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AUTOMATED COMPUTATIONAL MODELING

JOHAN JANSSON



Abstract.

This thesis is part of the FEniCS project of Automation of Computational Mathemat-
ical Modeling (ACMM) as the modern manifestation of the basic principle of science:
formulating mathematical equations (modeling) and solving equations (computation).

The vision of FEniCS is to set a new standard towards the goals of generality, efficiency,
and simplicity, concerning mathematical methodology, implementation, and application.
ACMM includes the key steps of Automation of (a) discretization of differential equations,
(b) solution of discrete systems, (c) error control of discrete solutions, (d) optimization
and (e) modeling. FEniCS is based on adaptive finite element methods (FEM) [1].

This thesis presents the following examples of Automated Computational Modeling as
concrete realizations of ACMM with main focus on (a)-(c):

MG: Multi-adaptive Galerkin ODE-solver: This part concerns the automation
of (a1) discretization in time by the MG implementation of the multi-adaptive ODE-
solver mcG(q)/mdG(q) formulated in the thesis ([9]) by Anders Logg, based on
Galerkin’s method with continuous/discontinuous piecewise polynomial approxima-
tion in time of degree q with different time steps for different components, automati-
cally determined by a posteriori error estimation. MG realizes automation of (a1) by
Galerkin’s method, (b) by fixed-point or Newton’s method, and (c) by a posteriori
error estimation using duality. MG is the first general multi-adaptive ODE-solver
with automatic error control based on duality. MG has potentially a very vast range
of applicability. MG may also be run in mono-adaptive form with the same time
step for all components, eliminating the over-head required for multi-adaptivity. For
bench-mark problems with different time scales, we demonstrate substantial perfor-
mance gains with MG, as compared to mono-adaptive solvers. MG is joint work
with Anders Logg.

Ko: Solid mechanics solver: This part includes the automation of (a2) discretiza-
tion in space of a general continuum model for solid mechanics with elasto-visco-
plastic materials and large displacements, rotations and deformations. When coupled
with MG for time-discretization this gives the solid mechanics solver Ko realizing
(a) and (b) with (c) in progress. Ko is based on an updated Lagrangian formu-
lation where equilibrium and constitutive equations are expressed on the current
deformed configuration. Ko is the first automated solid mechanics solver and the
range of possible applications is very large. We show that the performance of Ko
is comparable to that of a mass-spring solver, which is the industry standard for
performance-intensive solid mechanics simulations [8]. Ko demonstrates the general
capability and potential of FEniCS.

DOLFIN as a PSE: We present the FEniCS tool chain, and in particular DOLFIN, as
a general and automated problem solving environment (PSE). DOLFIN realizes the
overall concept of automated computational modeling by taking a PDE in mathe-
matical notation as input and automatically discretizing and computing the solution
by the FEM with full efficiency, including automated time discretization of time de-
pendent PDE with the ODE solver. This is joint work with Johan Hoffman, Anders
Logg and Garth Wells.

Automated Modeling: We present a case study of automated modeling (e) in a
model problem with a fast and a slow time scale. By resolving the fast time scale for
a short period of time an effective coefficient is determined by optimization, which
allows simulation of the slow time scale over long time. This is joint work with Claes
Johnson and Anders Logg.
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1. Introduction

This thesis is part of the FEniCS project [3] of Automation of Computational Mathe-
matical Modeling (ACMM) as the modern manifestation of the basic principle of science:

(I) formulating mathematical equations (modeling),
(II) solving equations (computation).

The mathematical models of science and technology usually take the form of systems of
partial differential equations such as

(i) Navier’s equations: solid mechanics,
(ii) Navier–Stokes equations: fluid mechanics,
(iii) Maxwell’s equations: electromagnetics,
(iv) Schrödinger’s equation: quantum mechanics.

Each system of equation has the general form

(1) A(α,D, u, f) = 0 in Q,

where A represents a system of partial differential equations over a doamin Q is space-time
including boundary and initial conditions, α represents coefficients, D represents partial
derivatives, f represents input e.g. in the form of applied forces and u is a function
satisfying the system of equations. We view the system (1) as the model including the
domain Q, the coefficients α and the input f as given data, which determine a solution
u. Each of the set of equations (i)-(iv) describes in very concise form a basic scientific
discipline with a wide variety of applications in different areas of technology.

The objective of the modeling (I) is to formulate the equation (1) including the specifica-
tion of coefficients such as Lamé coefficients in solid mechanics, viscosity in fluid mechanics,
permeabilities in electromagneticcs and potentials in quantum mechanics, as well as geo-
metric data to specify Q. The objective of (II) is to compute the solution u for each given
set of data.

The vision of FEniCS is Automation of Computational Mathematical Modeling (ACMM)
towards the goals of generality, efficiency, and simplicity, concerning mathematical method-
ology, implementation, and application. Specifically, ACMM concerns automation of com-
putational solution of general systems of differential equations including (i)-(iv), where
automation signifies that after specification of model including data and error tolerance,
an approximate solution within the error tolerance is automatically computed by a com-
puter, ideally with minimal computational work.

The goal of ACMM is to provide solutions of general systems of differential equations
on a lap-top with the same degree of automation as the computation of e.g. trigonometric
functions using a pocket calculator. The comparison is natural since all the elementary
functions including trigonometric functions, in fact are solutions to simple linear ordinary
differential equations, and thus in a pocket calculator are determined by computational
solution of the relevant equation when needed, instead of storing large tables of values.
The difference is the scope with ACMM aiming at general nonlinear systems of partial
differential equations, but the principle is the same.

ACMM includes the key steps of automation of:
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(a) discretization of differential equations,
(b) solution of discrete systems,
(c) error control of computed solutions,
(d) optimization,
(e) modeling.

By discretization a given set of differential equations is translated into a discrete system
of algebraic equations, which is solved using numerical algebra on a computer, to produce
an approximation U of the solution u. The objective of error control is to assure that the
difference u − U is smaller than a given tolerance with respect to a given error measure.
FEniCS uses the finite element method to automate discretization and duality-based a
posteriori error estimation to automate error control. Automated optimization is realized
by solving the set of differential equations expressing optimality using (a)-(c). Automation
of modeling requires an Ansatz combined with (d). Automated modeling may concern
computation of (effective) coefficients α in a model of the form (1) from best least-squares
fit to measured or computed solutions u, often referred to as inverse problems. In principle,
(d) and (e) can thus be reduced to (a)-(c), which accordingly represent the basic elements
of ACMM.

The essential step of (a), which concerns both (a1) time-discrization and (a2) space-
discretization, is automated computation of finite element stiffness matrices and assembly
to a global stiffness matrix. This requires efficient evaluation of integrals of combinations
of derivatives of finite element basis functions over finite elements. FEniCS achieves this
in the Fenics Form Compiler (FFC) by factorization of the element stiffness matrix into
a reference and geometry tensor. The reference tensor contains integrals over a reference
element computed once, which for each element upon multiplication a geometry tensor
gives the element stiffness matrix for each element. The input to FFC is then the equation
(1) in standard mathematical notation and a given finite element mesh and finite elements,
and the output is computer code (e.g. C++) specifying the discrete system.

The step (b) is automated in FEniCS using, with input from FFC, the parallel numerical
linear algebra package PETSc.

The essential step of (c) is automated computation of (c1) discrete residuals and (c2)
stability factors/weights by automated formulation and solution of a dual linearized prob-
lem. FEniCS currently achives these requirements partially, with a full implementation in
sight.

The objective of this thesis is to contribute to the realization of the vision of FEniCS with
the following concrete basic elements representing Automated Computational Modeling :

MG: Multi-adaptive Galerkin ODE-solver: This part concerns the automation
of time-discretization (a1) by the MG implementation of the multi-adaptive ODE-
solver mcG(q)/mdG(q) formulated in the thesis ([9]) by Anders Logg, based on
continuous/discontinuous piecewise polynomial approximation in time of degree q

with different time steps for different components, automatically determined by a
posteriori error estimation. MG realizes automation of (a1) by Galerkin’s method
and (b) by fixed-point or Newton’s method, and (c) by a posteriori error estimation
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using duality with (c1) available and (c2) in progress. MG is the first general multi-
adaptive ODE-solver with automatic error control based on duality. MG realizes
automation of time discretization and thus has potentially a very vast range of
applicability. MG may also be run in mono-adaptive form with the same time step
for all components, eliminating the over-head required for multi-adaptivity. In this
perspective MG can be viewed as a form of automated model reduction with large
time steps for slow components and small time steps for fast components.

For bench-mark problems with different time scales, we demonstrate substantial
performance gains with MG, as compared to mono-adaptive solvers. MG is joint
work with Anders Logg.

Ko: solid mechanics solver: This part includes the automation of space-discretization
(a2) of a general continuum model for solid mechanics including elastic, viscous and
plastic materials and large displacements, rotations and deformations [10]. When
coupled with MG for time-discretization this gives the solid mechanics solver Ko
realizing (a) and (b) with (c) in progress. Ko is based on an updated Lagrangian
formulation where equilibrium and constitutive equations are expressed on the cur-
rent deformed configuration. Ko uses FFC for fast computation of the stiffness
matrix in each time step. Ko is the first automated solid mechanics solver and the
range of possible applications is very large. We show that the performance of Ko
is comparable to that of a mass-spring solver, which is the industry standard for
performance-intensive solid mechanics simulations. Ko has several advantages as
compared to a mass-spring solver, such as automatic adaptive error control and
specification of material properties, which in standard mass-spring models are per-
formed ad hoc manually.

Ko may be viewed as a demonstration of the general capability and potential of
FEniCS: The FEniCS code for Ko is less than 100 lines, and would require many
thousands of lines of standard finite element code. Ko in particular demonstrates
the ease of of coupling time-discretization with MG with space discretization with
FFC. Another example is offered by the FEniCS Navier-Stokes solver by Johan
Hoffman, opening to fluid-structure simulations with coupling to Ko.

DOLFIN as a PSE: We present the FEniCS tool chain, and in particular DOLFIN,
as a general and automated problem solving environment (PSE). DOLFIN realizes
the overall concept of automated computational modeling by taking a PDE in
mathematical notation as input and automatically discretizing and computing the
solution by the FEM with full efficiency, including automated time discretization
of time dependent PDE with the ODE solver.

Automated modeling: We present an example of automated modeling (d) for a
problem with a fast and a slow time scale. By resolving the fast time scale for a
short period of time, an effective coefficient in a reduced model with only the slow
time scale is determined, and the reduced problem is then solved with large time
steps, with update of the effective coeffcient when needed. This allows the efficient
solution over long time intervals without resolving the fast time scale, except over
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small time intervals. The study has the character of a case study of a model case,
with many possibilities of generalization usiung the general tools of FEniCS.

We now describe the main parts of the thesis in some more detail with focus on the basic
aspects (a)-(c). We also indicate how the different appended papers fit into the general
picture.

2. Multi-Adaptive ODE-Solver MG

A basic component of FEniCS is the multi-adaptive ODE-solver MG developed in coop-
eration with Anders Logg. MG automates the computational solution of general systems
of ordinary differential equations (ODEs) of the form

u̇(t) = f(t, u(t)) for t > 0, u(0) = u0,

where f : Rn+1 → Rn is a given mapping, and u0 a given initial condition. MG is based
on continuous or discontinuous Galerkin methods in multiadaptive form with different
time steps for different components adaptively determined by duality-based error control,
referred to as mcG(q) and mdG(q) where q indicates the degree of the polynomial approx-
imation in time.

Performance. We perform a benchmark experiment of solving a reaction-diffusion test
problem with the multi-adaptive solver and a mono-adaptive solver. The benchmark is
illustrated in figure 1 with the multi-adaptive step sequence in figure 2. Benchmark results
can be seen in table 1.

N ‖e(T )‖∞ time M n µ

1000 1.8 · 10−5 13.6 s 1922 (5) 4.0 (1.5) 95.3

2000 1.7 · 10−5 17.3 s 1923 (5) 4.0 (1.2) 140.5

4000 1.6 · 10−5 24.0 s 1920 (6) 4.0 (1.0) 185.0

8000 1.7 · 10−5 33.7 s 1918 (5) 4.0 (1.0) 218.8

16000 1.7 · 10−5 57.9 s 1919 (5) 4.0 (1.0) 234.0

N ‖e(T )‖∞ time M n µ

1000 2.3 · 10−5 28.1 s 117089 (1) 4.0 1.0

2000 2.2 · 10−5 64.8 s 117091 (1) 4.0 1.0

4000 2.2 · 10−5 101.3 s 117090 (1) 4.0 1.0

8000 2.2 · 10−5 175.1 s 117089 (1) 4.0 1.0

16000 2.2 · 10−5 327.7 s 117089 (1) 4.0 1.0

Table 1. Benchmark results for mcG(1) (above) and cG(1) below for fixed
tolerance tol = 1.0 · 10−6 and varying number of components (and size of
domain). µ is an estimated efficiency index.
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Figure 1. Propagation of the solution of a reaction–diffusion test problem.

