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1 Introduction

Partial differentialequationsform themathematicalfoundationfor a hostof importantareasin
engineeringandphysics.FEMLAB R

�
1 providesa powerful interactive environmentfor model-

ing andsolvingscientificandengineeringproblemswhichbaseon partialdifferentialequations.
Using FEMLAB R

�
one can model strongly nonlinearcoupledmulti-physicsapplicationswith

ease.Thereis no inherentlimitation on thesimultaneoussimulationof many physicalphenom-
ena. The presentversion(the latestrelease1.1 datesfrom October1999)canhandle(systems

1FEMLAB R
�

is a registeredtrademarkof COMSOLAB.
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2 2 METHODSFORHIGHLY NONLINEAR PROBLEMS

of) secondorderpartialdifferentialequationsin oneandtwo spacedimensions.Theunderlying
discretizationschemeis a finite elementmethodbasedon piecewise linear triangularelements
(andpiecewiselinearelementsin onedimension,respectively).

TheFEMLAB R
�

systemis implementedwithin theMATLAB R
�

2 environment.Thelatter is
aninteractiveintegratedtechnicalcomputingenvironmentthatcombinesnumericalcomputation,
advancedgraphicsandvisualization,anda high-level programminglanguage.Its opendesign
makesMATLAB R

�
easilyextensible,andtheseextensionsareplatformindependent.

With the growing feedbackfrom usersof FEMLAB R
�

, therewere repeatedlymet highly
nonlinearapplications(e.g.,semiconductordevice design,non-Newtonianflows) wheretheim-
plementednonlinearsolver could not provide a convergedsolution. Therefore,the needfor a
new implementationarosewhichshouldbecapableof handlinghighly nonlinearproblems.The
presentreportstudiesdifferentalgorithmicapproaches.Section2 providesan overview about
different approachesfor a robust and efficient realizationof the Newton methodfor solving
nonlinearsystemsof equations.Section3 givessomeimplementationaldetailsanddesigndeci-
sions.Finally, in Section4, wereportabouttheperformanceof differentalgorithmsfor a testset
of highly nonlinearproblemswhoseselectionwasbiasedtowardsthefinal goalof implementing
asolverwithin theFEMLAB R

�
environment.

2 Methods for Highly Nonlinear Problems

Theultimateaimof thenew designof thenonlinearsolver is theability to handlerathergeneral,
highly nonlinearproblems,of course,motivatedby finite elementdiscretizationsof partialdif-
ferentialequations.Therefore,thereis no otherpossibility thanusinga variantof the Newton
method.

2.1 The Basic Method: The Newton Method

Considerthefollowing problem(P):

given: F : D ��� n ��� � n

x0 	 D

find: x
 	 D suchthatF � x

��� 0 � (P)

Here,F is a givennonlinearfunctiondefinedon anopendomainD ��� n. We assumethatF is
continuouslydifferentiableon D. Moreover, we will assumethatx
 is a regularsolutionto (P),
i.e.,F ��� x
 � is nonsingular. In orderto solve (P),westartfrom theTaylor expansionof F:

0 � F � x
���� F � x0 ��� F � � x0 ��� x
 � x0 ��� o ��� x
 � x0 �
�
�
By neglectingall nonlineartermswe obtaina substituteproblem:Find anx suchthatG � x��� 0
where

G � x��� F � x0 ��� F � � x0 ��� x � x0 �
� (1)
2MATLAB R

�
is a registeredtrademarkof TheMathWorks,Inc.



2.1 TheBasicMethod:TheNewtonMethod 3

This givesriseto a new approximation,x1, to x
 . Carryingout this constructionrecursively, we
arriveat theNewtonmethod

givenx0;
for k � 1 � 2 �������

solveF ��� xk � ∆xk � � F � xk � ;
xk� 1 � xk � ∆xk;

(N)

Thismethodhasthefollowing well-known properties:� Local convergence:Thesequenceof iterates xk ! existsandconvergestowardsx
 if x0 is
sufficiently closeto x
 .� Fastconvergence:If thesequenceconverges,thenit convergesvery fast,namely, quadrat-
ically: � xk � 1 � x
 �#" C � xk � x
 � 2 �

Thesetof startingvaluessuchthat theNewton methodconvergestowardsx
 is denotedby the
domainof attractionof x
 .

The quadraticconvergenceleadsto the following considerationsconcerningthe computa-
tional complexity:

1. Assumethatx
 belongsto thedomainof attractionof x
 . Thenthenumberk of iterations
necessaryin ordertoobtainanapproximationxk with agivenaccuracy ε, i.e., � xk � x
 ��" ε,
is rathersmall.Sotheamountof operationsis comparableto thatof onesolutionof alinear
systemof equations.Therefore,suchproblemsareconsideredto bemildly nonlinear.

2. If x0 lies outsidethedomainof attractionof x
 , certainmeasuresmustbetakensuchthat,
eventually, aniteratexk is obtainedwhichbelongsto thedomainof attraction.Thesemea-
sures,known asglobalizationmethods,areoftenby far moreexpensive in computational
costssuchthat the overall complexity is no longer comparableto a linear solve. Such
problemswill becalledhighlynonlinearproblems.

It shouldbenotedthatthisclassificationdependsnotonly onthepropertiesof F but additionally
on thequality of theprovidedinitial guessx0. This is thereasonwhy thelatteris includedin the
formulationof problem(P).

Beforeproceedingit appearsto be necessaryto substantiateoneof the basicdesigndeci-
sions.Whenapplying(N) within theframework of thesolver FEMLAB R

�
, thenthebulk of the

computationalwork is in two algorithmicphases:� Computationof F andF � for a given xk: This amountsto the assemblyprocesswithin
a finite elementdiscretization. This functionality of FEMLAB R

�
is implementedusing

MATLAB R
�

m-files.� Solutionof thelinearsystemof equations:MATLAB R
�

providessparseGaussianelimina-
tion routineswhichareimplementedin C.
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Althoughthecomplexity of theGaussianeliminationgrowsmuchfasterthanthatof theassembly
processtheformer is fasterfor dimensionsup to some5,000unknownsbecauseof their differ-
ent implementationstrategies.This seemsto beappropriatefor mediumsizedtwo-dimensional
problems.Therefore,the linearsystemswill besolvedusingtheGaussianeliminationroutines
providedby MATLAB R

�
.

2.2 Highly Nonlinear Problems: Globalization Strategies

Assumethat x0 doesnot belongto the domainof attractionof x
 , that is, we have a highly
nonlinearproblemat hand.Thefollowing globalizationtechniquesarein commonuse:

(a) thesteepestdescentmethod,

(b) theLevenberg-Marquardtmethod;

(c) thedampedNewtonmethod;

(d) continuationmethods.

