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Abstract

The simulation of the metabolism in mammalian cells becoagsvere problem if spa-
tial distributions must be taken into account. Especidily tytoplsma has a very complex
geometric structure which cannot be handled by standawtatigation techniques. In the
present paper we propose a homogenization technique fquutorg effective diffusion con-
stants. This is accomplished by using a two-step stratelyg. fifst step consists of an ana-
lytic homogenization from the smallest to an intermediai@es The homogenization error
is estimated by comparing the analytic diffusion constaittt @ numerical estimate obtained
by using real cell geometries. The second step consistsasfdom homogenization. Since
no analytical solution is known to this homogenization peofy, a numerical approxima-
tion algorithm is proposed. Although rather expensive &gorithm provides a reasonable
estimate of the homogenized diffusion constant.
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1 Introduction

When mammalian cells are exposed to foreign and potentiaiynful compounds a series of
events takes place. Following uptake the substance iskdit#d in different intracellular com-
partments by diffusion, absorption and desorption. Theontgjof the compound is either dis-
solved in the aqueous phase, the cytoplasm, or in the liiogiiase, the membranes. Parallel
to diffusion and absorption/desorption bioactivationttansformation by different soluble and
membrane bound enzymes takes place. The purpose of biotmaasion is to render the sub-
stance suitable for excretion.

A human cell consists schematically of an outer cellular foieme, a cytoplasm containing
a large number of organelles (mitochondria, endoplasmetiiculum etc.), a nuclear membrane
and finally the cellular nucleus containing DNA. Figure 1wka@ sketch of a cell while Figure 2
shows a microphotograph of a nucleus with part of the sudmgncytoplasm. The organelle
membranes create a complex and dense system of membrangsdongins throughout the
cytoplasm. The mathematical description of the biotramségion leads to a system of reaction-
diffusion equations in a complex geometrical domain, dated by thin membranous structures
with similar physical and chemical properties. If theseistures are treated as separate sub-
domains, any model becomes computationally very expendiereover, due to the natural
variations in the cell structures, every individual celeds its own mathematical model.

In order to make the system numerically treatable while @astime time retaining the essen-
tial features of the metabolism under consideration, ira[iijay of homogenizing the cytoplasm
has been developed, aiming at a manageable system of reddfission equations for the vari-
ous species. In the present paper, we report about numexripatiments which justify some of
the strategies in the cited paper. The general modellingnagsons are summarized below. We
will use them also in the present report.

Modelling assumptions:

* Onasmall scale in space, the volume between the outetarathembrane and the nucleus
membrane consists of layered structures cytoplasm/merabra

* In the large scale, this volume contains an unordered siiteo§mall-scale substructures
which are uniformly distributed over the volume.
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Figure 1: Schematic picture of a cell Picture copyright .U.S8lational
Cancer Institute’s  Surveillance, Epidemiology and End uURss Program,
http://training.seer.cancer.gov/module_anatomy/unit2_1 cell functions_1.html

Figure 2: Ultrastructure of the cell, nucleus and cytoplaBrature copyright Histology Learning
System, Boston Universititttp: //www.bu.edu/histology/m/index.htm
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» The physical and chemical properties of the cytoplasm ditlseomembranes are uniform.

* We adopt the continuum hypothesis, i.e., we assume thatethef molecules in the cell
can be modelled by considering a continuous representg@iooncentration).

» The processes of absorption and desorption of the indWidpecies into or out of the
membrane is much faster than the diffusion and reactioneggs®s. In this case, the re-
lations of the concentrations of a species near a membgdaaplasm boundary can be
conveniently described with the help of a partition coedfinti

In Section 2, we introduce the mathematical model. The restian is devoted to a descrip-
tion of the general experimental set-up which is used to edempffective diffusion coefficients
numerically. For the solution of the arising boundary-eajaroblems for partial differential
equations we used the Comsol Multiphy3if3] environment.

In [1], the diffusion coefficients in the membrane structunave been homogenized by as-
suming the membranes and the aqueous volumes to be idedkeipfiane layers. This allows
for an analytic computation of the effective diffusivityan Bection 4, we will compare effective
diffusivities obtained this way against numerically detered effective diffusivities by using
computational domains which have been discretized frormoplwtographs of cell membranes.