Main Result. Consider an ODE with NK slow components requiring a time step K

and Nk fast components requiring a time step k for resolution to the given tolerance (or
alternatively for stability reasons when using an explicit method). A standard mono-
adaptive solver has to take time step k for all components. A multi-adaptive solver can
take time step K for the slow components and time step k for the fast components. If NK

is much larger than Nk, this has a potential for a massive speedup, up to a factor K
k
.

We describe the implementation of such a multi-adaptive solver and demonstrate dra-
matic performance gains due to multi-adaptivity, i.e. the solution is computed with the
same error but much less work.

3. Solid Mechanics Solver

The world of solid mechanics is described by Navier’s equations including an equilibrium
equation expressing balance of forces according to Newton’s 2nd law, a constitutive model
connection stress to strain, or rates thereof and boundary and initial conditions. The
equilibrium equation has a generic form, while the constitutive equation appears in many
different forms expressing different material behavior including elastic, viscous, plastic and
damage effects.

Our objective is to develop using the general tools of FEniCS an automated solver for
solid mechanics simulations according to the following requirements:
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Figure 2. The multi-adaptive time steps as function of space at a sequence
of time intervals for a reaction–diffusion test problem.

• large displacments, rotations and deformations
• elastic, viscous and plastic materials
• contact and friction boundary conditions
• performance allowing real-time simulation.

We may summarize the design specifications as those required in an advanced computer
game based on realistic solid mechanics.

We restrict the constitutive model to a combination of elastic, viscous and plastic mate-
rial behavior which can be described by Lamé coefficients, a coefficient of viscosity and a
plastic limit, which we for simplicity take to be constant. Even with these limitations we
can model a rich variety of materials, with variable coefficients presenting no additional
difficulty beyond specification. We thus consider the model (1) to be given including data,
and our task is to automate the computation of a corresponding approximate solutin U .

We use an updated Lagrangian formulation where the equilibrium equation and consti-
tutive equation are expressed over the current configuration of a solid body subject to
displacement, rotation and deformatin subject to some load. The constitiutive equation
in general relates rates of stresses to rates of strain, but we also consider for purely elastic
bodies a constitutive equation directly relating stress to strain. In the updated Lagrangian
formulation with constitutive equation in rate form, the initial configuration of the body
is not kept, and both equilbrium and constitutive equations are expressed over the current
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configuration as well as boundary conditions. We refer to the FEniCS realization of this
model as Ko.

Ko is realized using FFC for space discretization and MG for time discretization through
the DOLFIN interface.

Figure 3. Example DOLFIN output of visco-elasto-plastic model solid me-
chanics model with contact, simulating a cow and a block being thrown in a
room.

Performance. We compare the speed of Ko with that of mass-spring models which we
have used in earlier work. We show that an implementation of a corresponding PDE model
in Ko is only a factor 2-3 slower than a mass-spring implementation based on the same
linear algebra data structures. This means PDE models in Ko could replace mass-spring
implementations for performance-intensive applications.

Main Result. Ko represents a basic feature of FEniCS: We start from a mathematical
model in concise form which is a basic general model of solid mechanics. We build the
automated solid mechanics solver Ko using FEniCS where the essential part consists in



12 JOHAN JANSSON

# Form representing the equilibrium equation of elasticity

name = "ElasticityDirect"

element1 = FiniteElement("Vector Lagrange", "tetrahedron", 1)

element2 = FiniteElement("Discontinuous vector Lagrange",

"tetrahedron", 0, 9)

q = TestFunction(element1) # Test function

dotv = TrialFunction(element1) # Trial function

f = Function(element1) # Body force

B = Function(element2) # Deformation measure

lmbda = Constant() # Lame coefficient

mu = Constant() # Lame coefficient

# Dimension

d = len(q)

# Manual tensor representation

def tomatrix(q):

return [ [q[3 * j + i] for i in range(d)] for j in range(d) ]

Bmatrix = tomatrix(B)

def E(e, lmbda, mu):

Ee = 2.0 * mult(mu, e) + mult(lmbda, mult(trace(e), Identity(d)))

return Ee

ematrix = 0.5 * (Identity(d) - Bmatrix)

sigmamatrix = E(ematrix, lmbda, mu)

a = dot(dotv, q) * dx

L = (-dot(sigmamatrix, grad(q)) + dot(f, q)) * dx

Figure 4. Form for a total stress Euler-Almansi elasticity model.

specifying the variational form as well as data including coefficients and boundary/initial
conditions. We demonstrate efficiency of Ko and thereby the power of FEniCS.
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The Navier-Stokes solver of FEniCS developed by Johan Hoffman similarly automates
the simulation of fluid flow including turbulent flow of fluids with small viscosity. Combin-
ing the Navier and the Navier–Stokes solvers we may simulate a rich world of fluid-structure
interaction. The combined solver is now ready for implementation in FEniCS.

4. DOLFIN as a PSE

Traditionally problem solving has been equation-specific. An equation is selected, a
method and solver is then derived or chosen specifically for that equation. For example, it
is common to talk about a “Maxwell solver” or a “Navier-Stokes solver” which have been
developed specifically for those equations.

When the equation is significantly changed, or a new equation is selected, the process
needs to start from the beginning again. This implies much redundant manual work.

We present a free software tool called DOLFIN which combines generality with optimal
efficiency. “Generality” means here that any equation can be input into DOLFIN essen-
tially as it looks on paper. “Optimal” means here that DOLFIN is able to reach the same
efficiency as a manually-developed solver for a specific equation.

DOLFIN is a component of the FEniCS tool-chain, where the role of DOLFIN is the
problem solving environment, or programmer user interface for formulating and solving
equations.

We illustrate the generality and efficiency of DOLFIN by presenting the following as-
pects:

Simple form language: We can input any equation into DOLFIN in mathemati-
cal notation, meaning that no extensive re-formatting or manual manipulation is
required.

Assembly efficiency: Assembly is the forming of a discrete system (equation system
for the degrees of freedom) given a discretization (finite element and mesh) of an
equation. This is the key step for solving an equation. DOLFIN achieves generality
and full efficiency by generating assembly code from a description of the equation.

High-level programming interface: Generality means that we should enforce a
high level of abstraction, and this also applies to the programming interface. DOLFIN

publishes a high-level programming interface in C++ and Python. The Python in-
terface enables Just-In-Time (JIT) compilation of generated assembly code, which
means that the code generation and compilation is transparent to the user of the
interface.

PDE/ODE solver integration: DOLFIN provides capability for solving both ini-
tial value Ordinary Differential Equations (ODE) as well as Partial Differential
Equations (PDE). We present a method which allows the general ODE solver in
DOLFIN to be used for solving PDE by writing the PDE in the form u̇ = f(t, u).

Applications: We present applications in incompressible fluid flow (Navier-Stokes’
equations), see figure 5 for example output, and large deformation elasto-plasticity,
see figure 4 for an example form and figure 3 for example output.
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Figure 5. Example DOLFIN output of a turbulent incompressible Navier-
Stokes model, simulating drag of air flow on a car. (Courtesy of Johan
Hoffman) [4]

Main Result. We present automation advances which bring us closer to achieving the
goal of solving an equation using DOLFIN (and indirectly FEniCS as a whole) using a
minimal amount of manual work, while retaining the efficiency of a manually written solver.

DOLFIN (in the form of the Python interface) has very successfully been used in a
PDE project course at Chalmers University of Technology. Students completed projects
in streamline diffusion stabilization, Navier-Stokes’ equations and acoustic equations (lin-
earized Euler equations). The automated discretization DOLFIN enabled the students to
focus on the forms instead of solver performance.

5. A Case Study of Automated Modeling

We again consider ODEs with multiple time scales. In this scenario the fast components
are very fast compared to the slow components and time interval of the problem, and would
be too costly to resolve directly. Instead, we construct a reduced model where we model
the average effect of the very fast components on the rest of the system. This allows the
system to be solved in a reasonable time. We show how the construction of the reduced
model can be completely automated.

This is an example of (e) in the ACMM vision.

Main Result. We describe the process of automated construction of the reduced model
and present an a posteriori error estimate for the modeling and discretization error.

We present two example problems with slow scales of order 1s and fast scales of or-
der 10−6s and 10−9s on time intervals of [0, 100]. The automated modeling allows us to
eliminate the very fast scales and only resolve the slow scales.

6. Fenics

We present FEniCS [3], a free software [2] system for ACMM. The overall goal of ACMM
is to build a computational machine which takes any PDE (in variational form) and a
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tolerance for the error as input, and automatically computes a solution to the model which
satisfies the tolerance.

FEniCS consists of the following components:

FIAT: FInite element Automatic Tabulator [5]. Automates the generation of finite el-
ements. Provides representation of finite elements and evaluation of basis functions
as well as general quadrature for integrating basis functions.

FFC: Fenics Form Compiler [6]. Automates the evaluation of variational forms. Pro-
vides assembly code generation and a form language for equation input.

FErari: Finite Element rearrangement to automatically reduce instructions [7]. Opti-
mizes the evaluation of variational forms. Detects and exploits structure in element
tensors.

DOLFIN: Dynamic Object oriented Library for FINite element computation. The
programmer user interface for solving equations. Provides a high-level C++ and
Python interface to:
• assembly
• variational form representation
• finite element representation
• function representation (typically a solution or coefficient)
• mesh representation
• linear algebra algorithms
• initial value multi- and mono-adaptive ODE solver
• file input/output

The assembly algorithm of a finite element method is typically of high complexity, and
is not trivial to implement efficiently manually. A modification of the variational form
or the choice of finite element normally means that large parts of the code need to be
reimplemented. This is a waste of human resources and, due to the complexity of the
algorithm, may easily introduce errors in the implementation.

The finite element assembly algorithm for a bilinear form a(·, ·) generating a matrix A

can be formulated as follows: For each element K, add the local element matrix AK
ij =

aK(φ̂i, φj) to A, where aK(·, ·) is the bilinear form restricted to the current element K.
FFC parses the form and, together with a description of the finite element, generates

source code for evaluation of the local element matrix AK . FFC (using FIAT) precomputes
integrals on the reference element. FFC uses Ferari to exploit the structure of AK to
produce efficient code. This results in automatically generated source code which is as
efficient as hand-written code. The generated assembly code is then linked into DOLFIN

and can be accessed through the assembly interface.

7. Future

The potential of FEniCS has been demonstrated in the solid mechanics solver Ko and
the Navier-Stokes solver.

We recall the key steps of ACMM, automation of:

(a) discretization of differential equations,
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(b) solution of discrete systems,
(c) error control of computed solutions,
(d) optimization,
(e) modeling.

Today FEniCS realizes (a)-(b) fully, and (c) partially with a clear plan for full realiza-
tion in sight. This opens new possibilities for efficient and reliable simulation of complex
problems in many areas of science and technology. The FEniCS solid mechanics solver Ko
and the Navier-Stokes solver demonstrate the potential.

The FEniCS plan for the immediate future includes Maxwell and Schrödinger solver and
a variety of multi-physics solvers. FEniCS is a cooperative effort with a growing number
of partners including Simula Research Laboratory and research groups at Delft University,
Texas Tech, KTH, etc.

FEniCS is an open source project now reaching critical mass with some possibility of
developing into “Linux for PDEs”.
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Summary of Appended papers

Paper 1 A discrete mechanics model for deformable bodies
We describe an extended mass-spring model including contact. The example

application is interactive physics-based geometric modeling for rapid prototyping in
CAD. The mass-spring model is standard in computer graphics due to its simplicity
and high performance. We use this model and its implementation as a comparison
to PDE models and implementations presented in the later papers.

Paper 2 Algorithms for multi-adaptive time-stepping
We describe the main algorithms for multi-adaptivity: construction of time slabs

and the solution of the resulting equation systems by fixed-point and Newton’s
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method. Further, the implementation of such a multi-adaptive solver is presented
and we demonstrate dramatic performance gains due to multi-adaptivity, i.e. the
solution is computed with the same error but much less work.