Thelasttypeof globalizationmethodswill notbeconsideredhere.
In the presentsectionwe assumethat �%$&� denotesthe Euclideanvectornorm in � n. The

startingpoint for the first threemethodsis the requirementthat the iteratesareapproachingx

successively: � xk � 1 � x
 �#'(� xk � x
 � if xk )� x
 �
Note that, for � xk � x
 � small enough,the Newton methodhasthis property. Sincex
 is not
available,asubstitutecriterionmustbeintroduced.Usually, insteadof thenormof theerror, the
defectis used:

T � x�*� 1
2
� F � x�+� 2 � 1

2
F � x� TF � x�
� (2)

This choiceis reasonablebecauseF � x��� 0 if andonly T � x��� 0. Soour monotonicityrequire-
mentis now givenby

T � xk� 1 �,' T � xk �
� (3)

Notethatthis substitutionleadsadditionallyto a stoppingcriterionfor theNewtonmethod.The
aim is to computeanxk suchthat � xk � x
 �#" ε �
By usingthesubstitute,thestoppingcriterionreads

T � xk � 1- 2 " ε (4)

suchthatthedefectis measuredinsteadof theerror.
Thesteepestdescentmethoddatesbackto CAUCHY [6]: He proposedto minimize (2) at a

giveniteratexk alongthenegativegradientof T:

pk � � gradT � xk ��� � F � � xk � TF � xk �
�
xk� 1 � xk � skpk
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with a suitablychosensteplengthparametersk. It is easyto seethat, for all sufficiently small
s . 0,

T � xk � spk �/' T � xk � (5)

if pk )� 0. This leadsto the problemof choosingan appropriateparametersk. Unfortunately,
even if the optimal parametersk (i.e. T � xk � skpk �0� mins1 0T � xk � sk � ) is used,only linear
convergenceis achieved. On theotherhand,theNewton directionpk � ∆xk � � F ��� xk �32 1F � xk �
is alsoadescentdirection,thatis, (5) holdsfor all sufficiently smalls . 0. Soweareleadto the
dampedNewtonmethod

F � � xk � ∆xk � � F � xk �
xk � 1 � xk � λk∆xk

(6)

whereλ 	 � 0 � 14 is a suitablychosendampingfactor. In orderto obtainthefastconvergenceof
the Newton methodback,λk 5 1 shouldbe chosenif this is possible. This ideaseemsto be
introducedby GLEYZAL [11]. Again, we areleft with theproblemof efficiently determininga
parameterλk suchthat(3) holdstrue.

A differentway of constructinga descentdirection∆xk wasproposedby LEVENBERG [17]
andMARQUARDT [18]. It wasobservedthata badinitial guessx0 leadsto a badNewton direc-
tion. This is attributedto thefact that thelinearization(1) is only reliablein a neighborhoodof
xk. Thestartingpoint wastheGauß-Newtonmethod:Insteadof solving(1) directly, it is tried to
minimizeT with F replacedby G � xk � : Compute∆xk asthesolutionof� F � xk ��� F � � xk � ∆xk � �6� min! (7)

Obviously, ∆xk is nothingelsebut theNewton direction.SinceG is consideredto bereliablein
a closeneighborhoodof xk, theunconditionaloptimizationproblemis replacedby a constraint
one:Minimize (7) subjectto � ∆xk �0" δk � (8)

Theball  x 78� x � xk �9" δk
! aroundxk is calledthetrust regionwhile δk is thetrust region radius.

TheminimizationproblemcanbesolvedrathereasilyusingtheLagrangemultiplier p � p � δk ��:
0: � F � � xk � TF � � xk ��� pI � ∆xk � � F � � xk � TF � xk �
�

xk� 1 � xk � ∆xk �
Thedescentcriterion(3) is now T � xk � ∆xk � p����' T � xk � for all sufficiently large p. Thelimiting
behavior of ∆xk � p� is ratherinteresting:� If the Newton correctionis smaller than δk, then p � 0 and ∆xk � 0� is identical to the

Newtondirection.� If p approachesinfinity, then p∆xk � p� � � gradT � xk � , which is thedirectionof steepest
descent.
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Efficient δ-strategies(or, equivalently, p-strategies)canbedeveloped.In thepresentcontext of
ratherlarge linearsystems,theLevenberg-Marquardtmethodis to expensive. In orderto find a
usablep, linearsystemswith varyingcoefficientmatricesmustbesolvedat eachiteratexk.

A cheaperalternative for this type of methods(so-calledmodel-trustregion methods)is to
consider∆xk � 0� asamethodof connectingtheNewtondirection(p � 0) with thescaleddirection
of steepestdescent(p � ∞) by a continuouspath. The smallerδk (or, the larger p), the gradi-
ent directionis preferred.The ideais to definea pathconnectingboth directionsby an easily
implementablemethod.POWELL [24] proposedhis “dog-leg” method.Thefollowing “double”
dog-leg variantwasintroducedby DENNIS andMEI [14].

Thestartingpoint is thequadraticmodel(7)

m� x�*� 1
2
� F � xk ��� F � � xk ��� x � xk �+� 2 � (9)

Let xc denotethe Cauchypoint of (9), that is the minimizer of m in the directionof steepest
descent.Additionally, let x� betheNewtonpoint x� � xk � ∆xk. Onecanshow that� xc

� xk �#" γ � ∆xk �
with a certainγ " 1. Here, γ � 1 is only possibleif F ��� xk � is orthogonal. This casewill be
excludedin thefollowing. Thenonecanshow that,for everyη with γ ' η ' 1, it holds:� Along the piecewise linear curve connectingxk, xc, xk � η∆xk, and x� , m� x� is strictly

decreasing.� Along thesamecurve, � x � xk � is strictly increasing.

So the trust region methodconsistsof determininga point xk � 1 on the curve above suchthat� xk � 1 � xk �;� δk if � ∆xk �<: δk. Otherwise,the Newton iteratexk� 1 � x� is taken. Note that
the numberof operationshasbeendrasticallyreducedcomparedto the Levenberg-Marquardt
approach.

Let

λ 
 � � F �=� xk � TF � xk �+� 2� F � � xk � F � � xk � TF � xk �+� 2 � γ � λ 
� F � xk �+� 2 �
Thenonecomputeseasilythat

xc � xk � λ 
 F � � xk � TF � xk ���
Choosenow anη 	 � γ � 1� . Thenthenew iterateis givenby xk� 1 � xk � sk where

sk � >????@ ????A ∆xk if � ∆xk �#" δk �
δk

∆xkB
∆xk
B if η � ∆xk �#" δk '(� ∆xk �C�� λ 
 F �=� xk � TF � xk ��� λ̄ � F �=� xk � TF � xk ��� η∆xk � if � λ 
 F ��� xk � TF � xk �+�#' δk 'D� η∆xk �C�� δk

F EGF xk H TF F xk HB
F E F xk H TF F xk H B if δk "D� λ 
 F �=� xk � TF � xk �+�C�

(10)
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Thevalueof λ̄ canbedeterminedby solvingthequadraticequation� � λ 
 F � � xk � TF � xk ��� λ � F � � xk � TF � xk ��� η∆xk �+� 2 � δ2
k �

All themethodsdescribedsofar use(3) andthedefinition(2) immediately. However, there
aretwo mainobjectionsagainst(3):

(i) Theerrorof xk is measuredin thewrongspace,namely, via thedefect.

