok)
trds 8 2 2 5.8909) fd
btds | 13 2 2 5.8909) fd

Again, the scaling(29) turnsout be be bad. Note thatit wasnot necessaryo switchto the
conserative dampingstratgieshere.

5 Conclusions

During our experimentsthe affine invariantNewton methodandthetrustregion methodturned
out to be the mostrobustmethodsamongour candidates They wereableto solve mostof the
more extreme problems. The penaltyfor the higher compleity in easyproblemsis not high.

Thisis especiallytrueif the quasi-Nevton methodvia recursve Broydenupdatess used.While

the trust region methodis a little bit more efficient for problemswhereboth it andthe affine

invariantmethodapply, thelatterhasits realpower for very highly nonlinearmproblemsandbadly
scaledproblems.Thelatterseemdo beimportantf theuseris notableto supplycorrectlyscaled
data.
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