Paper 3 Simulation of mechanical systems with individual time steps
The application of multi-adaptivity to mass-spring systems is covered in this

paper. The aim is to show how to apply multi-adaptivity to practical applications.
Paper 4 Computational Modeling of Dynamical Systems

This paper consists of a case study of automated modeling. The contribution of
the thesis author is not major but the paper illustrates automated modeling - a key
element of ACM and FEniCS.

Paper 5 DOLFIN: an automated problem solving environment
We present the FEniCS tool chain, and in particular DOLFIN, as a general

and automated problem solving environment (PSE). DOLFIN realizes the overall
concept of automated computational modeling by taking a PDE in mathematical
notation as input and automatically discretizing and computing the solution by the
FEM with full efficiency, including automated time discretization of time dependent
PDE with the ODE solver.

Paper 6 Ko: a Fenics solid mechanics solver
In this paper we present a general continuum model for solid mechanics with

elasto-visco-plastic materials and large displacements, rotations and deformations
which model-wise is a much improved replacement for the mass-spring model. We
describe how to implement the model using FEniCS and show that the imple-
mentation complexity and performance of the PDE model is comparable to the
mass-spring model, while retaining the advantages of a PDE model: generality and
spatial error control. The model is also automatically discretized in time using the
multi-adaptive ODE solver in FEniCS.
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Multi-adaptive Galerkin methods are extensions of the standard continuous and discontinuous

Galerkin methods for the numerical solution of initial value problems for ordinary or partial dif-

ferential equations. In particular, the multi-adaptive methods allow individual and adaptive time

steps to be used for different components or in different regions of space. We present algorithms for

efficient multi-adaptive time-stepping, including the recursive construction of time slabs, adaptive
time step selection and automatic generation of the dual problem. We also present data struc-

tures for efficient storage and interpolation of the multi-adaptive solution. The efficiency of the

proposed algorithms and data structures is demonstrated for a series of benchmark problems.

Categories and Subject Descriptors: G.1.7 [Ordinary Differential Equations]: —Error analy-

sis, Initial value problems; G.1.8 [Partial Differential Equations]: —Finite Element Methods;

G.4 [Mathematical Software]: —Algorithm design and analysis, Efficiency

General Terms: Algorithms, Performance

Additional Key Words and Phrases: Multi-adaptivity, individual time steps, local time steps,

ODE, continuous Galerkin, discontinuous Galerkin, mcgq, mdgq, C++, implementation, algo-

rithms

1. INTRODUCTION

We have earlier in a sequence of papers [35; 36; 38] introduced the multi-adaptive
Galerkin methods mcG(q) and mdG(q) for the approximate (numerical) solution of
ODEs of the form

u̇(t) = f(u(t), t), t ∈ (0, T ],

u(0) = u0,
(1)

where u : [0, T ] → R
N is the solution to be computed, u0 ∈ R

N a given initial
value, T > 0 a given final time, and f : R

N × (0, T ]→ R
N a given function that is
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Lipschitz-continuous in u and bounded.
The multi-adaptive Galerkin method mcG(q) and mdG(q) extend the standard

mono-adaptive continuous and discontinuous Galerkin methods cG(q) and dG(q),
studied earlier in detail in [29; 28; 30; 4; 13; 31; 8; 9; 7; 10; 11; 12; 6; 15; 16;
17; 19; 18], by allowing individual time step sequences ki = ki(t) for the different
components Ui = Ui(t), i = 1, 2, . . . , N , of the approximate solution U ≈ u of the
initial value problem (1). For related work on local time-stepping, see also [26; 27;
39; 2; 1; 40; 20; 3; 34; 41].

In the current paper, we discuss important aspects of the implementation of
multi-adaptive Galerkin methods. While earlier results on multi-adaptive time-
stepping presented in [35; 36; 38] include the basic formulation of the methods, a
priori and a posteriori error estimates, together with a proof-of-concept implemen-
tation and results for a number of model problems, the current paper addresses the
important issue of efficiently implementing the multi-adaptive methods with mini-
mal overhead as compared to standard mono-adaptive solvers. For many problems,
in particular when the propagation of the solution is local in space and time, the
potential speedup of multi-adaptivity is large, but the actual speedup may be far
from the ideal speedup if the overhead of the more complex implementation is
significant.

1.1 Implementation

The algorithms presented in this paper are implemented by the multi-adaptive
ODE-solver available in DOLFIN [24; 25], the C++ interface of the new open-source
software project FEniCS [23; 5] for the automation of Computational Mathematical
Modeling (CMM). The multi-adaptive solver in DOLFIN is based on the original
implementation Tanganyika, presented in [36], but has been completely rewritten
for DOLFIN.

The multi-adaptive solver is actively developed by the authors, with the intention
of providing the next standard for the solution of initial value problems. This will be
made possible through the combination of an efficient forward integrator, automatic
and reliable error control, full integration with the automatic discretization of PDEs
through FFC [37; 32; 33] and a simple and intuitive user interface.

1.2 Obtaining the software

DOLFIN is licensed under the GNU General Public License [21], which means that
anyone is free to use or modify the software, provided these rights are preserved.
The complete source code of DOLFIN, including numerous example programs, is
available at the DOLFIN web page [24].

1.3 Notation

The following notation is used throughout this paper: Each component Ui(t),
i = 1, . . . , N , of the approximate m(c/d)G(q) solution U(t) of (1) is a piecewise
polynomial on a partition of (0, T ] into Mi sub intervals. Sub interval j for compo-
nent i is denoted by Iij = (ti,j−1, tij ], and the length of the sub interval is given by
the local time step kij = tij − ti,j−1. We shall sometimes refer to Iij as an element.
This is illustrated in Figure 1. On each sub interval Iij , Ui|Iij

is a polynomial of
degree qij .
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Furthermore, we shall assume that the interval (0, T ] is partitioned into blocks
between certain synchronized time levels 0 = T0 < T1 < . . . < TM = T . We refer
to the set of intervals Tn between two synchronized time levels Tn−1 and Tn as a
time slab:

Tn = {Iij : Tn−1 ≤ ti,j−1 < tij ≤ Tn}.

We denote the length of a time slab by Kn = Tn − Tn−1.

0

i

kij

Kn

T

Iij

ti,j−1 tij

Tn−1 Tn

t

Fig. 1. Individual partitions of the interval (0, T ] for different components. Elements between

common synchronized time levels are organized in time slabs. In this example, we have N = 6

and M = 4.

1.4 Outline of the paper

We first give an introduction to multi-adaptive time-stepping in Section 2. We then
present the key algorithms used by the multi-adaptive ODE solver of DOLFIN in
Section 3, followed by a discussion of data structures for efficient representation and
interpolation of multi-adaptive solutions in Section 4. In Section 5, we then present
a number of numerical examples, including benchmark problems that demonstrate
the efficiency of the proposed algorithms and data structures.

2. MULTI-ADAPTIVE TIME-STEPPING

In this section, we give a quick introduction to multi-adaptive time-stepping, in-
cluding the formulation of the methods, error estimates and adaptivity. For a more
detailed account, we refer the reader to [35; 36; 38].

2.1 Formulation of the methods

Just as the standard cG(q) and dG(q) methods, the multi-adaptive mcG(q) and
mdG(q) methods are obtained by multiplying the system of equations (1) with a
suitable test function v, to obtain a variational problem of the form: Find U ∈ V
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with U(0) = u0, such that

∫ T

0

(v, U̇) dt =

∫ T

0

(v, f(U, ·)) dt ∀v ∈ V̂ , (2)

where (·, ·) denotes the standard inner product in R
N and (V̂ , V ) is a suitable pair

of discrete functions spaces, the test and trial spaces respectively.
For the standard cG(q) method, the trial space V consists of the space of contin-

uous piecewise polynomial vector-valued functions of degree q = q(t) on a partition
0 = t0 < t1 < · · · < tM = T and the test space V̂ consist of the space of (possibly
discontinuous) piecewise polynomial vector-valued functions of degree q − 1 on the
same partition. The multi-adaptive mcG(q) method extends the standard cG(q)
method by extending the test and trial spaces to piecewise polynomial spaces on
individual partitions of the time interval according to Figure 1. Thus, each compo-
nent Ui = Ui(t) is continuous and piecewise polynomial on the individual partition
0 = ti0 < ti1 < · · · < tiMi

= T for i = 1, 2, . . . , N .
For the standard dG(q) method, the test and trial spaces are equal and consist of

the space of (possibly discontinuous) piecewise polynomial vector-valued functions
of degree q = q(t) on a partition 0 = t0 < t1 < · · · < tM = T , which extends
naturally to the multi-adaptive mdG(q) method by allowing each component of
the test and trial functions to be piecewise polynomial on individual partitions of
the time interval as above. Note that for both the dG(q) method and the mdG(q)
method, the integral

∫

0,T
(v, U̇) dt in (2) must be treated appropriately at the points

of discontinuity, see [35].
Both in the case of the mcG(q) and mdG(q) methods, the variational problem (2)

gives rise to a system of discrete equations by expanding the solution U in a suitable
basis on each local interval Iij ,

Ui|Iij
=

qij
∑

m=0

ξijmφijm, (3)

where {ξijm}
qij

m=0 are the degrees of freedom for Ui on Iij and {φijm}
qij

m=0 is a
suitable basis for P qij (Iij). For any particular choice of quadrature, the resulting
system of discrete equations takes the form of an implicit Runge-Kutta method on
each local interval Iij . In the case of the mcG(q) method, the discrete equations
are given by

ξijm = ξij0 + kij

qij
∑

n=0

w[qij ]
mn fi(U(τ−1

ij (s[qij ]
n )), τ−1

ij (s[qij ]
n )), (4)

for m = 1, . . . , qij , where {w
[qij ]
mn }

qij

m=1,n=0 are weights, τij maps Iij to (0, 1]: τij(t) =

(t−ti,j−1)/(tij−ti,j−1), and {s
[qij ]
n }

qij

n=0 are quadrature points defined on [0, 1]. The
discrete equations for the mdG(q) method are similar in structure. See Section 3.5
below for a discussion of suitable quadrature rules and basis functions.
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2.2 Error estimates and adaptivity

In [35], a posteriori error estimates are proved for the multi-adaptive mcG(q) and
mdG(q) methods. For the mcG(q) method, the estimate takes the form

|M(e)| ≤ E ≡
N

∑

i=1

S
[qi]
i (T )max

[0,T ]
{Cik

qi

i |Ri|} , (5)

with a similar estimate for the mdG(q) method. Here, M : R
N → R denotes some

given functional of the global error e = U − u to be estimated, R = U̇ − f(U, ·)
denotes the residual of the computed solution, C denotes a set of interpolation
constants (which may be different for each local interval) and Si(T ) denotes a sta-

bility factor that measures the rate of propagation of errors for component Ui (the
influence of errors in component Ui on the size of the error in the given functional).
Comparing to standard Runge-Kutta methods for the solution of initial value prob-
lems, the stability factor is the missing link between the “local error” and the global
error. Note that alternatively, the stability information may be kept as a local time-
dependent stability weight for more fine-grained control of the contributions to the
global error. The stability factors are obtained from solving the dual problem of (1)
for the given functional M , see [6; 35].

The individual time steps may then be chosen so as to equidistribute the error
onto the different components,

Cijk
qij

ij max
Iij

|Ri| = TOL/(NSi), (6)

in an iterative fashion according to the following basic adaptive algorithm:

(i) Solve the primal problem with time steps based on (6);

(ii) Solve the dual problem and compute the stability factors;

(iii) Compute an error bound E based on (5);

(iv) If E ≤ TOL then stop; if not go back to (i).

3. ALGORITHMS

We present below a collection of the key algorithms for multi-adaptive time-
stepping. The algorithms are given in pseudo-code and where appropriate we give
remarks on how the algorithms have been implemented in C++ for DOLFIN. In
most cases, we present simplified versions of the algorithms with focus on the most
essential steps.

3.1 General algorithm

The general multi-adaptive time-stepping algorithm is Algorithm 1. Starting at
t = 0, the algorithm creates a sequence of time slabs until the given end time T is
reached. The end time T is given as an argument to CreateTimeSlab, which creates
a time slab covering an interval [Tn−1, Tn] such that Tn ≤ T . CreateTimeSlab
returns the end time Tn of the created time slab and the integration continues until
Tn = T . For each time slab, the system of discrete equations is solved iteratively,
using direct fixed-point iteration or a preconditioned Newton’s method, until the
discrete equations given by the mcG(q) or mdG(q) method have converged.
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Algorithm 1 U = Integrate(ODE)

t← 0
while t < T

{time slab, t} ← CreateTimeSlab({1, . . . , N}, t, T )
SolveTimeSlab(time slab)

end while

The basic forward integrator, Algorithm 1, can be used as the main component
of an adaptive algorithm with automated error control of the computed solution
as outlined in Section 2. In each iteration, the primal problem (1) is solved using
Algorithm 1. An ODE of the form (1) representing the dual problem is then created
and solved using Algorithm 1. It is important to note that both the primal and the
dual problems are solved using the same algorithm, but with different time steps
and, possibly, different tolerances, methods, and orders. When the solution of the
dual problem has been computed, the stability factors {Si(T )}Ni=1 and the error
estimate can be computed.