(ii) If theequationF � x��� 0 is scaledby anonsingularmatrixA suchthatthenew systemreads
AF � x��� 0, thentheNewtonmethodprovidesexactly thesamesequenceof iteratesasthe
unscaledversion.But (2) is now definedaccordingto

T � x 7A��� 1
2
� AF � x�+� 2 (11)

whichcanchangedramatically.

The propertyof the Newton methodto be invariant under linear scalingsis called the affine
invarianceof the Newton method. This is why DEUFLHARD [9] proposedto require that any
globalizationmethodshouldbeformulatedin affine invariantquantities.Thisapproachstrongly
suggeststo usethedampedNewton method.As it turnsout, theaffine invariantformulationof
theLevenberg-Marquardtmethod(7) – (8) is just� F � � xk � 2 1F � xk ��� ∆xk � ��� min!

subjectto theconstraint � ∆xk �0" δk �
If theconstraintis not active,∆xk is just theordinaryNewton correction.Otherwise,∆xk � δk ���
λ � δk � ∆xk is just a dampedNewton step. So we obtainoncemorethedampedNewton method
(6).

For agivennonsingularmatrixA, let

G � x 7A� : �I z 	 D 7T � z 7A��" T � x 7A� !
bethelevel setof (11). Thedescentcondition(3) for (11) is

T � xk � 1 7A�,' T � xk 7A�
� (12)

It is fulfilled if xk� 1 is aninnerpointof G � xk 7A� . Therefore,it is naturalto consider

Ḡ � x� : � J
A K GL F nH G � x 7A�
�

DEUFLHARD wasableto show that,undercertainrathergeneralconditions,Ḡ � x0 � is a topolog-
ical pathx̄ : L 0 � 14 � D calledtheNewtonpathwhich hasthefollowing properties:



8 2 METHODSFORHIGHLY NONLINEAR PROBLEMS

(a) F � x̄ � λ ���M�N� 1 � λ � F � x0 ���
T � x̄ � λ �+7A�M�N� 1 � λ � 2T � x0 7A�
�
All level functionsdecreasealongx̄, λ 	 L 0 � 14 . This propertyis independentof thespecial
choiceof A.

(b)
dx̄
dλ

� � F � � x̄� 2 1F � x0 ���
x̄ � 0�*� x0 � x̄ � 1��� x
 �
Onecould follow this pathby numericallyintegratingthe differentialequation.But the
latterproblemcanbeextremelyill-conditioned.Sothis possibilityis no realalternative.

(c) dx̄
dλ OO λ P 0

� � F �=� x0 �Q2 1F � x0 ��� ∆x0

The tangentdirectionto x̄ at λ � 0 is just theNewton direction. So this directionis out-
standingevenfar away from thesolutionx
 . In view of (b), its lengthis to large. Sowe
areonceagainnaturallyled to usea dampedNewtonmethod(6).

Let us notein passingthat the equationH � x � λ �/� F � x� � � 1 � λ � F � x0 �/� 0 is often called
thedefectreducinghomotopy for solving(P).In this interpretation,(b) representstheDavidenko
differentialequationbelongingto H ([7], seealso[1]). The useof this informationgivesrise
to so-calledcontinuationmethods. Suchmethodswill be implementedin future releasesof
FEMLAB R

�
.

Up to now we do not known which A shouldbe chosenin the dampedNewton method.
Takingtheaffine invarianceprincipleastheguidingidea,weareled to

A � F � � xk � 2 1 (13)

sinceT �R$=7F �=� xk �32 1 � is affine invariantfor a givenxk. DEUFLHARD calls this choicethenatural
monotonicitycriterion becauseof thefollowing outstandingfeatures:

(i) TheNewtondirection∆xk is simultaneouslythedirectionof steepestdescentfor T �R$�7F �=� xk �32 1 � .
(ii) If F is twicecontinuouslydifferentiable,

T � x 7F � � x
 � 2 1 �*� 1
2
� x � x
 � 2 � o ��� x � x
 � 2 �

suchthatT � xk� 1 7F � � xk � 2 1 � providesanerrorestimationfor xk.

(iii) Thedampingfactorλ canbechosenlargerthanfor otherchoicesof A.

Note that the matrix A is no longer constantbut changeswith k. This hasthe consequence
thatconvergencecannotbeguaranteedtheoreticallyany longer! A pathologicalcounterexample
is provided in [3]. Nevertheless,practicalevidence,especiallyin the context of the numerical
solutionof two-pointboundaryvalueproblems,hasshown thatthenaturalmonotonicityfunction
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yield ratherrobustnonlinearsolvers. An explanationcanbe found in thecitedpaper[3]. One
hasto payfor thenicepropertiesalsoalgorithmically. It holds

T � xk 7F � � xk � 2 1 � 1
2
� F � � xk � 2 1F � xk �+� 2 � 1

2
� ∆xk � 2 �

T � xk � 1 7F � � xk � 2 1 �*� 1
2
� F � � xk � 2 1F � xk� 1 �+� 2 � 1

2
� ∆x

k� 1 � 2
where∆xk denotestheordinaryNewton correctionwhile ∆x

k� 1
is themodifiedNewton correc-

tion for the � k � 1� -st step.AssumingthatanLU-decompositionof F ��� xk � is availablefrom the
computationof theNewtoncorrection,theadditionalcostis thatof oneback-substitution.In the
presentcontext this shouldbenegligible. This is no longertrueif thelinearsystemis solvedby
othermeans,e.g.,iterativemethods.

2.3 Step Selection Strategies

The performanceof all globalizationmethodsdependsessentiallyon a carefully selectedstep
lengthparameter. A correctchoiceof thisparameterdecidesnotonly abouttheefficiency but also
aboutthesuccessof a code.A steplengthselectionstrategy containstwo phases:A prediction
strategy for estimatinganinitial guess,andacorrectiondevicefor adjustingtheparameterif the
monotonicitycriterionis not fulfilled.

A simplebut ratherefficient algorithmwasproposedby ARMIJO [2]: Choosetheparameter
λk suchthat

λk
	  1 � 1

2
� 1
4
������� ! � (14)

T � xk � λk∆xk �%"TS 1 � λk

2 U T � xk �
� (15)

Obviously, thisstrategy canalsobeappliedin thenaturalmonotonicitycriterionT �V$=7A� . In (14),
thelargestpossibleλk shouldbechosenin orderto obtaintheundampedNewtonmethodassoon

aspossible.Sotheobviouspredictionstrategy is to chooseλ F 0Hk � 1 asthefirst trial valueand,if

(15) is not fulfilled, to retry usingλ F j � 1H
k � 0 � 5λ F j Hk . Sinceit is highly probablethata smallλk 2 1

leadsto asmallλk duringthenext step,amoreconservativepredictionis λ F 0Hk � 2λk 2 1.
For theaffine invariantNewtonmethod,morerefineddampingstrategiesarepossible[9, 10,

4]. An optimalpredictionstrategy is givenby

λ F 0Hk � min  1 � µF 0Hk
! �

µF 0Hk � � ∆xk 2 1 �� ∆x
k � ∆xk �XW � ∆x

k �� ∆xk � W λk 2 1 � (16)