The result of the first homogenization step leads to anipatidiffusion tensors valid locally.
Invoking the assumption about the random distribution efdhentation of the membranes, the
next step consists of a stochastic homogenization. In ashto the one- and two-dimensional
case, no analytical solution in the general three-dimeraicase is known. We will compute the
effective diffusion coefficient numerically by Monte Catlechniques in Section 5.

2 TheMathematical M odel

2.1 The Governing Equations

We intend to derive a homogenized model of the reaction afidsthn processes inside the
cytoplasm. For that purpose, Ietdenote the volume between the outer cell membrane and the
nucleus membrane (excluding the membranes themselvas)vdlbme is split into two disjoint
partsG, andG,, which denote the lipophilic part and the aqueous part, sy, of the cell.
Note that these subdomains are not necessarily connecgsdn#e that we are interested in the
contrationscy, . .., C, of n species inside db. For thek-th species, it holds

0

Eck =0 (dk(¥)cx) + Re(ce,...,CnyX), X€G, k=1,...,n (1)
Here,dy denotes the diffusion tensor of theh species which is assumed to be constant in both
G andGy,. R¢ denotes the reaction term. It varies strongly within the lipophilic partR«=0
because no reactions are taking place there. The condensraf some of the species can be
assumed to be constant over time. As a consequence, marg/raftttion terms will be linear.

LComsol Multiphysics is a registered trade mark of Comsol 8®ckholm, Sweden.



2.2 The Model Problem 5

The partition coefficientK, i is the equilibrium ratio of the concentrations of spedidse-
tween the aqueous compartment and its adjacent lipid campat. This gives rise to boundary
conditions,

Cw = KpkCk) X€GwNGy, (2)

on the inner boundaries wheeg,, andcy, denote the concentrations in the aqueous and lipid
parts, respectively.

The system (1) with inner boundary conditions (2) will be glepented by (outer) boundary
conditions and initial conditions. For the purposes of fhaper the precise structure of these
conditions is not important.

2.2 TheModd Problem

Let G ¢ R3 be a bounded domain which will be splitted into two (not neegidy connected)
subdomain$; andG, such that

G1NGy =0, G:GlUéz.

The interior boundary will be denoted Iby

M= 61 N 62.
Consider the equations
0 .
Evi —0-(di(X)0Ov) +ri(x)vi = fi(x), xeGj, =12 (3)

Assume additionally boundary conditions 8@ and initial conditions o1& be given.
On the inner boundarl the flux must be continuous. Lat denote the outer normal at the
boundary ofG;. The continuity conditions reads now

0V1 0V2 .
dld—m+dzd—r]2 =0, xerl. (4)

The presence of a partion coefficient between the two phagesmise to the boundary condition
vi =Kpvp, xeT. (5)

This problem can be reduced to a problem in a more standarddgrintroducing

U(x) = {vl(x), xe Gy,

KpVZ(X>, x € Go.

(6)

For this new function, the inner boundary conditions become

Ju 1CI Ju

d5—| +—th-—

dn]_ :O,

Gy xerl.

U‘Gl = u‘Gz’
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This motivates the definitions

d— dq, x € Gy, o 1, x € Gy,
| da/Kp, x€ Gy, | 1/Kp, x€Gy,

Lt X€Gy, . _Jf, XeGCy
| r2/Kp, x€Gp, | f2, x€Gy

With these definitions, the problem (4), (5) becomes egeiveb

a%u—D-(dDu)—i—ru:f, xeG (7)

subject to correspondingly modified initial and boundargditons.
For later use, let

_l61
G|’

_ 1G]

2.3 Going From The Smallest to The Medium Scale: Homogenization of a
Periodic Structure
The homogenization procedure for an equation of the types(@ioved in [6]. We cite the basic
facts. Consider the following problem,
0
€7 U - ASLE = f€ £ _
0" 5 u +A"u , u(0)=up ©)
u® € L2(0, T;H3(G)).

Here, the operatok is given by

0 0
Epo_ 7 E_ - &
Au:= o% (d,J dx,—u)+r u.