3.2 Recursive construction of time slabs

In each step of Algorithm 1, a new time slab is created between two synchronized
time levels Tn−1 and Tn. The time slab is organized recursively as follows. The
root time slab covering the interval [Tn−1, Tn] contains a non-empty list of elements,
which we refer to as an element group, and a possibly empty list of time slabs, which
in turn may contain nested groups of elements and time slabs. Each such element
group together with the corresponding nested set of element groups is referred to
as a sub slab. This is illustrated in Figure 2.

To create a time slab, we first compute the desired time steps for all components
as given by the a posteriori error estimate (5). We discuss in detail the time step
selection below in Section 3.3. A threshold θK is then computed based on the
maximum time step K and a fixed parameter θ ∈ (0, 1) controlling the density of
the time slab. The components are partitioned into two sets based on the threshold,
see Figure 3. For each component in the group with large time steps, an element is
created and added to the element group of the time slab. The remaining components
with small time steps are processed by a recursive application of this algorithm for
the construction of time slabs.

We organize the recursive construction of time slabs as described by Algorithms
2, 3, 5, and 4. The recursive construction simplifies the implementation; each
recursively nested sub slab can be considered as a sub system of the ODE. Note
that the group of recursively nested sub slabs for components in group I1 is created
before the element group containing elements for components in group I0. The tree
of time slabs is thus created recursively breadth-first, which means in particular
that the element for the component with the largest time step is created first.

Algorithm 3 for the partition of components can be implemented efficiently using
the function std::partition(), which is part of the Standard C++ Library.

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



Algorithms and Data Structures for Multi-Adaptive Time-Stepping · 7

Algorithm 2 {time slab, Tn} = CreateTimeSlab(components, Tn−1, T )

{I0, I1, K} ← Partition(components)
if Tn−1 + K < T

Tn ← Tn−1 + K
else

Tn ← T
end if

element group ← CreateElements(I1, Tn−1, Tn)
time slabs ← CreateTimeSlabs(I0, Tn−1, Tn)
time slab ← {element group, time slabs}

Algorithm 3 {I0, I1, K} = Partition(components)

I0 ← ∅
I1 ← ∅
K ← maximum time step within components
for each component

k ← time step of component
if k < θK

I0 ← I0 ∪ {component}
else

I1 ← I1 ∪ {component}
endif

end for

K ← minimum time step within I1

K ← K

Algorithm 4 elements = CreateElements(components, Tn−1, Tn)

elements ← ∅
for each component

create element for component on [Tn−1, Tn]
elements ← elements ∪ element

end for

Algorithm 5 time slabs = CreateTimeSlabs(components, Tn−1, Tn)

time slabs ← ∅
t← Tn−1

while t < T
{time slab, t} ← CreateTimeSlab(components, t, Tn)
time slabs ← time slabs ∪ time slab

end while
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Tn−1 Tn

Fig. 2. The recursive organization of the time slab. Each time slab contains an element group and

a list of recursively nested time slabs. The root time slab in the figure contains one element group

of three elements and three sub slabs. The first of these sub slabs contains an element group of

two elements and two nested sub slabs, and so on. The root time slab recursively contains a total

of nine element groups and 35 elements.

3.3 Multi-adaptive time step selection

The individual and adaptive time steps kij are determined during the recursive
construction of time slabs based on an a posteriori error estimate as discussed in
Section 2. Thus, according to (6), each local time step kij should be chosen to
satisfy

kij =

(

TOL

CijNSi maxIij
|Ri|

)1/qij

. (7)

where TOL is a given tolerance.
However, the time steps can not be based directly on (7), since that leads to

unwanted oscillations in the size of the time steps. If ri,j−1 = maxIi,j−1
|Ri| is small,

then kij will be large, and as a result rij will also be large. Consequently, ki,j+1 and
ri,j+1 will be small, and so on. To avoid these oscillations, we adjust the time step
kij according to Algorithm 6, which determines the new time step as a weighted
harmonic mean value of the previous time step and the time step given by (7).
Alternatively, DOLFIN provides time step control based on the (PID) controllers
presented in [22; 42], including H0211 and H211PI. However, the simple controller
of Algorithm 6 performs well compared to the more sophisticated controllers in [22;
42]. A suitable value for the weight w in Algorithm 6 is w = 5.

The initial time steps k11 = k21 = · · · = kN1 = K1 are chosen equal for all
components and are determined iteratively for the first time slab. The size K1
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θK K K

Fig. 3. The partition of components into groups of small and large time steps for θ = 1/2.

Algorithm 6 k = Controller(knew, kold, kmax)

k ← (1 + w)koldknew/(kold + wknew)
k ← min(k, kmax)

of the first time slab is first initialized to some default value, possibly based on
the length T of the time interval, and then adjusted until the local residuals are
sufficiently small for all components.

3.4 Interpolation of the solution

To update the degrees of freedom on an element according to (4), the appropriate
component fi of the right-hand side of (1) needs to be evaluated at the set of
quadrature points. In order for fi to be evaluated, each component Ui′ of the
computed solution U on which fi depends has to be evaluated at the quadrature
points. We let Si ⊆ {1, . . . , N} denote the sparsity pattern of component Ui, that
is, the set of components on which fi depends,

Si = {i′ ∈ {1, . . . , N} : ∂fi/∂ui′ 6= 0}. (8)

Thus, to evaluate fi at a given quadrature point t, only the components {Ui′}i′∈Si

need to be evaluated at t, as in Algorithm 7. This is of particular importance for
problems of sparse structure and enables efficient multi-adaptive time integration
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of time-dependent PDEs, as demonstrated below in Section 5. The sparsity pattern
Si is automatically detected by the solver. Alternatively, the sparsity pattern can
be specified by a (sparse) matrix.

Algorithm 7 y = EvaluateRightHandSide(i, t)

for i′ ∈ Si

x(i′)← Ui′(t)
end for

y ← fi(x, t)

3.5 Implementation of general elements

The system of discrete equations given by the variational problem (2) for the degrees
freedom {ξijm} on each element Iij takes the form

ξijm = ξij0 +

∫

Iij

w[qij ]
m (τij(t))fi(U(t), t) dt, m = 1, . . . , qij , (9)

for the mcG(q) method, where τij(t) = (t − ti,j−1)/(tij − ti,j−1) and where

{w
[qij ]
m }

qij

m=1 ⊂ P [qij−1]([0, 1]) are polynomial weight functions. For the mdG(q)
method, the system of equations on each element has a similar form, with m =
0, . . . , qij . As pointed out above in Section 2, the discrete equations take the form
(4) for any particular choice of quadrature used to evaluate the integral in (9).

Thus, the weight functions {w
[qij ]
m }

qij

m=1 need to be evaluated at a set of quadrature
points {sn} ⊂ [0, 1]. In DOLFIN, these values are computed and tabulated each
time a new type of element is created. If the same method is used for all components
throughout the computation, then this computation is carried out only once.

For the mcG(q) method, Lobatto quadrature with n = q + 1 quadrature points
is used. The n ≥ 2 Lobatto quadrature points are defined on [−1, 1] as the two
end-points together with the roots of the derivative P ′

n−1 of the (n−1)th-order Leg-
endre polynomial. The quadrature points are computed in DOLFIN using Newton’s
method to find the roots of P ′

n−1 on [−1, 1], and are then rescaled to the interval
[0, 1].

Similarly, Radau quadrature with n = q + 1 quadrature points is used for the
mdG(q) method. The n ≥ 1 Radau points are defined on [−1, 1] as the roots of
Qn = Pn−1 + Pn, where Pn−1 and Pn are Legendre polynomials. Note that the
left end-point is always a quadrature point. As for the mcG(q) method, Newton’s
method is used to find the roots of Qn on [−1, 1]. The quadrature points are then
rescaled to [0, 1], with time reversed to include the right end-point.

Since Lobatto quadrature with n quadrature points is exact for polynomials of
degree p ≤ 2n − 3 and Radau quadrature with n quadrature points is exact for
polynomials of degree p ≤ 2n− 2, both quadrature rules are exact for polynomials
of degree n − 1 for n ≥ 2 and n ≥ 1, respectively. With both quadrature rules,
the integral of the Legendre polynomial Pp on [−1, 1] should thus be zero for p =
0, . . . , n− 1. This defines a linear system, which is solved to obtain the quadrature
weights.
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After the quadrature points {sn}
qij

n=0 have been determined, the polynomial

weight functions {w
[qij ]
m }

qij

m=1 are computed as described in [35] (again by solving
a linear system) and then evaluated at the quadrature points. Multiplying these
values with the quadrature weights, we rewrite (9) in the form (4).

4. DATA STRUCTURES

The solution on a standard mono-adaptive time slab, that is, a time slab constructed
with equal time steps for all components, is typically stored as an array of values
at the right end-point of the time slab, or as a list of arrays (possibly stored as
one contiguous array) for a higher order method with several stages. A different
data structure is needed to store the multi-adaptive solution on a time slab, such
as the one in Figure 1. Such a data structure should ideally store the solution
with minimal overhead compared to the cost of storing only the array of degrees
of freedom for the solution on the time slab. In addition, it should also allow for
efficient interpolation of the solution, that is, accessing the values of the solution
for all components at any given time within the time slab. We present below a data
structure that allows efficient storage of the entire solution on a time slab with little
overhead, and at the same time allows efficient interpolation with O(1) access to
any given value during the iterative solution of the system of discrete equations.

4.1 Representing the solution

The multi-adaptive solution on a time-slab can be efficiently represented using a
data structures consisting of eight arrays as shown in Table I. For simplicity, we
assume that all elements in a time slab are constructed for the same choice of
method, mcG(q) or mdG(q), for a given fixed q.

The recursive construction of time slabs as discussed in Section 3.2 generates a
sequence of sub slabs, each containing a list of elements (an element group). For
each sub slab, we store the value of the time t at the left end-point and at the right
end-point in the two arrays sa and sb. Thus, for sub slab number s covering the
interval (as, bs), we have

as = sa[s],

bs = sb[s].
(10)

Furthermore, for all elements in the (root) time slab, we store the degrees of freedom
in the order they are created in the array jx. Thus, if each element has q degrees
of freedom, as in the case of the multi-adaptive mcG(q) method, then the length
of the array jx is q times the number of elements. In particular, if all components
use the same time steps, then the length of the array jx is qN .

4.2 Interpolating the solution

For each element, we store the corresponding component index i in the array ei in
order to be able to evaluate the correct component fi of the right-hand side f of (1)
when iterating over all elements in the time slab to update the degrees of freedom.
When updating the values on an element according to (4), it is also necessary to
know the left and right end-points of the elements. Thus, we store an array es that
maps the number of a given element to the number of the corresponding sub slab
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containing the element. As a consequence, the left end-point ae and right end-point
be for a given element e are given by

ae = sa[es[e]],

be = sb[es[e]].
(11)

Array Type Description

sa double left end-points for sub slabs

sb double right end-points for sub slabs

jx double values for degrees of freedom

ei int component indices for elements

es int time slabs containing elements

ee int previous elements for elements

ed int first dependencies for elements
de int elements for dependencies

Table I. Data structures for efficient representation of a multi-adaptive time slab.

Updating the values on an element according to (4) also requires knowledge of
the value at the left end-point, which is given as the end-time value on the previous
element in the time slab for the same component (or the end-time value from the
previous time slab). This information is available in the array ee, which stores for
each element the number of the previous element (or −1 if there is no previous
element).