Sinceλ F 0Hk is definedrecursively, aninitial guessλ F 0H0 mustbeprovided. If themonotonicitytest
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fails,a reductionstrategy

λ F j � 1H
k � min  λ F j Hk

2
� µF j Hk

!
µF j Hk � � ∆xk �� ∆x

k � 1 � λ F j Hk � � � 1 � λ F j Hk � ∆xk � W � λ F j Hk � 2
2

(17)

is invoked. Practicalexperienceshows that the reductionstepis, in many cases,executedonly
oncesuchthatit is ratherefficient. For veryhighly nonlinearproblems,it is usefulto modify the

abovementionedstrategiesby replacingµF j Hk by µF j Hk Y 2.
Anothersteplengthstrategy for (3) is theback-trackingline searchproposedby DENNIS and

SCHNABEL [15]. Here,thefunction

f � λ � : � T � xk � λ∆xk �
is modeledby quadraticandcubicpolynomials.Thepredictionstepchooses

λ F 0Hk � 1 �
If thedescentcondition

T � xk � λ F j Hk �/"Z� 1 � αλ F j Hk � T � xk � (18)

for afixed0 ' α � 1 is not fulfilled theso-calledback-trackingis invoked.For j � 0, f � 0�
� f ��� 0� ,
and f � 1� are known after evaluating(18). Thesetwo valuesare interpolatedby a quadratic
polynomial.Theminimumof this polynomialis chosenasthenext trial value

λ F 1Hk � � f � � 0�
2 � f � 1� � f � 0� � f � � 0��� � (19)

If (18) is not fulfilled for λ F 1Hk , all further reductionstepsare computedusing a cubic model

definedby f � 0�
� f ��� 0� , aswell as f � λ F j 2 1H
k � and f � λ F j Hk � . Thelocal minimizerof this polynomial

is chosento provide λ F j � 1H
k � . It is ratherstraightforwardto obtaintheformula

λ F j � 1H
k � � b �\[ b2 � 3af � � 0�

3aS a
bU � 1

λ F j Hk
� λ F j 2 1H

k

]^_
1F λ ` j ak
H 2 2 1F λ ` j b 1a

k
H 22 λ ` j b 1a

kF λ ` j ak
H 2 λ ` j akF λ ` j b 1a

k
H 2 cedfhg f � λ F j Hk � � f � 0� � f �i� 0� λ F j Hk

f � λ F j 2 1H
k � � f � 0� � f �i� 0� λ F j 2 1H

k j � (20)

In orderto obtaina realλ F j � 1H
k , α mustbechosensmallerthan1/4.

Thesteplengthstrategy for thedog-leg methodfollows themodificationof Powell’smethod
accordingto DENNIS andSCHNABEL [15]. Thecontrollingparameterin trust region methods
is thetrustregion radiusδk andnot a dampingparameterλk. This differencein theconstruction
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of themethodleadsalsoto a differencein theparametersearch:First, a parameterδk mustbe
selectedsuchthat a descentcriterion is fulfilled (the former correctionstrategy), afterwardsa
predictionfor the following stepis made. Assumethat sk is computedaccordingto (10) for a
giventrustregion radius.Thedescentconditionreadsnow

T � xk � sk �/" T � xk � � αF � xk � TF � � xk � sk �
This conditionis identicalto (18) if sk � ∆xk. If it is fulfilled, thenew iterateis accepted.If it is
not fulfilled, anew trial valueis chosenusingthequadraticmodel(19):

δk : � λ F 1Hk δk �
Notethatthecubicinterpolationis no longerjustifiedsuchthat(20) is not used.

Assumenow, thatδk is accepted.If sk � ∆xk is theNewton step,δk � 1 �k� ∆xk � is selected.
Otherwise,it is proposedin [15] to try a larger stepstartingfrom xk first becauseof a possible
reductionof the computationaleffort. Note that, if a larger stepis possible,the basiceffort
is to computea new elementon the dog-leg curve. To decideaboutthe possibility of doing
so, the accuracy of the quadraticmodel(9) is estimatedby comparingthe predictedreduction
fpred � m� xk � sk � � T � xk � with theactualreduction∆T � T � xk � sk � � T � xk � . If either7 fpred

� ∆T 7C" β 7∆T 7
or wehavea regionof negativecurvature,

T � xk � sk �%" T � xk � � F � xk � TF � � xk � sk �
thecurrentstepis retriedwith δk : � 2δk.

After these“correction” steps,theresultingxk� 1 � xk � sk is accepted.It remainsto predict
thetrustregion radius.Here,thestrategy is rathersimple:

δk � 1 � >?@ ?A 2δk if ∆T " fpred�
δk Y 2 if ∆T . 0 � 1 fpred�
δk otherwise�

2.4 Quasi-Newton Updates

It is usuallyvery costly to computetheJacobianF � � xk � andto performtheLU-decomposition.
Onemethodto avoid thesecomputationsarequasi-Newton methods.Especially, the Broyden
updatingprocedure[5] hasbeenfrequentlyapplied. This methodhasevensuperlinearconver-
gence.Computationalexperienceshowsthatthismethodshouldonly beappliedif theundamped
Newtonmethodconverges,i.e. λk 5 1. Sothemethodtakestheform

Aks
k � � F � xk �
�

xk � 1 � xk � sk � (21)
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Obviously, if Ak � F �i� xk � , thesk is theusualNewton correction.After eachstep,thematrix Ak

is updatedto yield anew Ak� 1. Accordingto BROYDENs proposal,Ak� 1 is computedby

Ak� 1 � Ak � � yk � Aksk ��� sk � T� sk � Tsk
� (22)

yk � F � xk� 1 � � F � xk �
� (23)

In thisform, theupdateis notefficient. Theupdatingmatrixis afull matrixdestroying thesparse-
nessof thestiffnessmatrix in thefinite elementmethod.Althoughthereareproposalsfor using
only thoseelementsof thesecondtermin (22)whichreferto nonzeroentriesin Ak [25] andthus
preservingthesparsity, thenecessityof anLU-decompositionremains.Theupdatingcanalsobe
appliedto the LU-decompositionimmediately. Nevertheless,the sparsitypreservingupdateof
theLU-decompositionshow a seriousperformancedegradationof themethodaccordingto the
author’sexperience[12]. Therefore,oneshouldtry to use(22)– (23)asfaraspossible.