For convenience, we use the Einstein summation conventfoan index appears twice in a
multiplicative expression, this expression is understimoidhplicitly represent the sum over this
expression where the index varies between 1 and 3 (the diomeofG). Moreover, we assume
the following construction of the coefficients:

of(x)=0a(x/e), r°(x)=r(x/e), dfj(x)=dj(x/e), i,j=123.
The functionso® andr¢ are assumed to belong t§ (G), and
0>0p>0, r(x)>0a.e.inG

for somedp € R. The functionsd; are assumed to be measurable and to satisfy the conditions
di = dj; and

alé> < di&é& < BI&J?, ae. inGforall§ e R®and 0< a < B < o.



2.3 Going From The Smallest to The Medium Scale: Homogebizaf a Periodic Structuiie

Finally, assumelp € L?(G) and f¢ € L?(0,T;L%(G)).
In order to find the homogenized equation, assume

f&€ — f weakly inL?(0, T;L?(G)).

LetY be an axis parallel hexahedron®d, that is,
Y = i,bi).
(@)

I X w

For aY-periodic functionf, the mean value is given by
(1= [ fO)dy.
v / 4

Assume now thad;j, g, andr areY-periodic. Then itis possible to consider the problem

u(0) = up

(10)

)
(G>Eu+Au: f,
ue L?(0,T;H(G)),

where the operatok is given by

0 0
g .99

deff,lj = <dlj dlk dYk >7

andg; is theY-periodic solution of the following local elliptic problem
0 0¢j) 0
— (d ) = dii(y),
9y, ( Yy ) = oy i) (11)
¢; e W(Y).

Here,W(Y) = {@ € H1(Y)|¢ is Y-periodic and¢) = 0}.
Theorem 2.1. Under the conditions stated above, (9) and (10) have uniqiatisns ¢ €
L2(0,T;H(G)) and ue L?(0, T;H3(G)), respectively, and it holds

u¢ — uin L2(0,T; H}(G)) weakly as — 0.

This theorem is proved in [6, p. 56].

In our model problem (7) the cell problems can be simplifiedsiderably. We will assume
that, in the smallest scale, aqueous and lipid compartnartperfectly layered. It turns out

2In the reference, the proof is given for a problem withouttiea term. But the proof can easily be generalized.
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that in this case the computation for the effective diffastmefficients leads to a transmission
problem which can be solved analytically.

Consider the cell problem (11). The material consists ofgoerdayersw™ and w~ with
thicknessest anda, respectively. The diffusion coefficients in these layeesdt andd™,
respectively. According to our assumptions,

a-_pu

a  p2

Let us choose the following coordinate; is normal to the interface between™ andw~ while
X1 andxs span this interface. The diffusion coefficiahts given by

dij(x) =< dt, ifi=jandxe w",
d-, ifi=jandxcw .
The cell problem is posed on

Y = (0,11) x (—a~,a") x (0,13).

Then the homogenized diffusivities become (see [7])

defr11 = (a7dy +a dy)/(a" +a ), (12)
deti22 = (@ +a7)/(a"/dy +a  /dy ), (13)
der33= (a7dy +a dy)/(a" +a ), (14)
dij=0ifi#]. (15)

Note thatder 11 anddefr 33 are the arithmetic means whitky 2 is the harmonic mean of both
diffusivitiesa” anda;".

24 From TheMedium to The Large Scale: Stochastic Homogenization

In global coordinates, we cannot assume that the coordayastem is oriented in the way that
we used above. Consider two Cartesian coordinate systems,x3) and(z,2,z3). Assume
that a given poink has the representatian= T x with respect to the-coordinates. Note that
is an orthogonal matrix in that case. Denote the matrix dtigibn coefficients with respect to
thex-coordinates by)* and that with respect to tteecoordinates by). Then a short calculation
yields

Q' =TQT 1=TQT".

This is the point to invoke the next critical assumption: Vgswane that the volume is tightly
packed with substructures of the type considered beformehalayered materials. The key
assumption is that all orientations are equally probables Teads to a stochastic description of
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the diffusion coefficients. We need a homogenization of afpes with random coefficients. A
theory for that is provided in [5].

Note that the mean valu¢e) and(r) in (10) are independent of the orientation of the layers.
Therefore, it suffices to consider the stationary diffugpooblem

ASUE = f, Uf e HE(G) (16)

7 7
Afu=—— [ dé¢ —
u X (d,Jde u)

which is the counterpart of (9). Assume as before that

with G c R™and

di (x) =dij(x/e), i,j=1,...,m.