The discrete system of equations on each time slab is solved by iterating over
the elements in the time slab and updating the values on each element, either in
a direct fixed-point iteration or a Newton’s method. We must then for any given
element e corresponding to some component i = ei[e] evaluate the right-hand
side fi at each quadrature point t within the element. This requires the values
of the solution U(t) at t for all components contained in the sparsity pattern Si

for component i according to Algorithm 7. As a consequence of Algorithm 2 for
the recursive construction of time slabs, elements for components that use large
time steps are constructed before elements for components that use small time
steps. Since all elements of the time slab are traversed in the same order during
the iterative solution of the system of discrete equations, elements corresponding to
large time steps have recently been visited and cover any element that corresponds
to a smaller time step. The last visited element for each component is stored in
an auxiliary array elast of size N . Thus, if i′ ∈ Si and component i′ has recently
been visited, then it is straight-forward to find the latest element for component i′

that covers the current element for component i and interpolate Ui′ at time t. It is
also straight-forward to interpolate the values for any components that are present
in the same element group as the current element.

However, when updating the values on an element e corresponding to some com-
ponent i = ei[e] depending on some other component i′ ∈ Si which uses smaller
time steps, one must find for each quadrature point t on the element e the element
e′ for component i′ containing t, which is non-trivial. The element e′ can be found
by searching through all elements for component i′ in the time slab, but this quickly

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



Algorithms and Data Structures for Multi-Adaptive Time-Stepping · 13

becomes inefficient. Instead, we store for each element e a list of dependencies to
elements with smaller time steps in the two arrays ed and de. These two arrays
store a sparse integer matrix of dependencies to elements with smaller time steps
for all elements in the time slab. Thus, for any given element e, the list of elements
with smaller time steps that need to be interpolated are given by

{de[ed[e]], de[ed[e] + 1], . . . , de[ed[e + 1]]}. (12)

5. NUMERICAL EXAMPLES AND BENCHMARK RESULTS

In this section, we present a number of examples to illustrate various aspects of
multi-adaptive time-stepping. All three examples are time-dependent PDEs that
we discretize in space using the cG(1) finite element method to obtain a system of
ODEs, sometimes referred to as the method of lines approach. In each case, we
lump and invert the mass matrix so as to obtain a system of the form (1).

The first of the three examples demonstrates qualitatively the basic principles of
multi-adaptive time-stepping, with small time steps only in regions where the local
residual is large.

The second and third examples demonstrate quantitatively the benefits of multi-
adaptive time-stepping compared to standard methods. In the first of these two
benchmark problems, the individual time steps are chosen automatically based on
an a posteriori error estimate and in the second, the time steps are fixed in time
and vary in space according to the CFL condition so that k ∼ h locally.

5.1 The bistable equation

As a first example, we solve the bistable equation on the unit cube,

u̇− ǫ∆u = u(1− u2) in Ω× (0, T ],

∂nu = 0 on ∂Ω× (0, T ],

u(·, 0) = u0 in Ω,

(13)

with Ω = (0, 1) × (0, 1) × (0, 1), ǫ = 0.0001, final time T = 100, and with random
initial data u0 = u0(x) distributed uniformly on [−1, 1].

The bistable equation has been studied extensively before [17; 14] and has inter-
esting stability properties. In particular, it has two stable steady-state solutions,
u = 1 and u = −1, and one unstable steady-state solution, u = 0. From (13),
it is clear that the solution increases in regions where it is positive and decreases
in regions where it is negative. Because of the diffusion, neighboring regions will
compete until finally the solution has reached one of the two stable steady states.
Since this action is local on the interface between positive and negative regions, the
bistable equation is an ideal example for multi-adaptive time-stepping.

The solution was computed on a uniformly refined tetrahedral mesh with mesh
size h = 1/64. This mesh consists of 1, 572, 864 tetrahedrons and has N = 274, 625
vertices. In Figure 4, we plot the initial value used for the computation together
with the solution at final time t = 100. We also plot the solution and the multi-
adaptive time steps at time t = 10 in Figure 5, and note that the time steps are
small in regions where there is strong competition between the two stable steady-
state solutions, in particular in regions with where the curvature of the interface is
small.
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Fig. 4. Initial data (left) and final solution at time t = 100 (right) for the bistable equation (13).

5.2 A nonlinear reaction-diffusion equation

As a second example, we solve the following nonlinear reaction-diffusion equation,
taken from [41]:

u̇− ǫu′′ = γu2(1− u) in Ω× (0, T ],

∂nu = 0 on ∂Ω× (0, T ],

u(·, 0) = u0 in Ω,

(14)

with Ω = (0, L), ǫ = 0.01, γ = 1000 and final time T = 1.
The equation is discretized in space with the standard cG(1) method using a

uniform mesh with 1000 mesh points. The initial data is chosen according to

u0(x) =
1

1 + exp(λ(x− 1))
. (15)

The resulting solution is a reaction front, sweeping across the domain from left to
right, as demonstrated in Figure 6. The multi-adaptive time steps are automatically
selected to be small in and around the reaction front and sweep the domain at the
same velocity as the reaction front, as demonstrated in Figure 7.

To study the performance of the multi-adaptive solver, we compute the solution
for a range of tolerances with L = 1 and compare the resulting error and CPU
time with a standard mono-adaptive solver that uses equal (adaptive) time steps
for all components. To make the comparison fair, we compare the multi-adaptive
mcG(q) method with the mono-adaptive cG(q) method for q = 1. Both methods
are implemented for general order q in the same programming language (C++)
within a common framework (DOLFIN), but the mono-adaptive method takes full
advantage of the fact that the time steps equal for all components. In particular,
the mono-adaptive solver may use much simpler data structures (a plain C array)
to store the solution on each time slab and there is no overhead for interpolation of
the solution. This is a more difficult benchmark than only comparing the number
degrees of freedom (local steps) as in [41] or comparing the CPU time against
the same multi-adaptive solver when it is forced to use identical time steps for all
components as in [35], since it also takes into account the overhead of the more
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Fig. 5. Solution (above) and multi-adaptive time steps (below) at time t = 10 for the bistable

equation (13).
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Fig. 6. Propagation of the solution of the reaction–diffusion problem (14).

complicated algorithms and data structures necessary for the implementation of
multi-adaptive time-stepping.

Note that we don’t solve the dual problem to compute stability factor (or stability
weights) which is necessary to obtain a reliable error estimate. Thus, the tolerance
controls only the size of the error modulo the stability factor, which is unknown.

In addition, we also compare the two methods for varying size L of the domain Ω,
keeping the same initial conditions but scaling the number of mesh points according
to the length of the domain, N = 1000L/5. As the size of the domain increases,
we expect the relative efficiency of the multi-adaptive method to increase, since
the number of inactive components increases relative to the number of components
located within the reaction front.

In Figure 8, we plot the CPU time as function of the tolerance and number of
components (size of domain) for the mcG(1) and cG(1) methods. We also summa-
rize the results in Table II and Table III. As expected, the speedup expressed as the
multi-adaptive efficiency index µ, that is, the ideal speedup if the cost per degree
of freedom were the same for the multi- and mono-adaptive methods, is large in
all test cases, around a factor 100. The speedup in terms of the total number of
time slabs is also large. Note that in Table II, the total number of time slabs M
remains practically constant as the tolerance and the error are decreased. The de-
creased tolerance instead results in finer local resolution of the reaction front, which
is evident from the increasing multi-adaptive efficiency index. At the same time,
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Fig. 7. The multi-adaptive time steps as function of space at a sequence of time intervals for the

test problem (14).

the mono-adaptive method needs to decrease the time step for all components and
so the relative efficiency of the multi-adaptive method increases as the tolerance
decreases. See also Figure 9 for a comparison of the multi-adaptive time steps at
two different tolerances.

The situation is slightly different in Table III, where the tolerance is kept constant
but the size of the domain and number of components vary. Here, the number of
time slabs remains practically constant for both methods, but the multi-adaptive
efficiency index increases as the size of the domain increases, since the reaction
front then becomes more and more localized relative to the size of the domain. As
a result, the efficiency index of the multi-adaptive method increases as the size of
the domain is increased.

In all test cases, the multi-adaptive method is more efficient than the standard
mono-adaptive method also when the CPU time (wall-clock time) is chosen as a
metric for the comparison. In the first set of test cases with varying tolerance, the
actual speedup is about a factor 2.0 whereas in the second test case with varying
size of the domain, the speedup increases from about a factor 2.0 to a factor 5.7 for
the range of test cases. These are significant speedups, although far from the ideal
speedup which is given by the multi-adaptive efficiency index.

There are mainly two reasons that make it difficult to attain full speedup. The
first reason is that as the size of the time slab increases, the number of iterations n
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needed to solve the system of discrete equations increases. In Table III, the number
of iterations, including local iterations on individual elements as part of a global
iteration on the time slab, is about a factor 1.5 larger for the multi-adaptive method.
However, the main overhead lies in the more straightforward implementation of the
mono-adaptive method compared to the more complicated data structures needed
to store and interpolate the multi-adaptive solution. For constant time step and
equal time step for all components, this overhead is roughly a factor 5 for the
test problem, but the overhead increases to about a factor 100 when the time slab
is locally refined. It thus remains important to further reduce the overhead of the
implementation in order to increase the range of problems where the multi-adaptive
methods give a positive speedup.
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Fig. 8. CPU time as function of the local tolerance tol ∼ TOL (left) and number of components N

(right) for mcG(1) (dashed line) and cG(1) (solid line).

tol ‖e(T )‖∞ time M n µ

1.0 · 10−6 1.8 · 10−5 14.2 s 1922 (5) 3.990 (1.498) 95.3

5.0 · 10−7 1.1 · 10−5 23.3 s 1912 (9) 4.822 (1.544) 138.2

1.0 · 10−7 1.9 · 10−6 48.1 s 1929 (7) 4.905 (1.594) 142.6

5.0 · 10−8 9.0 · 10−7 49.8 s 1917 (7) 4.131 (1.680) 172.4

tol ‖e(T )‖∞ time M n µ

1 · 10−6 2.3 · 10−5 28.1 s 117089 (1) 4.0 1.0

5 · 10−7 1.2 · 10−5 39.5 s 165586 (1) 4.0 1.0

1 · 10−7 2.3 · 10−6 71.9 s 370254 (1) 3.0 1.0

5 · 10−8 1.2 · 10−6 101.7 s 523615 (1) 3.0 1.0

Table II. Benchmark results for mcG(1) (above) and cG(1) below for varying tolerance and fixed

number of components N = 1000.
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Fig. 9. Multi-adaptive time steps at t = 0.5 for two different tolerances.

N ‖e(T )‖∞ time M n µ

1000 1.8 · 10−5 13.6 s 1922 (5) 4.0 (1.5) 95.3

2000 1.7 · 10−5 17.3 s 1923 (5) 4.0 (1.2) 140.5

4000 1.6 · 10−5 24.0 s 1920 (6) 4.0 (1.0) 185.0

8000 1.7 · 10−5 33.7 s 1918 (5) 4.0 (1.0) 218.8

16000 1.7 · 10−5 57.9 s 1919 (5) 4.0 (1.0) 234.0

N ‖e(T )‖∞ time M n µ

1000 2.3 · 10−5 28.1 s 117089 (1) 4.0 1.0

2000 2.2 · 10−5 64.8 s 117091 (1) 4.0 1.0

4000 2.2 · 10−5 101.3 s 117090 (1) 4.0 1.0

8000 2.2 · 10−5 175.1 s 117089 (1) 4.0 1.0

16000 2.2 · 10−5 327.7 s 117089 (1) 4.0 1.0

Table III. Benchmark results for mcG(1) (above) and cG(1) below for fixed tolerance tol = 1.0 ·

10−6 and varying number of components (and size of domain).
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5.3 The wave equation

As a final example, we consider the wave equation,

ü−∆u = 0 in Ω× (0, T ],

∂nu = 0 on ∂Ω× (0, T ],

u(·, 0) = u0 in Ω,

(16)

on a two-dimensional domain Ω consisting of two square sub domains of length 0.5
separated by a thin wall with a narrow slit of size 0.0001×0.0001 at its center. The
initial condition is chosen as a plane wave traversing the domain from right to left.
In Figure 10, we plot the initial data together with the (fixed) multi-adaptive time
steps. The resulting solution is shown in Figure 11 at a sequence of time intervals.

The geometry of the domain Ω forces the discretization to be very fine close to
the narrow slit. As a result, the CFL condition puts a limit on the size of the time
step, roughly given by

k ≤ hmin = min
x∈Ω

h(x), (17)

where h = h(x) is the local mesh size. With a larger time step, an explicit method
will be unstable or, correspondingly, direct fixed-point iteration on the systems of
discrete equations on each time slab will not converge without suitable stabilization.