Thefollowing niceideais dueto DEUFLHARD [10] (cf. also[23]). Thestartingpoint is the
observationthatweneedto computeonly oneor two vectors,namelytheBroydencorrection

sk � � A 2 1
k F � xk �

and,for theaffine invariantNewtonmethod,themodifiedBroydenupdate

s̄k � 1 � � A 2 1
k F � xk � 1 �
�

Equation(22)canberewrittenby using(21), (23):

yk � Aks
k � F � xk� 1 � � F � xk ��� F � xk ��� F � xk � 1 �*� � Aks̄

k � 1 �
Hence,theupdatingformulareads

Ak � 1 � Ak S I � s̄k � 1 � sk � T� sk � Tsk U (24)

or, equivalently,

Ak � 1 � Ak
� Ak� 1sk � 1 � sk � T� sk � Tsk �

Thelatterrepresentationleadsto

Ak � 1 S I � sk � 1 � sk � T� sk � Tsk U � Ak �
whichyields

A 2 1
k � 1 � S I � sk� 1 � sk � T� sk � Tsk U A 2 1

k � (25)

Assumenow that,up to a certainindex k0 thestandardNewton methodis usedsuchthatAk �
F �=� xk � for k " k0. Moreover, sk0 � ∆k0 ands̄k0 � 1 � ∆x

k0 � 1
arecomputedusinganLU-decomposition

of Ak0. In thefollowing we assumewithout lossof generalitythatk0 � 0.
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Let z 	 � n beagivenvector. Definev j � A 2 1
j z. Using(25)weobtain

A 2 1
k � 1z � vk� 1 � S I � sk � 1 � sk � T� sk � Tsk U A 2 1

k z� vk � sk � 1 � sk � Tvk� sk � Tsk� vk � αk � vk � sk� 1 (26)

whereαk � vk � caneasilybe computed.Unfortunately, sk� 1 is unknown up to now. Remember
thatv � sk � 1 solvestheequationAk� 1v � � F � xk� 1 � . Hence,lettingz � � F � xk � 1 � in (26)yields

sk� 1 � vk � αk � vk � sk� 1

suchthatsk� 1 canbecomputed.This givesriseto thefollowing simplerecursionfor computing
thequasi-Newtoncorrection:

v0 � � A 2 1
0 F � xk � 1 � by usingtheavailableLU-decomposition

v j � 1 � v jα j � v j � sj � 1 for j � 1 �������R� k � 1

sk � 1 � vk

1 � αk � vk �
Oncesk � 1 is known, A 2 1

k � 1zcanbecomputedfor any z if thelastequationis replacedby

A 2 1
k� 1z � vk � αk � vk � sk � 1 �

For a realizationof this algorithm,thequasi-Newtoncorrectionssk mustbestored.With the
exceptionof theback-substitution,thecomputationalamountis proportionalto k $ n.

If weintendto usethemonotonicitycriterion(4), onehasto provideAk� 1z for agivenz 	 � n

additionally. Thiscanbedonealongthesamelines.Equation(24) leadsto

Ak � 1z � Ak S I � s̄k� 1 � sk � T� sk � Tsk U z� Ak S z � s̄k� 1 � sk � Tz� sk � Tsk U� Ak � z � βk � z� s̄k� 1 �
Therefore,Ak � 1z canbecomputedby

vk� 1 � z

v j � v j � 1 � β j � v j � 1 � s̄j � 1 for j � k ���l���l� 0
Ak � 1z � A0v0
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once s̄k� 1 is known. This recursionis by far more expensive than that beforesinceboth the
quasi-Newtoncorrectionandthemodifiedquasi-Newtondirectionmustbecomputedandstored.
Sothecomputationalexpensedoublesroughly.

Finally, it is sometimesusefulto haveasimilaralgorithmfor thecomputationof AT
k� 1z. One

readilyobtains

v0 � AT
0 z

v j � 1 � v j � γ j � v j � sj for j � 0 �l�����l� k
AT

k � 1z � vk� 1

whereγ j � v j �m� F s̄j n 1 H Tv jF sj H Tsj . Again,thecomputationalcomplexity amountsto doublythatof thefirst
algorithm.

3 Model Implementations

In orderto getanestimationaboutthebehavior of thedifferentmethodswerealizedthedamped
Newtonmethodwith backtrackingline-search,thedoubledog-leg method,andtheaffine invari-
ant Newton methodwithin the MATLAB R

�
environmentin the function m-filesbtds, trds,

anddnw. Thedesignwaschosenascloseaspossiblein orderto enableacomparison.
Theguidingideawithin theseimplementationsis completelydeterminedby thefinal goalof

realizinga new nonlinearsolverwithin theFEMLAB R
�

environment:� Thenonlinearsolveris situatedratherdeepwithin theprogramhierarchy. Thisimpliesthat
theusercannotsupplymuchinformationto thesolver. Consequently, mostof thecontrol
mustbedoneby thealgorithm,i.e.automatically.� Thestartingpoint for theneedof anew implementationwastheoccurrenceof veryhighly
nonlinearproblems.Therefore,robustnessandreliability arethe ultimategoal, possibly
with acertainlossof efficiency.� Forsimpleproblems,thelossof efficiency dueto theaddedcomplexity shouldbetolerable.

Oneof themostimportantissuesin theimplementationof methodsfor solvingnonlinearequa-
tionsis thatof acorrectscaling(see[19, 21,13]). A givennonlinearequation

F � x�*� 0

canbeequivalentlywrittendown as

D̄ 2 1F � D � D 2 1x���*� 0

with nonsingulardiagonalmatricesD̄ andD. ThescalingD of theunknownshasaninfluenceon
thecriterion(12) with (13) for theaffine invariantNewton methodaswell ason thetrustregion
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method.Similarly, thescalingD̄ in thespaceof residualscontrolsthestep-sizeselectionstrategy
for thebacktrackingline-searchandthetrustregionmethodvia (5).

Accordingto our first guideline,thescalingsshouldbechosenautomatically. Accordingto
the resultsin [19] ( in the caseof the Levenberg-Marquardtmethod),thesescalingsshouldbe
chosenadaptively within thecourseof iteration,i.e., insteadof choosingfixedmatricesD̄, D one
shouldadaptthemaccordingto

Dk � Dk � xk �
� D̄k � D̄k � xk ���
Let xk begiven.Thentheequationfor the � k � 1� -st iteratereads

D̄ 2 1
k F � Dk � D 2 1

k x���*� 0 (27)

with theJacobian
Ak � D̄ 2 1

k F � � xk � Dk � (28)

Considerfirst thescalingsof theunknowns.MORÉ [19] comparesdifferentstrategieswhichuse
thenormof thepartialderivative ∂

∂xi
F � xk � asa measure of change of F with respectto the i-th

unknown. Therefore,the i-th diagonalelementof Dk is takento beequalto this norm:

Dk � diag� d F k H1 �������R� d F k Hn �
�
d F 0Hi �o� ∂

∂xi
F � x0 �+� 2 1 � i � 1 �l�����V� n

d F kHi � max d F k 2 1H
i �e� ∂

∂xi
F � xk �+� 2 1 ! � i � 1 �������R� n � (29)

Anotherproposalis usedNOWAK andWEIMANN [23]. Their choiceis motivatedby theerror
control. Since ��$C� D �p� D 2 1 $+� is usedin theerrorcontrol,thecomponent-wiserelativeerror is
adequatelyrepresentedby � D 2 1

k ∆xk �C� Dk � diag� x
1 �������R� x
n �
�
This leadsto thefollowing choice:

Dk � diag� d F k H1 �������R� d F k Hn �
�
d F 0Hi � max q7 x0

i 7r� t ! � i � 1 �����l�R� n
d F k Hi � max 1

2
��7 xk 2 1

i 7s�t7 xk
i 7u�
� t ! � i � 1 �������R� n � (30)

wheret denotesa givenpositive thresholdvalue. Accordingto a classificationprovidedby the
user,

t �kv τ � if theproblemis highly nonlinear,

1 � if theproblemis mildly nonlinear,

with theerrortoleranceτ imposedby theuser. Hence,for highly nonlinearproblems,thecontrol
is biasedtowardsa relativeerror.
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Althoughascalingof theresidualsis of asimilar importanceasthescalingof theunknowns,
theauthoris notawareof any dynamicalstrategy for choosingD̄k. DENNIS andSCHNABEL [15]
proposeto usea constantscalingmatrix to beprovidedby theusersuchthatthecomponentsof
D̄ 2 1F areroughlyequilibratedaway from thesolution.In thepresentcontext we have to usean
adaptivescaling.In [23], thescalingmatrix is computedby

D̄k � diag� d̄ F k H1 �������V� d̄ F k Hn �
�
d̄ F kHi � max

1 w j w n
7x� F � � xk � Dk � i j 7r� i � 1 ���l���R� n � (31)

Thischoiceseemsto aimataminimalconditionnumberfor thematrixAk in (28). Notethatthis
scalingdoesnot have any influenceon the affine invariantNewton method. Accordingto our
experience,this choiceleadsto suchdrasticalchangesin thescalingsuchthat theconvergence
of theothermethodsis badlyinfluenced.Therefore,wepreferthefollowing choiceof D̄k for the
backtrackingdampedNewtonmethodandthedoubledog-leg method:

D̄k � diag� d̄ F k H1 �������R� d̄ F k Hn �
�
d̄ F 0Hi � n

∑
j P 1

7x� F � � x0 ��� i j 7y� i � 1 �������V� n
d̄ F k Hi � 1

2
� d̄ F k 2 1H

i � n

∑
j P 1

7x� F � � xk ��� i j 7u�
� i � 1 �������R� n � (32)

The terminationcriteria baseon the scaledquantities. The affine invariantNewton methodis
consideredto besuccessfulif � D 2 1

k ∆x
k � 1 �#" τ � λk � 1

hold true.For theothertwo methods,asuccessfulreturnis indicatedby asmall(quasi-)Newton
correction: � D 2 1

k ∆xk �#" τ andλk � 1 �
Thisdecisionwastakenin orderto make themethodsmorecomparableto eachother. Addition-
ally, certainsecuritychecksareappliedin orderto ensurethattherecentiterate,xk, is within the
domainof quadraticconvergence.

Failureof theprogramis indicatedin two circumstances:

1. A user-providednumberof iterationsis exceeded;

2. the dampingfactorλk (andthe trust region radiusδk, respectively) fall below a minimal
givenvalue.

The algorithmfor computingthe dampingfactorandthe trust region radius,respectively, are
safeguardedagainstmeaninglesspredictionsby assumingthat

uλ F j Hk " λ F j � 1H
k " oλ F j Hk
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and,similarly,

uδ F j Hk " δ F j � 1H
k " oδ F j Hk �

Accordingto theproposalsin [23, 15], it holds

u � 0 � 1 � o � 0 � 5 (backtrackingandtrustregionmethods)

u � 0 � 1 � o � 10(affine invariantNewtonmethod).

The propertythat xk doesnot belongto the domainof definition of F canbe signaledto the
algorithms. They reactby halving the dampingfactoruntil a trial valuewithin the domainof
definitionis found.

For simpleproblems,thequasi-Newton methodsaccordingto Section2.4areimplemented.
In order to ensurerobustness,Broydenupdatesareonly usedif (a) the userallows so, (b) at
leasttwo successfulcompleteNewton stepshadebeenperformed,and (c) in the caseof the
affine invariantNewton method,a certainpredictionof the expectedapproximationquality is
sufficiently small. Theusercanalsolimit thenumberof successive quasi-Newton stepsbefore
theJacobianis reevaluated.If thedampingfactoris lessthan1, thenext stepwill becarriedout
usingtheexactJacobian.

4 Examples

4.1 A Set of Test Examples

The Bratu Problem. Let Ω �IL 0 � 14 2 z � 2 denotetheunit squarein � 2. For agivenλ 	 � , we
areinterestedin findinga solutionto theproblem� ∆u � λeu in Ω � u � 0 on Γ � ∂Ω �
Here,∆ denotesthe LaplacianandΓ is the boundaryof Ω. This problemis widely usedfor
testingdifferentaspectsof numericalmethods,cf. [20].

If onehasλ " 0, thetheleft handsidesconstitutesa stronglymonotoneoperatorsuchthata
largenumberof numericalmethodswill work quitewell. So the interestingcaseis λ . 0. The
setof solutionsform a curve parameterizedby λ. It hasa turningpoint nearλc � 6 � 80812����� .
For λ ' λc, thereexist exactly two solutionwhile thereareno solutionsfor λ . λc.

The partial differential equationis discretizedby the usualfive-point discretizationon a
squaregrid with grid sizeh � 1Y N in both coordinatedirections. The initial guesswascho-
sento beequalto thetrivial solution.

The nonlinearproblemis mildly nonlinearfor valuesof λ even rathercloseto λc. So we
expecteventheBroydenmethodto work quitewell.

A Tubular Chemical Reactor Model. Thesteadystateof o non-adiabaticchemicalreactorin
which thereis processedasimple,first-order, exothermicchemicalreactioncanbedescribedby
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thefollowing secondordertwo-pointboundaryvalueproblem(see[20] andthereferencescited
there):

1
Pem

u�{� � u� � Daf � u � v;γ ��� 0 � 0 ' x ' 1

1
Peh

v�|� � v� � β � v � v0 ��� BDaf � u � v;γ �m� 0 � 0 ' x ' 1

subjectto theboundaryconditions

u� � Pem � u � 1�
� v� � Peh � v � 1� at x � 0

u� � v� � 0 at x � 1 �
Here, f � u � v;γ ��� uexp � γ � γ Y v� is thereactionratederivedfrom Arrheniuskinetics.

This problemis often usedin the context of testingpathfollowing methodsbecauseit has
a rathercomplicatedbifurcationdiagramdependingon theparametersPem � Peh (massandheat
Pecletnumbers,respectively), Da (theDamk̈ohlernumber),B (theheatof rection),β (theheat
transfercoefficient), and γ (the activation energy). In [16], a numberof different parameter
constellationsareprovided:

No Peh Pem B β Da γ v0 n
1 2 � 5 5 15 0 0 � 07 20 0 1
2 291� 3 291� 3 20 0 0 � 05826 20 0 3
3 4 8 15 2 0 � 07 20 0 3
4 5 10 15 2 0 � 07 20 0 5
5 22 44 15 2 0 � 07 20 0 5
6 50 100 15 2 0 � 12 20 0 3
7 70 140 15 2 0 � 123 20 0 3
8 25 50 15 2 0 � 12 20 0 1

Here,n denotesthenumberof (known) solutions.For highervaluesof thePecletnumbers,
thesolutionsexhibit boundarylayers.Evenfor lowerPecletnumbers,theproblemis oftenvery
difficult to solve.