The randomness of the orientation is modelled by assumitgtie matrixA(y) = (dij(y)) is
statistically stationary with respect to the spatial valeay € R™, or equivalently, tha#\(y) is a
typical realization of a stationary random field.

Let (Q,.%,P) be a probability space wittr-algebra% and probability measure. Let for
eachx € R™a random variablé (x) over(Q,.%,P) be given. The random fielél is stationary if
it can be represented in the form

¢ (% w) =a(T(x)w)

wherea(-) is a fixed random variabld;, = T (x) : Q — Q is a measurable transformation which
preserves the measuP®n (Q,.7 ). Therefore, for the definition of the coefficierkg in (16) it is
sufficient to consider a matrid;j ) of random variablesd; : Q — R. Realizations of coefficients
can then be obtained by setting

dij (X, w) = dij (T (X) w).

Assume in the following thad;j € L*(Q) and
al&? < dij(w)&&j, & eR™

for almost allw € Q with a > 0 independent of andw.

A (deterministic) matrixd(y) is said to admit a homogenization if there exists a constant
elliptic matrix de¢t such that for anyf € H=1(G) the solutionss? of the Dirichlet problem (16) it
holds

u® — uin H3(G) weakly ase — 0, and
d®0u® — degduin L?(G) weakly ass — 0,

whereu is the solution of the Dirichlet problem
—0-(deOu) = f, ue HY(G).

This definition correspondents to the stationary versiofleforem 2.1. The following theorem
holds true [5, p. 230]:
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Theorem 2.2. Assume additionally that the family of mappingxT: Q — Q, xe R™, forms an
ergodic m-dimensional dynamical system. Then for almbsb al Q, the matrix with coefficients
dij (x) = dij (T (X)w) admits homogenization, and the homogenized maggixsdndependent of
w.

Unfortunately, an analytical representationdgf is only possible in exceptional cases. We
are interested in diffusion coefficients having a represt@m

d(x) = T(x, w)QT(x,w) !

whereT (x) € SQ'm) is uniformly distributed inSQ'm) andQ is a fixed diffusion tensor. In the
two-dimensional case, an analytic solution is providedbimf 235]. Fom = 2, de is simply a
scalar equal to the geometric mean of the eigenvalu€s of

deff =V del(Q)~

Here detQ) denotes the determinant Qf

There is no analytical solution known for the case- 3.

For later use in the experimental estimation of the effectiffusivity, the following obser-
vation is important: According to our assumptionsdyithe estimate

(A% Y <a™
holds true such that, for anfyandl in H=1(G),
{1 A< w10 I Fllk-1(g)
independently oto € Q. Consequently, for the expectation values it holds
E(l, (A5~ ) — E(,ALf) (17)

by the dominated convergence theorem.

3 Numerical Determination of Effective Diffusivities

Under the assumption that an effective diffusivity for aegiyproblem exists, the corresponding
diffusion constants can be determined experimentallyiifat letD C G be a subdomain which
is in size comparable 1@ such that the small scale structure is considerable sntafiarthe size
of D. Assume that we want to determine the (scalar) diffusiorstaont for the diffusion process
in x-direction. In that case it is convenient to use a cylindrizanain

D=0O,L) xw
with w c R? being some bounded domain. Orconsider the stationary diffusion equation
—0-(d(x)du) =0, xeD.

The boundary conditions are selected as follows:
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» On the boundary o = {0} x w, a fixed Dirichlet condition is given,
ur, = Co.
» On the boundary; = {1} x w, a free diffusion into the surrounding medium is assumed,
—n- (d(x)0u)r, = M(ur, —cy).

Here,M is the mass transfer coefficient angdis the concentration in the bulk solution

outside ofD.
* All other boundarie§; = dG\ (FpUI 1) are isolated,

—n- (d(x)0Ou)r, = 0.

If d(x) would be a constart, it would hold

Co — Uout
L

1
Naverage= W/M(U—Cl)dr,
M

1
== [udr.
Uout ‘r1|r/u
1

By |I'1| we denote the Lebesgue measuré of If d(x) is varying, these equations can be used
as an estimation of the effective diffusivitl. In case of an anisotropic effective diffusivity, the
above construction leads to an estimate of the effectifagiviity in x-direction, i.e. deff 11.