On the other hand, with a multi-adaptive method, the time step may be chosen
to satisfy the CFL condition only locally, that is,

k(x) ≤ h(x), x ∈ Ω, (18)

and as a result, the number of local steps may decrease significantly (depending on
the properties of the mesh) and as a result the total work may decrease (depending
on the size of the overhead for the multi-adaptive method). The speedup for the
multi-adaptive mcG(1) method was a factor 4.2.
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Fig. 10. Initial data (left) and multi-adaptive time steps (right) for the solution of the wave

equation.
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Fig. 11. The solution of the wave equation at times t = 0.25, t = 0.4, t = 0.45 and t = 0.6.
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SIMULATION OF MECHANICAL SYSTEMS WITH

INDIVIDUAL TIME STEPS

JOHAN JANSSON AND ANDERS LOGG

Abstract. The simulation of a mechanical system involves the formulation of a differ-
ential equation (modeling) and the solution of the differential equation (computing). The
solution method needs to be efficient as well as accurate and reliable. This paper discusses
multi-adaptive Galerkin methods in the context of mechanical systems. The primary type
of mechanical system studied is an extended mass–spring model. A multi-adaptive method
integrates the mechanical system using individual time steps for the different components
of the system, adapting the time steps to the different time scales of the system, poten-
tially allowing enormous improvement in efficiency compared to traditional mono-adaptive
methods.

1. Introduction

Simulation of mechanical systems is an important component of many technologies of
modern society. It appears in industrial design, for the prediction and verification of
mechanical products. It appears in virtual reality, both for entertainment in the form of
computer games and movies, and in the simulation of realistic environments such as surgical
training on virtual and infinitely resurrectable patients. Common to all these applications
is that the computation time is critical. Often, an application is real-time, which means
that the time inside the simulation must reasonably match the time in the real world.

Simulating a mechanical system involves both modeling (formulating an equation de-
scribing the system) and computation (solving the equation). The model of a mechanical
system often takes the form of an initial value problem for a system of ordinary differential
equations of the form

u̇(t) = f(u(t), t), t ∈ (0, T ],

u(0) = u0,
(1.1)

where u : [0, T ]→ R
N is the solution to be computed, u0 ∈ R

N a given initial value, T > 0
a given final time, and f : R

N × (0, T ]→ R
N a given function that is Lipschitz-continuous

in u and bounded.
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The simulation of a mechanical system thus involves the formulation of a model of the
form (1.1) and the solution of (1.1) using a time-stepping method. We present below
multi-adaptive Galerkin methods for the solution of (1.1) with individual time steps for
the different parts of the mechanical system.

1.1. Mass–spring systems. A mass–spring system consists of a set of point masses con-
nected by springs, typically governed by Hooke’s law with other laws optionally present,
such as viscous damping and external forces. Mass–spring systems appear to encompass
most of the behaviors of elementary mechanical systems and thus represent a simple, intu-
itive, and powerful model for the simulation of mechanical systems. This is the approach
taken in this paper.

However, to obtain a physically accurate model of a mechanical system, we believe it
is necessary to solve a system of partial differential equations properly describing the me-
chanical system, in the simplest case given by the equations of linear elasticity. Discretizing
the system of PDEs in space, for example using the Galerkin finite element method, an
initial value problem for a system of ODEs of the form (1.1) is obtained. The resulting
system can be interpreted as a mass–spring system and thus the finite element method in
combination with a PDE model represents a systematic methodology for the generation of
a mass–spring model of a given mechanical system.

1.2. Time-stepping methods. Numerical methods for the (approximate) solution of
(1.1) are almost exclusively based on time-stepping, i.e., the step-wise integration of (1.1)
to obtain an approximation U of the solution u satisfying

(1.2) u(tj) = u(tj−1) +

∫ tj

tj−1

f(u(t), t) dt, j = 1, . . . , M,

for a partition 0 = t0 < t1 < · · · < tM = T of [0, T ]. The approximate solution U ≈ u is

obtained by an appropriate approximation of the integral
∫ tj

tj−1

f(u(t), t) dt.

Selecting the appropriate size of the time steps {kj = tj−tj−1}
M
j=1 is essential for efficiency

and accuracy. We want to compute the solution U using as little work as possible, which
means using a small number of large time steps. At the same time, we want to compute
an accurate solution U which is close to the exact solution u, which means using a large
number of small time steps. Often, the accuracy requirement is given in the form of a
tolerance TOL for the size of the error e = U − u in a suitable norm. The competing
goals of efficiency and accuracy can be met using an adaptive algorithm, determining a
sequence of time steps {kj}

M
j=1 which produces an approximate solution U satisfying the

given tolerance with minimal work.
Galerkin finite element methods present a general framework for the numerical solution

of (1.1), including adaptive algorithms for the automatic construction of an optimal time
step sequence, see [7, 8]. The Galerkin finite element method for (1.1) reads: Find U ∈ V ,
such that

(1.3)

∫ T

0

(U̇ , v) dt =

∫ T

0

(f, v) dt ∀v ∈ V̂ ,
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where (·, ·) denotes the R
N inner product and (V, V̂ ) denotes a suitable pair of finite

dimensional subspaces (the trial and test spaces).
Typical choices of approximating spaces include

V = {v ∈ [C([0, T ])]N : v|Ij
∈ [Pq(Ij)]

N , j = 1, . . . , M},

V̂ = {v : v|Ij
∈ [Pq−1(Ij)]

N , j = 1, . . . , M},
(1.4)

i.e., V represents the space of continuous and piecewise polynomial vector-valued functions
of degree q ≥ 1 and V̂ represents the space of discontinuous piecewise polynomial vector-
valued functions of degree q − 1 on a partition of [0, T ]. We refer to this as the cG(q)

method. With both V and V̂ representing discontinuous piecewise polynomials of degree
q ≥ 0, we obtain the dG(q) method. Early work on the cG(q) and dG(q) methods include
[6, 19, 10, 9].

By choosing a constant test function v in (1.3), it follows that both the cG(q) and dG(q)
solutions satisfy the relation

(1.5) U(tj) = U(tj−1) +

∫ tj

tj−1

f(U(t), t) dt, j = 1, . . . , M,

corresponding to (1.2).

In the simplest case of the dG(0) method, we note that
∫ tj

tj−1

f(U(t), t) dt ≈ kjf(U(tj), tj),

since U piecewise constant, with equality if f does not depend explicitly on t. We thus
obtain the method

(1.6) U(tj) = U(tj−1) + kjf(U(tj), tj), j = 1, . . . , M,

which we recognize as the backward (or implicit) Euler method. In general, a cG(q) or
dG(q) method corresponds to an implicit Runge–Kutta method, with details depending
on the choice of quadrature for the approximation of the integral of f(U, ·).

1.3. Multi-adaptive time-stepping. Standard methods for the discretization of (1.1),
including the cG(q) and dG(q) methods, require that the same time steps {kj}

M
j=1 are used

for all components Ui = Ui(t) of the approximate solution U of (1.1). This can be very
costly if the system exhibits multiple time scales of different magnitudes. If the different
time scales are localized to different components, efficient representation and computation
of the solution thus requires that this difference in time scales is reflected in the choice of
approximating spaces (V, V̂ ). We refer to the resulting methods, recently introduced in a
series of papers [20, 21, 22, 23, 16], as multi-adaptive Galerkin methods.

Surprisingly, individual time-stepping (multi-adaptivity) has previously received little
attention in the large literature on numerical methods for ODEs, see e.g. [3, 12, 13, 2, 27, 1],
but has been used to some extent for specific applications, including specialized integrators
for the n-body problem [24, 4, 26], and low-order methods for conservation laws [25, 18, 5].
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1.4. Obtaining the software. The examples presented below have been obtained using
DOLFIN version 0.4.11 [14]. DOLFIN is licensed under the GNU General Public License
[11], which means that anyone is free to use or modify the software, provided these rights
are preserved. The source code of DOLFIN, including numerous example programs, is
available at the DOLFIN web page, http://www.phi.chalmers.se/dolfin/, and each
new release is announced on freshmeat.net. Alternatively, the source code can be obtained
through anonymous CVS as explained on the web page. Comments and contributions are
welcome.

The mechanical systems presented in the examples have been implemented using Ko,
which is a software system for the simulation of mass–spring models, based on DOLFINs
multi-adaptive ODE-solver. Ko will be released shortly under the GNU General Public
License and will be available at http://www.phi.chalmers.se/ko/.

1.5. Outline of the paper. We first describe the basic mass–spring model in Section
2 and then give a short introduction to multi-adaptive Galerkin methods in Section 3.
In Section 4, we discuss the interface of the multi-adaptive solver and its application to
mass–spring models. In Section 5, we investigate and analyze the performance of the multi-
adaptive methods for a set of model problems. Finally, we present in Section 6 results for
a number of large mechanical systems to demonstrate the potential and applicability of
the proposed methods.

2. Mass–spring model

We have earlier in [17] described an extended mass–spring model for the simulation of
systems of deformable bodies.

The mass–spring model represents bodies as systems of discrete mass elements, with
the forces between the mass elements transmitted using explicit spring connections. (Note
that “spring” is a historical term, and is not limited to pure Hookean interactions.) Given
the forces acting on an element, we can determine its motion from Newton’s second law,

(2.1) F = ma,

where F denotes the force acting on the element, m is the mass of the element, and a = ẍ
is the acceleration of the element with x = (x1, x2, x3) the position of the element. The
motion of the entire body is then implicitly described by the motion of its individual mass
elements.

The force given by a standard spring is assumed to be proportional to the elongation of
the spring from its rest length. We extend the standard model with contact, collision and
fracture, by adding a radius of interaction to each mass element, and dynamically creating
and destroying spring connections based on contact and fracture conditions.

In Table 1 and Figure 1, we give the basic properties of the mass–spring model consisting
of mass elements and spring connections. With these definitions, a mass–spring model may
thus be given by just listing the mass elements and spring connections of the model.
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A mass element e is a set of parameters {x, v, m, r, C}:
x : position
v : velocity
m : mass
r : radius
C : a set of spring connections

A spring connection c is a set of parameters {e1, e2, κ, b, l0, lf}:
e1 : the first mass element connected to the spring
e2 : the second mass element connected to the spring
κ : Hooke spring constant
b : damping constant
l0 : rest length
lf : fracture length

Table 1. Descriptions of the basic elements of the mass–spring model: mass
elements and spring connections.

Actual length of c

Rest length of c

Fracture length of c

Radius of e2

Radius of e1

v1

c e2

v2

F Fe1

Figure 1. Schema of two mass elements e1 and e2, a spring connection c,
and important quantities.

3. Multi-adaptive Galerkin methods

The multi-adaptive methods mcG(q) and mdG(q) used for the simulation are obtained
as extensions of the standard cG(q) and dG(q) methods by enriching the trial and test
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spaces (V, V̂ ) of (1.3) to allow each component Ui of the approximate solution U to be
piecewise polynomial on an individual partition of [0, T ].

3.1. Definition of the methods. To give the definition of the multi-adaptive Galerkin
methods, we introduce the following notation: Subinterval j for component i is denoted
by Iij = (ti,j−1, tij], and the length of the subinterval is given by the local time step

kij = tij − ti,j−1 for j = 1, . . . , Mi. This is illustrated in Figure 2. We also assume
that the interval [0, T ] is partitioned into blocks between certain synchronized time levels
0 = T0 < T1 < · · · < TM = T . We refer to the set of intervals Tn between two synchronized
time levels Tn−1 and Tn as a time slab.

With this notation, we can write the mcG(q) method for (1.1) in the following form:
Find U ∈ V , such that

(3.1)

∫ T

0

(U̇ , v) dt =

∫ T

0

(f, v) dt ∀v ∈ V̂ ,

where the trial space V and test space V̂ are given by

V = {v ∈ [C([0, T ])]N : vi|Iij
∈ Pqij(Iij), j = 1, . . . , Mi, i = 1, . . . , N},

V̂ = {v : vi|Iij
∈ Pqij−1(Iij), j = 1, . . . , Mi, i = 1, . . . , N}.

(3.2)

The mcG(q) method is thus obtained as a simple extension of the standard cG(q) method by
allowing each component to be piecewise polynomial on an individual partition of [0, T ].
Similarly, we obtain the mdG(q) method as a simple extension of the standard dG(q)
method. For a detailed description of the multi-adaptive Galerkin methods, we refer the
reader to [20, 21, 22, 23, 16]. In particular, we refer to [20] or [22] for the full definition of
the methods.