The problemis discretizedon an equidistantgrid with stepsize h � 1Y N using standard
symmetricstencils.Dif ferentsolutionguessesareusedin anattemptto computedifferentsets
of solutions.

A Semiconductor Problem. In [8], DEN HEIJER andRHEINBOLDT proposedto usethe fol-
lowing two-pointboundaryvalueproblem:� u� � t ��� λcaeλβ F ua 2 uH � λcbeλβ F u 2 ub

H � d � t �
� a ' t ' b

d � t ��� v � λca � for t " 0

λcb � for t . 0
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subjectto theboundaryconditions

u � a��� λua � u � b��� λub �
On agivenmesh,theproblemis discretizedby piecewiselinearfinite elements.

Particularlyinterestingandcomputationallychallengingvaluesof theparametersare

a � � 9 W 102 5 � b � 102 5 � ua � 0 � ub � 700

β � 40� ca � 1012 � cb � 1013 �
A simplersetof parametersis givenby

a � � 9 W 102 3 � b � 102 3 � ua � 0 � ub � 25

β � 20� ca � 106 � cb � 107 �
The parameterλ is introducedartificially. Theproblemto be solved is obtainedfor λ � 1,

while it is trivial for λ � 0. So in [8], continuationmethodsareproposed.In our context, it is
interestingto comparetheiterationsfor differentvaluesof λ startingat thetrivial solution.

Themeshis givenin thefollowing table:

i 0 1 2 3 4 5 6 7 8 9 10
103ti -9 -7 -5 -4.5 -4.25 -4 -3.75 -3.5 -3 -1 1

Supersonic Transport Air Pollution. This exampleis a straightforward extensionof an in-
stationary1D modelfor thepollution of thestratosphereby supersonictransports[26] (cf. also
[22]). Theequationsaregivenby� D∆u1 � k11

� k12u1 � k13u2 � k14u4
� k15u1u2

� k16u1u4� D∆u2 � k21u1
� k22u2 � k23u1u2

� k24u2u3� D∆u3 � � k31u3 � k32u4 � k33u1u4
� k34u2u3 � 800 � S� D∆u4 � � k41u4 � k42u2u3

� k43u1u4 � 800

on theunit squareand

S� x � y���kv 3250 if � x � y� 	 L 0 � 5 � 0 � 64 2
360 otherwise

�
The boundaryconditionsarehomogeneousNeumannboundaryconditions. The constantsare
givenby

D � 0 � 5 W 102 9 �
k11 � k12 � k13 � k14 � k15 � k16 � 4 W 105 � 272� 443800016� 102 4 � 0 � 007� 3 � 67 W 102 16 � 4 � 13 W 102 12 �

k21 � k22 � k23 � k24 � 272� 4438� 1 � 00016 W 102 4 � 3 � 67 W 102 16 � 3 � 57 W 102 15 �
k31 � k32 � k33 � k34 � 1 � 6 W 102 8 � 0 � 007� 4 � 1283 W 102 12� 3 � 57 W 102 15 �

k41 � k42 � k43 � 7 � 000016W 102 3 � 3 � 57 W 102 15 � 4 � 1283 W 102 12 �
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Thisexampleis abadlyscaledproblem.Theinitial values

u1 � x � y�*� 109 � u2 � x � y�*� 109 � u3 � x � y�*� 1013 � u4 � x � y�*� 107

createahighly nonlinearproblem.In contrastto that,thestartingapproximations

u1 � x � y�*� 1 � 306028W 106 � u2 � x � y��� 1 � 076508W 1012 �
u3 � x � y�*� 6 � 457715W 1010 � u4 � x � y�*� 3 � 542285W 1010

yield amildly nonlinearproblem.
Thedifferentialequationis discretizedon asquaregrid usingagrid sizeof h � 1Y N.

4.2 Results

Thefollowing tablesprovideacertainimpressionaboutthebehavior of thedifferentalgorithms.
Becausewe have tried to implementthem using identical techniques,we expect them to be
comparable.Theprogramswererun without any tuning,someexceptionsaregivenif they are
simply applicable. In that case,the parametersare changedfor all programsin an identical
fashion. In orderto have a certaincomparisonof whatcanbeobtainedby rathersophisticated
techniqueswe addeda straightforward implementationof the ARMIJO dampingstrategy (14)-
(15). The convergencecriterion basessolely on the residualmeasuredin the Euclideannorm.
This is essentiallythestrategy usedin thesolverfemnlin within version1.1of FEMLAB R

�
.

For thescalingof theunknownsthestrategy (30) is used.An examplewherewe succeeded
with (29) is givenadditionally. In general,(32) seemsto bemuchworsethan(29).

Theabbreviationswithin thefollowing tablesareasfollows:

Algorithms nlin straightforwardimplementation
dnw affine invariantNewtonmethod
trds trustregionmethod
btds Newtonmethodwith backtrackingline search

Statistics NF numberof functionevaluations
NJ numberof Jacobianevaluations

(equalto thenumberof LU-decompositions)
NBS numberof backsubstitutions
cond conditionnumberestimationof thescaledJacobianat thesolutions

“a � bc� d � ” shouldbereadasa � bc W 10d.
Result indicationof thesuccessof themethod� ok errorcriterionfulfilled� fm maximalnumberof allowedNewtonstepsexceeded� fd underflow of thedampingfactor

An “(ok)” indicatesthatasolutionwasobtained
but thealgorithmdid not recognizethis.
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The Bratu Problem Thefollowing resultsareobtainedfor a valueof λ � 6 � 8 which is rather
closeto theturningpoint. Nevertheless,all methodsareconverging ratherfast.

NF NJ NBS cond Result
nlin 9 8 8 7 � 64� 3� ok
dnw 9 8 16 9 � 51� 3� ok
trds 10 9 9 1 � 52� 4� ok
btds 10 9 9 1 � 52� 4� ok

Becauseof theniceresultsabove,thenext testwascarriedoutusingthequasi-Newtonmeth-
odsproposedin thepreviousparagraph.It turnsout thatthesecuritycheckwhich is additionally
implementedin theaffine invariantNewtonmethodseemsto seethenearbysingularitysuchthat
Broydenstepsareonly allowed in a closeneighborhoodof thesolution. Soonly two Broyden
updatesarecarriedout,andthenumberof iterationstepsis not increasedcomparedto the“pure”
Newtonmethod.In thepresentcase,thealmostuncriticaluseof Broydenupdatesin thelasttwo
methodsleadsto amoreefficientalgorithm.Sincetheconvergencebreaksdown, theJacobianis
reevaluatedin thesecases.

NF NJ NBS cond Result
nlin 9 8 8 7 � 64� 3� ok
dnw 9 6 16 8 � 72� 3� ok
trds 12 2 11 1 � 18� 4� ok
btds 12 3 11 1 � 47� 4� ok

A Tubular Chemical Reactor Model This modelgave rise to a lot of experiments.Surpris-
ingly, we werenot ableto computea solutionusingthemostsimpleinitial guessof taking all
unknowns identicalto one. The following tablesarecomputedusingthe parameterset6. The
numberof discretizationpoints waschosento be 1000 in order to be able to resolve at least
moderateboundarylayers. Thefirst tableshows that theproblemis rathersimpleif a constant
valueof 0.5 is takenasaninitial guess.