In the one-dimensional case = 1, however, an analytic solution is possible. A simple
calculation gives

deff = Naverage

L -1
dett = (i/d(x)ldx) ,
0

which amounts to the harmonic mean.

4  Theoretical And Experimental DiffusivitiesFor Layered Struc-
tures

The homogenization of layered structures in Section 2.3emas#® of the assumption that we
have ideal planes of different materials with differenfukfon tensors. In a real biological cell,
this assumption is only approximately fulfilled in small slonains. Besides the effect of not
having the parameter close to zero an additional error is introduced this way. &ine of the
present section is to obtain some experimental estimatesveiarge the error will be. We will
start with a real photograph of some cell organelles andekthe geometrical structure of the
lipophilic and aqueous layers. Then the diffusivity is e&tted using the strategy of Section 3.
This diffusion constant will be compared to the theoretie@nogenized value.
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Figure 3: Detail of a rat cell showing the Golgi-apparatuse Box indicates the area used as a
reference domain. Copyright Dr. H. Jastrow

4.1 TheExperimental Set-up

The experiments of this section are based on the micro-ghapd shown in Figure 3. The
part enclosed by a box in that figure has been extracted antifi@ohpn contrast. This way, the
membrane structure in Figure 4 has been obtained. Notenhatie black lines represent mem-
branes. The geometry of this structure has been too commieiré software used in the numer-
ical experiments. The number of degrees of freedoms olutaifier discretization has become
too large. Therefore, we extracted again a part of this gégnie order to make the problem
tractable with the available software. Note that the diffaan this problem is anisotropic. In
order to be able to compare the experimental numericalsiviy with the analytical value, the
main orientation of the membranes was aligned withytlgis. The resulting geometries can be
found in Figure 5. Two cases have been considered.

» Case Aln this case, almost perfect layers have been used.

» Case B:Here we want to estimate the influence of short circuits ancernrcegular struc-
tures.

The geometrical data for both data are provided in Table le ddrresponding data for
the diffusion constants are given in Table 2. Observe thattfiusion in the lipophilic part is
anisotropic. This has been used for the numerical expetsnémcontrast to that, the homoge-
nized diffusion constant has been determined by udjng, only. So we expect a larger error in
the experiments with the domain of case B.
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Value

dim?’s7l] | 10x10%4
dz11[m?s71] | 1.0x 10712
d2.22[m?s7Y) | 1.0x 10710
Kp 1.26x 1072

Table 2: Diffusion constants

The experimental determination of the effective diffusivaccording to Section 3 can be
carried out using two approaches:

1. Use the original equation (3) subject to the inner boundanditions (4) and (5).
2. Use the transformed problem (7) without any inner boupndanditions.

In order to be as close as possible to the original problemave bhosen the first alternative for
our experiments. Note that, in the casekgf= 1, both approaches are identical.

Unfortunately, it is not possible to formulate the innensmission conditions (4), (5) directly
in Comsol Multiphysics. Instead, both conditions have beempled by a penalty approach as
suggested in [4]. For a suitably chosen consiar{@), (5) is replaced by

dl% — K(vi—Kpva), xeTl (inGy),

" a
2 = K(Kpva—V1), XeT  (inGy).

dnz

K acts as a mass transfer coefficient.
For comparison purposes, even the homogenized problemh@peen implemented in
Comsol Multiphysics.

4.2 Results

The experiments have been carried out using the values
K=10% M=10", cy=1, c;=0.

The penalty parameter has been chosen such that both sittesexjuations (18) are somehow
in balance. The value &l has been chosen such that the outflow has the order magni@ade O
In case 1Kp = 1 while, in case 2K, = 0.0126. The results are summarized in Table 3.

The effective diffusivities given above refer to the steatite. In order to get a feeling for
the influence of the homogenization on the transient behawvie compared the time history of
the mean flux out of the domain at the left boundary betweertiggnal equation (3) and its
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case| hom. constant exper. constant rel. difference
1A 1.2284 1.3131 8%
1B 1.2258 1.3590 19%
2A 1.2312 1.2910 D%
2B 1.2286 1.4680 19%

Table 3: Homogenized and experimental effective diffusgiscaled by 104

a5 x 108 Avarage flux at the outflow boundary

2.5F

avarage flux

0.5

0 5 10 15 20 25 30
time

Figure 6: Comparison of the flux at the outflow boundary forhbenogenized model (line) and
the detailed model (dashed line)

homogenized counterpart (10). For that, the boundary yalolelem has been solved as before
using the initial condition

2
_ 106 _ X _
u(x,y) = 10 exp( 1000(2.179>< 1&7) ) att =0.