3.2. Adaptivity. The individual time steps {kij}
Mi,N
j=1,i=1 are chosen adaptively based on

an a posteriori error estimate for the global error e = U−u at final time t = T , as discussed
in [20, 21]. The a posteriori error estimate for the mcG(q) method takes the form

(3.3) ‖e(T )‖l2 ≤ Cq

N∑
i=1

S
[qi]
i (T ) max

[0,T ]
|kqi

i Ri(U, ·)|,

where Cq is an interpolation constant, S
[qi]
i (T ) are the individual stability factors, ki = ki(t)

are the individual time steps, and Ri(U, ·) = U̇i − fi(U, ·) are the individual residuals for

i = 1, . . . , N . The individual stability factors S
[qi]
i (T ), measuring the effect of local errors

introduced by a nonzero local residual on the global error, are obtained from the solution
φ of an associated dual problem, see [7] or [20].

Thus, to determine the individual time steps, we measure the individual residuals and
take each individual time step kij such that

(3.4) k
qij

ij max
Iij

|Ri(U, ·)| = TOL/(NCqS
[qi]
i (T )),
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0

i

kij

Kn

T

Iij

ti,j−1 tij

Tn−1 Tn

t

Figure 2. Individual partitions of the interval [0, T ] for different compo-
nents. Elements between common synchronized time levels are organized in
time slabs. In this example, we have N = 6 and M = 4.

where TOL is a tolerance for the error at final time. See [21] or [15] for a detailed discussion
of the algorithm for the automatic selection of the individual time steps.

3.3. Iterative methods. The system of discrete nonlinear equations defined by (3.1) is
solved by fixed point iteration on time slabs, as described in [16]. For a stiff problem,
the fixed point iteration is automatically stabilized by introducing a damping parameter
which is adaptively determined through feed-back from the computation. We refer to this
as adaptive fixed point iteration.

4. Multi-adaptive simulation of mass–spring systems

The simulation of a mechanical system involves the formulation of a differential equation
(modeling) and the solution of the differential equation (computing). Having defined these
two components in the form of the mass–spring model presented in Section 2 and the
multi-adaptive solver presented in Section 3, we comment briefly on the user interface of
the multi-adaptive solver.

The user interface of the multi-adaptive solver is specified in terms of an ODE base class
consisting of a right hand side f , a time interval [0, T ], and an initial value u0, as shown in
Table 2. To solve an ODE, the user implements a subclass which inherits from the ODE
base class.

The mass–spring model presented above has been implemented using Ko, a software
system for the simulation and visualization of mass–spring models. Ko automatically
generates a mass–spring model from a geometric representation of a given system, as
shown in Figure 3. The mass–spring model is then automatically translated into a system
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class ODE

{

ODE(int N);

virtual real u0(int i);

virtual real f(Vector u, real t, int i);

}

Table 2. Sketch of the C++ interface of the multi-adaptive ODE-solver.

of ODEs of the form (1.1). Ko specifies the ODE system as an ODE subclass and uses
DOLFIN to compute the solution.

Figure 3. A geometric representation of a cow is automatically translated
into a mass–spring model.
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Ko represents a mass–spring model internally as lists of mass elements and spring con-
nections. To evaluate the right-hand side f of the corresponding ODE system, a translation
or mapping is thus needed between a given mass element and a component number in the
system of ODEs. This mapping may take a number different forms; Ko uses the mapping
presented in Algorithm 1.

Algorithm 1 FromComponents(Vector u, Mass m)

i ← index(m)
N ← size(u)

m.x1 ← u(3(i− 1) + 1)
m.x2 ← u(3(i− 1) + 2)
m.x3 ← u(3(i− 1) + 3)

m.v1 ← u(N/2 + 3(i− 1) + 1)
m.v2 ← u(N/2 + 3(i− 1) + 2)
m.v3 ← u(N/2 + 3(i− 1) + 3)

5. Performance

We consider a simple model problem consisting of a long string of n point masses con-
nected with springs as shown in Figure 4. The first mass on the left is connected to a
fixed support through a hard spring with large spring constant κ � 1. All other springs
are connected together with soft springs with spring constant κ = 1. As a result, the first
mass oscillates at a high frequency, with the rest of the masses oscillating slowly. In Figure
5, we plot the coordinates for the first three masses on [0, 1].

Figure 4. The mechanical system used for the performance test. The sys-
tem consists of a string of masses, fixed at the left end. Each mass has been
slightly displaced to initialize the oscillations.

To compare the performance of the multi-adaptive solver (in the case of the mcG(1)
method) with a mono-adaptive method (the cG(1) method), we choose a fixed small time
step k for the first mass and a fixed large time step K > k for the rest of the masses in
the multi-adaptive simulation, and use the same small time step k for all masses in the
mono-adaptive simulation. We let M = K/k denote the number of small time steps per
each large time step.

We run the test for M = 100 and M = 200 with large spring constant κ = 10M for the
hard spring connecting the first mass to the fixed support. We use a large time step of size
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Figure 5. Coordinates for the first three masses of the simple model prob-
lem (left) and for the third mass (right).

K = 0.1 and, consequently, a small time step of size k = 0.1/M . The computation time
Tc is recorded as function of the number of masses n.

As shown in Figure 6, the computation time for the multi-adaptive solver grows slowly
with the number of masses n, practically remaining constant; small time steps are used only
for the first rapidly oscillating mass and so the work is dominated by frequently updating
the first mass, independent of the total number of masses. On the other hand, the work for
the mono-adaptive method grows linearly with the total number of masses, as expected.

0 100 200 300 400 600 700 800 900 1000
0

5

10

15

n

T
c

0 100 200 300 400 600 700 800 900 1000
0

5

10

15

20

25

30

n

T
c

Figure 6. Computation time Tc as function of the number of masses n
for the multi-adaptive solver (dashed) and a mono-adaptive method (solid),
with M = 100 (left) and M = 200 (right).

More specifically, the complexity of the mono-adaptive method may be expressed in
terms of M and n as follows:

(5.1) Tc(M, n) = C1 + C2Mn,
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while for the multi-adaptive solver, we obtain

(5.2) Tc(M, n) = C3M + C4n.

Our general conclusion is that the multi-adaptive solver is more efficient than a mono-
adaptive method for the simulation of a mechanical system if M is large, i.e., when small
time steps are needed for a part of the system, and if n is large, i.e, if large time steps may
be used for a large part of the system.

The same result is obtained if we add damping to the system in the form of a damping
constant of size b = 100 for the spring connections between the slowly oscillating masses,
resulting in gradual damping of the slow oscillations, while keeping the rapid oscillations
of the first mass largely unaffected. With b = 100, adaptive fixed point iteration is au-
tomatically activated for the solution of the discrete equations, as discussed in Section
3.3.

6. Large problems and applications

To demonstrate the potential and applicability of the proposed mass–spring model and
the multi-adaptive solver, we present results for a number of large mechanical systems.

6.1. Oscillating tail. For the first example, we take the mass–spring model of Figure 3
representing a heavy cow and add a light mass representing its tail, as shown in Figure 7.
The cow is given a constant initial velocity and the tail is given an initial push to make it
oscillate. A sequence of frames from an animation of the multi-adaptive solution is given
in Figure 8.

We compare the performance of the multi-adaptive solver (in the case of the mcG(1)
method) with a mono-adaptive method (the cG(1) method) using the same time steps for
all components. We also make a comparison with a simple non-adaptive implementation of
the cG(1) method, with minimal overhead, using constant time steps equal to the smallest
time step selected by the mono-adaptive method.

As expected, the multi-adaptive solver automatically selects small time steps for the
oscillating tail and large time steps for the rest of the system. In Figure 9, we plot the
time steps as function of time for relevant components of the system. We also plot the
corresponding solutions in Figure 11. In Figure 10, we plot the time steps used in the
mono-adaptive simulation.

The computation times are given in Table 3. The speed-up of the multi-adaptive method
compared to the mono-adaptive method is a factor 70. Compared to the simple non-
adaptive implementation of the cG(1) method, using a minimal amount of work, the speed-
up is a factor 3. This shows that the speed-up of a multi-adaptive method can be significant.
It also shows that the overhead is substantial for the current implementation of the multi-
adaptive solver, including the organization of the multi-adaptive time slabs, interpolation
of solution values within time slabs, and the evaluation of residuals for multi-adaptive
time-stepping. However, we believe it is possible to remove a large part of this overhead.
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Figure 7. A cow with an oscillating tail (left) with details of the tail (right).

Figure 8. The tail oscillates rapidly while the rest of the cow travels at a
constant velocity to the right.
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Figure 9. Multi-adaptive time steps used in the simulation of the cow with
oscillating tail. The plot on the left shows the time steps for components
481–483 corresponding to the velocity of the tail, and the plot on the right
shows the time steps for components 13–24 corresponding to the positions
for a set of masses in the interior of the cow.

6.2. Local manipulation. For the next example, we fix a damped cow shape at one end
and repeatedly push the other end with a manipulator in the form of a large sphere, as
illustrated in Figure 12.
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Figure 10. Mono-adaptive time steps for the cow with oscillating tail.

-15

-10

-5

 0

 5

 10

 15

 0  0.2  0.4  0.6  0.8  1

t

u

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0  0.2  0.4  0.6  0.8  1

t

u

Figure 11. Solution for relevant components of the cow with oscillating
tail. The plot on the left shows the solution for components 481–483 cor-
responding to the velocity of the tail, and the plot on the right shows the
solution for components 13–24 corresponding to the positions for a set of
masses in the interior of the cow.
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Algorithm Time / s
Multi-adaptive 40
Mono-adaptive 2800
Non-adaptive 130

Table 3. Computation times for the simulation of the cow with oscillating
tail for three different algorithms: multi-adaptive mcG(1), mono-adaptive
cG(1), and a simple implementation of non-adaptive cG(1) with fixed time
steps and minimal overhead.

Figure 12. A cow shape is locally manipulated. Small time steps are au-
tomatically selected for the components affected by the local manipulation,
with large time steps for the rest of the system.

As shown in Figure 13, the multi-adaptive solver automatically selects small time steps
for the components directly affected by the manipulation. This test problem also illustrates
the basic use of adaptive time-stepping; the time steps are drastically decreased at each
impact to accurately track the effect of the impact.

6.3. A stiff beam. Our final example demonstrates the applicability of the multi-adaptive
solver to a stiff problem consisting of a block being dropped onto a stiff beam, as shown in
Figure 14. The material of both the block and the beam is very hard and very damped,
with spring constant κ = 107 and damping constant b = 2 · 105 for each spring connection.
The multi-adaptive time steps for the simulation are shown in Figure 15. Note that the
time steps are drastically reduced at the time of impact, with large time steps before and
after the impact.
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Figure 13. Solution (left) and multi-adaptive time steps (right) for selected
components of the manipulated cow. The two top rows correspond to the
positions of the left- and right-most masses, respectively, and the two rows
below correspond to the velocities of the left- and right-most masses, respec-
tively. Note that smaller time steps are used for the components mostly
affected by the manipulation, in particular at the point of impact, while
larger time steps are used for other components.
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Figure 14. A block is dropped onto a beam. The material of both the
block and the beam is very hard and very damped, with spring constant
κ = 107 and damping constant b = 2 · 105.
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Figure 15. Multi-adaptive time steps for the block and beam. Note that
the time steps are drastically reduced at the time of impact. The maximum
time step is set to 0.01 to track the contact between the block and the beam.
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7. Conclusions

From the results presented above, we make the following conclusions regarding multi-
adaptive time-stepping:

• A multi-adaptive method outperforms a mono-adaptive method for systems con-
taining different time scales if there is a significant separation of the time scales
and if the fast time scales are localized to a relatively small part of the system.
• Multi-adaptive time-stepping, and in particular the current implementation, works

in practice for large and realistic problems.
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In this short note, we discuss the basic approach to computational modeling of dynamical
systems. If a dynamical system contains multiple time scales, ranging from very fast to
slow, computational solution of the dynamical system can be very costly. By resolving the
fast time scales in a short time simulation, a model for the effect of the small time scale
variation on large time scales can be determined, making solution possible on a long
time interval. This process of computational modeling can be completely automated.
Two examples are presented, including a simple model problem oscillating at a time
scale of 10−9 computed over the time interval [0, 100], and a lattice consisting of large
and small point masses.

Keywords: Modeling; dynamical system; reduced model; automation.

1. Introduction

We consider a dynamical system of the form

u̇(t) = f(u(t), t), t ∈ (0, T ],

u(0) = u0,
(1.1)

where u: [0, T ] → R
N is the solution to be computed, u0 ∈ R

N a given initial

value, T > 0 a given final time, and f : R
N × (0, T ] → R

N a given function that

is Lipschitz-continuous in u and bounded. We consider a situation where the exact

solution u varies on different time scales, ranging from very fast to slow. Typical

examples include meteorological models for weather prediction, with fast time scales

on the range of seconds and slow time scales on the range of years, protein folding

represented by a molecular dynamics model of the form (1.1), with fast time scales

471
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on the range of femtoseconds and slow time scales on the range of microseconds, or

turbulent flow with a wide range of time scales.

