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The Problem
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∫∂ Ω  σ ∇  φ ⋅ n ds = 0

Minimize power-loss in conductive medium i.e.

min
σ

(
∫
∂Ω

Iϕds + η
∫
Ω

σdx)

s.t.

div(σ∇ϕ(x)) = 0 x ∈ Ω, σ
∂ϕ

∂n
|∂Ω = I

σ : Ω → [σ−, σ+].

Approaches

• Interior-Point

• Topological Gradient

• Homogenization
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Pontryagin Principle

Lagrangian:

L =
∫
∂Ω

Iϕds + η
∫
Ω

σdx +
∫
Ω

div(σ∇ϕ(x))λdx

=
∫
∂Ω

I(ϕ + λ)ds +
∫
Ω

σ (−∇ϕ · ∇λ + η)︸ ︷︷ ︸
v

dx.

Hamiltonian:

H = min
σ

∫
Ω

σvdx + . . . =
∫
Ω

min
σ

σv︸ ︷︷ ︸
s(v)

dx + . . . .

Control:

σ(v) = s′(v) = σ+1{v<0} + σ−1{v>0}.

Goal:

Consistency with infinite dimensional H-J eq.
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Regularization

Following Sandberg

Hδ(λ, ϕ) =
∫
Ω

sδ(v)dx +
∫
∂Ω

I(ϕ + λ)ds
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The Pontryagin principle yields

0 = ϕ̇ = Hδ
λ

0 = λ̇ = −Hδ
ϕ.

Symmetry implies ϕ = λ and

div(s′δ(v)∇ϕ(x)) = 0 x ∈ Ω, s′δ
∂ϕ

∂n
|∂Ω = I.
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Multigrid

Solved by nonlinear multigrid and two tricks:

• adaptive damping in smoothing steps; help
for s′′δ ' 0,

• increasing number of smoothing steps on
coarser meshes; to improve the corrections.
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Consistency with Infinite

Dimensional H-J eq.

u(ϕ, t) =
∫ T

0
(
∫
∂Ω

Iϕds + η
∫
Ω

σdx)dt

∫
Ω
(∂tϕw + s′(v)∇ϕ · ∇w)dx = −

∫
∂Ω

Iwds∫
Ω
(−∂tλw + s′(v)∇λ · ∇w)dx = −

∫
∂Ω

Iwds

lim
T→∞

u(ϕ, t)− ū(ϕ, t)

T

Using the Gateaux derivative ∂ϕu = λ and

∂tu + H(∂ϕu, ϕ) = 0
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Optimal Control

dX

dt
= f(Xt, αt),

inf
α∈A

(
g(XT ) +

∫ T

0
h(Xs, αs)ds

)
,

with given data f, X0, g
and controls A = {α : [0, T ] → B}.

The Lagrange Principle (h=0)

L =
∫ T

0
λt ·

(
f(Xt, αt)−X ′

t

)
dt + g(XT )

Leads to the Hamiltonian system

δλ : X ′
t = f(Xt, αt), X0 given,

δX : −λ′(t)i = ∂xif(Xt, αt) · λt, λT = g′(XT ),

δα : α∗t = argminα∈B λ∗t · f(X∗
t , α).

based on the Pontryagin principle.
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Dynamic Programming (h=0)

Gives

u(x, t) ≡ inf
α

g(XT ; Xt = x)

as a solution of the non-linear HJB partial dif-
ferential equation

∂tu(x, t) + min
α∈B

(f(x, α) · ∇u(x, t))︸ ︷︷ ︸
H(∇u(x,t),x)

= 0, t < T,

u(·, T ) = g.

Approximation

Hamilton-Jacobi by FEM or FD:

(+) Global minimum is found, (-) Not d � 1.

The Lagrange Principle:

(-) Local minimum hard to find, (+) d � 1!
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