The value of the experimental effective diffusion has begseduin the homogenized problem.
The results for the four different cases differ only margjinagAs expected from the experiments,
the largest differences occur in case 2B. This is shown inrei§.

Summarizing, the following sources of errors occur:
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The sizes of the sub-structures are not infinitesimal small
» The membrane layers are not ideal planes;

* In the geometry case B, the membranes are touching thewutfandary;

For computing the homogenized diffusion coefficient, othlg normal part of the mem-
brane diffusion tensor has been used,

» The partition coefficients are handled by a penalty apgroac

The size of the numerical errors is negligible compared éootes given above.

5 Experimental Effective Diffusivitiesin Random Media

5.1 TheExperimental Set-up

The idea for estimating the effective diffusivity in the peat case is to use a Monte Carlo
simulation. For that, the test domanof Section 3 is chosen to be the unit cube= (0,1)%.
Let

Q = diag(dy1, d22, ds3)

be a fixed diffusion tensor. For a givéhe N, this cube is subdivided intd3 sub-cubes

Dijk = (Xi—1,%) X (¥j-1.¥j) X (Z-1,%)

with x; =y; =z =ih andh= 1/N. h plays the rdle of in Theorem 2.2. One experiment consists
of choosing a realizatiod? such that

de‘Dijk = -n]kQ-rI]rk

whereTij € SQ(3) are drawn uniformly distributed i8Q(3).

In order to describe the orientation we will use the Euler@sigAny rotation inSQ(3) can
be described by three angles, the so-called Euler anglesiNVese the convention to first rotate
around thexz-axis by the anglex, then around the (new;-axis by 3, and finally around the
newxsz-axis byy. This can be described formally by

T= RS(V>R1(:B)R3(G>7 a,ye (0727-[)7 B € (07 7-[)7 (19)
where
cosyy sing O 1 0 0
R3()= | —sing cosy O, Ri(B)=[0 cosB sinB |.
0 0 1 0 —sinB cosB

Let u denote the Haar measure 8QX3). Its density has the simple form

1 .
du = wsmﬁdadﬁdy
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with respect to the Lebesgue measurd@r27) x (0O, 11) x (0, 2m).
This way, the expectation value df; can be estimated for give¥ (£). The computation of
Uout aNdNayverageconsists essentially of the evaluation of integrals

/ udr
M
for functionsu € H1(G). Since this is a continuous linear functional, we obtain
dis — desf fore — 0

by using (17). Since there are no preferred directions i\ $kiting, the diffusion is isotropic
such thates is a scalar.

5.2 Resultsin 2D

In the two-dimensional setting, an analytic solution of taedom homogenization problem is
known. Let

Q = diag(dll, dzz).
The effective diffusivity is the scalar [5, p. 235]
def = (d1102) /2.

We will carry out the experiment described above in the twoeahsional setting in order to
obtain a certain gauge for its three-dimensional equitalen

The two-dimensional counterpart of the experiment deedriim Section 5.1 is to choose
D = (0,1)? which will be subdivided, for a giveN € N, into sub-squares

Dij = (Xi—1,%) X (Yj—1,j)
with x; = y; = ih andh = 1/N. The realizationsl® are now described by
ds|Dij = T'JQTI]I—

whereT;; € SQ2) are sampled uniformly distributed 80(2). The elements #Q(2) are simple
rotations described uniquely by an angle [0, 2m),

= <f2?r?¢ i‘élﬁ) |

The Haar measung on SQ(2) has the densitgdu = %Tdd) with respect to the Lebesgue measure
on (0,2m).
The experimental results for

di1=1 dyp=10, der=3.1623

are provided in Table 4. We can draw the following conclusion
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» The main parameter for the accuracy of the estimation oétteetive diffusivity isN. This
isn’t hardly surprising.

» For a givenN, the sample size has only a minor influence on the accuraaye @ertain
number of trials has been reached the accuracy does not bdxmitar. The optimal sample
size seems to be independentbf

* The standard deviation for sufficiently large sample sizegyhly halves while doubling
N. This indicates a linear rate of convergence.