NF NJ NBS cond Result
nlin 6 5 5 1 � 76� 6� ok
dnw 5 4 8 1 � 11� 5� ok
trds 6 5 5 2 � 43� 5� ok
btds 6 5 5 6 � 95� 5� ok

The next experimentscontainsthe resultsfor a constantstartingvalueof 10. The solution
computedis differentfrom thepreviousone.Thesolutionv containsa verynarrow initial layer,
now. It wasnotpossibleto takeamuchlargervaluebecausetheexponentialtermoverflows. We
werenot ableto computethethird solutionby choosingdifferentinitial guesses.
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NF NJ NBS cond Result
nlin 19 16 16 1 � 59� 10� ok
dnw 22 21 42 2 � 24� 8� ok
trds 33 18 18 4 � 00� 8� fd(ok)
btds 19 17 17 5 � 76� 9� ok

Sincethefirst initial guessleadto a rathersimpleproblem,we allowedBroydenstepsto be
taken. As expected,everythingwent well. Even the affine invariantmethodusedthe Broyden
updatefrom thebeginningin contrastto theBratuproblem.

NF NJ NBS cond Result
nlin 6 5 5 1 � 75� 6� ok
dnw 7 2 12 9 � 38� 4� ok
trds 9 2 8 2 � 43� 5� ok
btds 9 3 8 3 � 23� 5� ok

A Semiconductor Problem This problemturnedout to be a ratherhardproblem. The first
two experimentsarecarriedout usingthemoresimpleparametersetwith λ � 1. Thefirst table
containstheresultsfor thestandardoptions.

NF NJ NBS cond Result
nlin 64 17 17 7 � 22� 8� fd(ok)
dnw 194 101 294 1 � 76� 3� fm
trds 38 14 14 4 � 40� 9� ok
btds 21 13 13 3 � 02� 13� ok

A secondrunwasmadein orderto seeif the“highly nonlinear”strategy for theaffine invari-
ant Newton methodgivessomegain. Indeed,the switch to the relative error togetherwith the
moreconservativedampingfactorselectiongavebetterresults.

NF NJ NBS cond Result
nlin 64 17 17 7 � 22� 8� fd(ok)
dnw 27 21 47 1 � 67� 2� ok
trds 45 14 14 4 � 40� 9� ok
btds 21 13 13 3 � 02� 13� ok

The last for tablescontainresultsfor the hardparameters.Taking all standardoptionsand
λ � 1 no methodwasableto solve theproblem.

NF NJ NBS cond Result
nlin 37 4 4 2 � 23� 13� fd
dnw 65 6 12 1 � 05� 3� fd
trds 16 3 3 2 � 35� 10� fd
btds 22 3 3 2 � 35� 10� fd



4.2 Results 23

Therefore,during the following experimentswe usedthe parameterλ � 102 3. Settingthe
initial dampingfactorto 0.01,thefollowing resultsareobtained:

NF NJ NBS cond Result
nlin 53 14 14 3 � 96� 8� fd(ok)
dnw 33 32 64 9 � 28� 2� ok
trds 60 29 29 4 � 95� 10� ok
btds 402 101 101 4 � 92� 15� fm

Thehighly nonlinearoptionsdoesnothaveany influence.Instead,theinitial dampingfactor
is importantin thepresentproblem.For aninitial factorof 1 wehave:

NF NJ NBS cond Result
nlin 53 14 14 3 � 96� 8� fd(ok)
dnw 29 24 52 9 � 28� 2� ok
trds 39 19 19 4 � 76� 10� ok
btds 402 101 101 4 � 92� 15� fm

Supersonic Transport Air Pollution Thepresentexampleshows clearlythe importanceof a
correctscaling.In thefirst runs,theinitial guessleadingto amildly nonlinearproblemis chosen.
With thestandardoptionswegot:

NF NJ NBS cond Result
nlin 902 101 101 6 � 27� 11� fm
dnw 5 4 8 1 � 92� 12� ok
trds 108 101 101 3 � 89� 9� fm
btds 504 101 101 1 � 10� 10� fm

In orderto testthescaling(29)we ranthesameexampleusingthis formula.

NF NJ NBS cond Result
nlin 902 101 101 6 � 27� 11� fm
dnw 13 6 18 2 � 31� 12� fd
trds 108 101 101 2 � 44� 12� fm
btds 504 101 101 4 � 93� 12� fm

Thenext two examplesareidenticalto thepreviousones.Theonly differenceis thatthehard
initial guessesareprovidednow.

NF NJ NBS cond Result
nlin 16 2 2 5 � 37� 10� fd
dnw 16 15 30 1 � 92� 12� ok
trds 4 2 2 9 � 93� 10� fd
btds 13 2 2 9 � 93� 10� fd
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NF NJ NBS cond Result
nlin 16 2 2 5 � 37� 10� fd
dnw 28 18 45 2 � 08� 12� fd(ok)
trds 8 2 2 5 � 89� 9� fd
btds 13 2 2 5 � 89� 9� fd

Again, thescaling(29) turnsout bebebad. Note that it wasnot necessaryto switch to the
conservativedampingstrategieshere.

5 Conclusions

During our experiments,theaffine invariantNewton methodandthetrustregion methodturned
out to be themostrobustmethodsamongour candidates.They wereableto solve mostof the
moreextremeproblems. The penaltyfor the highercomplexity in easyproblemsis not high.
This is especiallytrueif thequasi-Newtonmethodvia recursiveBroydenupdatesis used.While
the trust region methodis a little bit moreefficient for problemswhereboth it and the affine
invariantmethodapply, thelatterhasits realpowerfor veryhighly nonlinearproblemsandbadly
scaledproblems.Thelatterseemsto beimportantif theuseris notableto supplycorrectlyscaled
data.

Acknowledgment. The authoris indebtedto Dr. Ulrich Nowak, Konrad-Zuse-Zentrumfür
Informationstechnik,Berlin, Germany, for discussionsaboutthe topic andto Prof. Dr. Peter
Deuflhard,Konrad-Zuse-Zentrumfür Informatinstechnik,for providing adraft versionof [10].

References

[1] EugeneL. Allgower andKurt Georg. Numericalcontinuationmethods.An introduction,
volume13of Springer Seriesin ComputationalMathematics. Springer-Verlag,Berlin etc.,
1990.

[2] L. Armijo. Minimization of functionshaving Lipschitz-continuousfirst partialderivatives.
PacificJ. Math., 16:1–3,1966.

[3] U. AscherandM.R. Osborne.A noteon solvingnonlinearequationsandthenaturalcrite-
rion function. JOTA, 55(1):147–152,1987.

[4] H.G. Bock. Nuericaltreatmentof inverseproblemsin chemicalreactionkinetics. In K.H.
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