* In all experiments, the mean value of the experimentatéffe diffusivity is an overesti-
mation of the exact value.

* If the sample size is too small, the standard deviation Eeading small.

» The experiments in Section 4 indicated an error in the ooflenagnitude of 5% — 10%
between the theoretical homogenized diffusivity and theeexnentally observed. These
results suggests to use a valud\of= 20 and a sample size of at least 15 trials.

5.3 Resultsin 3D

Finally, the experimental estimation in the three-dimenal case has been carried out. Unfor-
tunately, the geometry handling in Comsol Multiphysics leakto a severe restriction on how
large N can be. Although the machine used had enough memory irgid& GB), the Java
heap space got exhausted rather soon. Moreover, the ggomnelysis was surprisingly time-
consuming compared to the assembly and solution process.

For the experiments, we have chosen the diffusion coeftien

di1=9, dp=25 dz=1

Note that an analytical solution of the homogenization f@obis not known. The results are
given in Table 5.

6 Conclusions

The present paper explains the homogenization strategyhwiais been used to derive effective
equations for modelling the detailed metabolism in mamamadiells. The cytoplasm has been
modelled assuming that three different length scales cabserved. For going from the smallest
to the medium scale, an analytic homogenization technigjused. By comparing the analytic
effective diffusion constant with results from numericahslations on real cell geometries taken
from photographs an error of 5% — 20% has been observed. @ieeaccuracy of the known
diffusion constants in the lipophilic and aequous part$efdytoplasm this accuracy appears to
be sufficient.



N sample sizg mean standard deviation abs. er
20 5 3.1693 0.0788 0.0070
10 3.2689 0.1604 0.1066
15 3.1834 0.1448 0.0211
30 3.2225 0.1294 0.0602
60 3.2059 0.1569 0.0436
90 3.1973 0.1448 0.0350
120 3.1708 0.1516 0.0085
150 3.2109 0.1371 0.0486
180 3.1946 0.1431 0.0323
200 3.1971 0.1451 0.0348
40 5 3.2377 0.0672 0.0754
10 3.2272 0.0602 0.0649
15 3.2343 0.0675 0.0720
30 3.2380 0.0789 0.0757
60 3.2496 0.0722 0.0873
90 3.1907 0.0746 0.0284
60 5 3.1950 0.0276 0.0327
10 3.1870 0.0487 0.0247
15 3.1896 0.0420 0.0273
30 3.1916 0.0417 0.0293
80 15 3.2009 0.0305 0.0386

Table 4: Experimental effective diffusivities in 2D fdi; = 1, dyo = 10, degr = 3.1623
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N sample sizg mean standard deviatio
4 5 7.6753 0.4767
10 7.2391 0.6292
15 7.3391 0.6667
20 7.5785 0.8431
30 7.5144 0.7630
8 5 8.1298 0.1226
10 8.1251 0.2088
15 8.0147 0.2914
20 8.0910 0.2395
30 8.0490 0.2193
10 5 8.3499 0.1448
10 8.2605 0.1769
15 8.2741 0.1523
20 8.2783 0.1522
30 8.3131 0.1524
16 5 8.6457 0.0943
10 8.7546 0.1005
15 8.6834 0.0748
20 8.6453 0.0845
30 8.6787 0.0752
20 5 8.7419 0.1162
10 8.7383 0.0622
15 8.7214 0.0616
20 8.7412 0.0505
30 8.7281 0.0596

n

6 CONCLUSIONS

Table 5: Experimental effective diffusivities in 3D fd{1 = 9, dy2 = 25,d33=1
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For the step from the medium scale to the large scale, a ramdonogenization technique
has been used. Matheatically the effective diffusivityn®wn to exists. In the present paper an
algorithm has been developed and tested for estimatingdhmgenized diffusion constant on
the large scale. However, the computation times in Comsdiipphysics have become very large
(up to one week on a compute server based on a 2GHz AMD Opteocerssor) for a reasonable
setup such that alternative solution techniques shouldussiigated.

The critical assumption in the last step is that about théadodity distribution of the struc-
tures on the intermediate scale. Its validity can probalolly de justified by comparision to
biochemical experiments.

More detailed results can be found in [2].
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