In order to make computation feasible in a situation where computational reso-

lution of the fast time scales would be prohibitive because of the small time steps,

the given model (1.1) containing the fast time scales needs to be replaced with a

reduced model for the variation of the solution u of (1.1) on resolvable time scales.

As discussed below, the key step is to correctly model the effect of the variation at

the fast time scales on the variation on slow time scales.

The problem of model reduction is very general and various approaches have

been taken.8,6 We present below a new approach to model reduction, based on

resolving the fast time scales in a short time simulation and determining a model

for the effect of the small time scale variation on large time scales. This process

of computational modeling can be completely automated and the validity of the

reduced model can be evaluated a posteriori.

2. A Simple Model Problem

We consider a simple example illustrating the basic aspects: Find u = (u1, u2):

[0, T ] → R
2, such that

ü1 + u1 − u2
2/2 = 0 on (0, T ],

ü2 + κu2 = 0 on (0, T ], (2.1)

u(0) = (0, 1), u̇(0) = (0, 0),

which models a moving unit point mass M1 connected through a soft spring to

another unit point mass M2, with M2 moving along a line perpendicular to the

line of motion of M1, see Fig. 1. The second point mass M2 is connected to a fixed

support through a very stiff spring with spring constant κ = 1018 and oscillates

rapidly on a time scale of size 1/
√
κ = 10−9. The oscillation of M2 creates a force

Fig. 1. A simple mechanical system with large time scale ∼ 1 and small time scale ∼ 1/
√

κ.
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∼u2
2 on M1 proportional to the elongation of the spring connecting M2 to M1

(neglecting terms of order u4
2).

The short time scale of size 10−9 requires time steps of size ∼ 10−10 for full

resolution. With T = 100, this means a total of ∼ 1012 time steps for solution of

(2.1). However, by replacing (2.1) with a reduced model where the fast time scale

has been removed, it is possible to compute the (averaged) solution of (2.1) with

time steps of size ∼ 0.1 and consequently only a total of 103 time steps.

3. Taking Averages to Obtain the Reduced Model

Having realized that pointwise resolution of the fast time scales of the exact solu-

tion u of (1.1) may sometimes be computationally very expensive or even impossible,

we seek instead to compute a time average ū of u, defined by

ū(t) =
1

τ

∫ τ/2

−τ/2

u(t+ s) ds, t ∈ [τ/2, T − τ/2], (3.1)

where τ > 0 is the size of the average. The average ū can be extended to [0, T ] in

various ways. We consider here a constant extension, i.e. we let ū(t) = ū(τ/2) for

t ∈ [0, τ/2), and let ū(t) = ū(T − τ/2) for t ∈ (T − τ/2, T ].

We now seek a dynamical system satisfied by the average ū by taking the average

of (1.1). We obtain

˙̄u(t) = ¯̇u(t) = f(u, ·)(t) = f(ū(t), t) + (f(u, ·)(t)− f(ū(t), t)),

or

˙̄u(t) = f(ū(t), t) + ḡ(u, t), (3.2)

where the variance ḡ(u, t) = f(u, ·)(t) − f(ū(t), t) accounts for the effect of small

scales on time scales larger than τ . (Note that we may extend (3.2) to (0, T ] by

defining ḡ(u, t) = −f(ū(t), t) on (0, τ/2] ∪ (T − τ/2, T ].)

We now seek to model the variance ḡ(u, t) in the form ḡ(u, t) ≈ g̃(ū(t), t) and

replace (3.2) and thus (1.1) by

˙̃u(t) = f(ũ(t), t) + g̃(ũ(t), t), t ∈ (0, T ],

ũ(0) = ū0,
(3.3)

where ū0 = ū(0) = ū(τ/2). We refer to this system as the reduced model with

subgrid model g̃ corresponding to (1.1).

To summarize, if the solution u of the full dynamical system (1.1) is computa-

tionally unresolvable, we aim at computing the average ū of u. However, since the

variance ḡ in the averaged dynamical system (3.2) is unknown, we need to solve the

reduced model (3.3) for ũ ≈ ū with an approximate subgrid model g̃ ≈ ḡ. Solving

the reduced model (3.3) using e.g. a Galerkin finite element method, we obtain an

approximate solution U ≈ ũ ≈ ū. Note that we may not expect U to be close to u

pointwise in time, while we hope that U is close to ū pointwise.
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4. Modeling the Variance

There are two basic approaches to the modeling of the variance ḡ(u, t) in the form

g̃(ũ(t), t); (i) scale-extrapolation or (ii) local resolution. In (i), a sequence of solu-

tions is computed with increasingly fine resolution, but without resolving the fastest

time scales. A model for the effects of the fast unresolvable scales is then determined

by extrapolation from the sequence of computed solutions.3 In (ii), the approach

followed below, the solution u is computed accurately over a short time period,

resolving the fastest time scales. The reduced model is then obtained by computing

the variance

ḡ(u, t) = f(u, ·)(t)− f(ū(t), t) (4.1)

and then determining g̃ for the remainder of the time interval such that g̃(ũ(t), t) ≈
ḡ(u, t).

For the simple model problem (2.1), which we can write in the form (1.1) by

introducing the two new variables u3 = u̇1 and u4 = u̇2 with

f(u, ·) = (u3, u4,−u1 + u2
2/2,−κu2),

we note that ū2 ≈ 0 (for
√
κτ large) while u2

2 ≈ 1/2. By the linearity of f1, f2 and

f4, the (approximate) reduced model takes the form

¨̃u1 + ũ1 − 1/4 = 0 on (0, T ],

¨̃u2 + κũ2 = 0 on (0, T ], (4.2)

ũ(0) = (0, 0), ˙̃u(0) = (0, 0),

with solution ũ(t) =
(

1
4 (1− cos t), 0

)

.

In general, the reduced model is constructed with subgrid model g̃ varying on

resolvable time scales. In the simplest case, it is enough to model g̃ with a constant

and repeatedly checking the validity of the model by comparing the reduced model

(3.3) with the full model (1.1) in a short time simulation. Another possibility is to

use a piecewise polynomial representation for the subgrid model g̃.

5. Solving the Reduced System

Although the presence of small scales has been decreased in the reduced system

(3.3), the small scale variation may still be present. This is not evident in the

reduced system (4.2) for the simple model problem (2.1), where we made the

approximation ũ2(0) = 0. In practice, however, we compute ũ2(0) = 1
τ

∫ τ

0
u2(t) dt =

1
τ

∫ τ

0
cos(

√
κt) dt ∼ 1/(

√
κτ) and so ũ2 oscillates at the fast time scale 1/

√
κ with

amplitude 1/(
√
κτ).

To remove these oscillations, the reduced system needs to be stabilized by intro-

ducing damping of high frequencies. Following the general approach,5 a least squares

stabilization is added in the Galerkin formulation of the reduced system (3.3) in

the form of a modified test function. As a result, damping is introduced for high

frequencies without affecting low frequencies.
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Alternatively, components such as u2 in (4.2) may be inactivated, corresponding

to a subgrid model of the form g̃2(ũ, ·) = −f2(ũ, ·). We take this simple approach

for the examples presented below.

6. Error Analysis

The validity of a proposed subgrid model may be checked a posteriori. To analyze

the modeling error introduced by approximating the variance ḡ with the subgrid

model g̃, we introduce the dual problem

−φ̇(t) = J(ū, U, t)>φ(t), t ∈ [0, T ),

φ(T ) = ψ,
(6.1)

where J denotes the Jacobian of the right-hand side of the dynamical system (1.1)

evaluated at a mean value of the average ū and the computed numerical (finite

element) solution U ≈ ũ of the reduced system (3.3),

J(ū, U, t) =

∫ 1

0

∂f

∂u
(sū(t) + (1− s)U(t), t) ds, (6.2)

and where ψ is the initial data for the backward dual problem.

To estimate the error ē = U − ū at final time, we note that ē(0) = 0 and

φ̇+ J(ū, U, ·)>φ = 0, and write

(ē(T ), ψ) = (ē(T ), ψ)−
∫ T

0

(φ̇+ J(ū, U, ·)>φ, ē) dt

=

∫ T

0

(φ, ˙̄e− Jē) dt =

∫ T

0

(φ, U̇ − ˙̄u− f(U, ·) + f(ū, ·)) dt

=

∫ T

0

(φ, U̇ − f(U, ·)− g̃(U, ·)) dt+

∫ T

0

(φ, g̃(U, ·)− ḡ(u, ·)) dt

=

∫ T

0

(φ, R̃(U, ·)) dt+

∫ T

0

(φ, g̃(U, ·)− ḡ(u, ·)) dt.

The first term,
∫ T

0 (φ, R̃(U, ·)) dt, in this error representation corresponds to the

discretization error U − ũ for the numerical solution of (3.3). If a Galerkin finite

element method is used,1,2 the Galerkin orthogonality expressing the orthogonality

of the residual R̃(U, ·) = U̇ − f(U, ·) − g̃(U, ·) to a space of test functions can be

used to subtract a test space interpolant πφ of the dual solution φ. In the simplest

case of the cG(1) method for a partition of the interval (0, T ] into M subintervals

Ij = (tj−1, tj ], each of length kj = tj − tj−1, we subtract a piecewise constant

interpolant to obtain

∫ T

0

(φ, R̃(U, ·)) dt =

∫ T

0

(φ− πφ, R̃(U, ·)) dt ≤
M
∑

j=1

kj max
Ij

‖R̃(U, ·)‖l2

∫

Ij

‖φ̇‖l2 dt

≤ S[1](T ) max[0,T ] ‖kR̃(U, ·)‖l2 ,
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where the stability factor S [1](T ) =
∫ T

0 ‖φ̇‖l2 dt measures the sensitivity to dis-

cretization errors for the given output quantity (ē(T ), ψ).

The second term,
∫ T

0 (φ, g̃(U, ·) − ḡ(u, ·)) dt, in the error representation corre-

sponds to the modeling error ũ− ū. The sensitivity to modeling errors is measured

by the stability factor S [0](T ) =
∫ T

0 ‖φ‖l2 dt. We notice in particular that if the

stability factor S[0](T ) is of moderate size, a reduced model of the form (3.3) for

ũ ≈ ū may be constructed.

We thus obtain the error estimate

|(ē(T ), ψ)| ≤ S[1](T ) max
[0,T ]

‖kR̃(U, ·)‖l2 + S[0](T ) max
[0,T ]

‖g̃(U, ·)− ḡ(u, ·)‖l2 , (6.3)

including both discretization and modeling errors. The initial data ψ for the dual

problem (6.1) is chosen to reflect the desired output quantity, e.g. ψ = (1, 0, . . . , 0)

to measure the error in the first component of U .

To estimate the modeling error, we need to estimate the quantity g̃ − ḡ. This

estimate is obtained by repeatedly solving the full dynamical system (1.1) at a

number of control points and comparing the subgrid model g̃ with the computed

variance ḡ. As initial data for the full system at a control point, we take the com-

puted solution U ≈ ū at the control point and add a perturbation of appropriate

size, with the size of the perturbation chosen to reflect the initial oscillation at the

fastest time scale.

7. Numerical Results

We present numerical results for two model problems, including the simple model

problem (2.1), computed with DOLFIN4 version 0.4.10. With the option automatic

modeling set, DOLFIN automatically creates the reduced model (3.3) for a given

dynamical system of the form (1.1) by resolving the full system in a short time

simulation and then determining a constant subgrid model ḡ. Components with

constant average, such as u2 in (2.1), are automatically marked as inactive and are

kept constant throughout the simulation. The automatic modeling implemented in

DOLFIN is rudimentary and many improvements are possible, but it represents

a first attempt at the automation of modeling, following the recently presented7

directions for the automation of computational mathematical modeling.

7.1. The simple model problem

The solution for the two components of the simple model problem (2.1) is shown in

Fig. 2 for κ = 1018 and τ = 10−7. The value of the subgrid model ḡ1 is automatically

determined to 0.2495 ≈ 1/4.

7.2. A lattice with internal vibrations

The second example is a lattice consisting of a set of p2 large and (p−1)2 small point

masses connected by springs of equal stiffness κ = 1, as shown in Figs. 3 and 4.



FA 2
February 23, 2005 14:51 WSPC/103-M3AS 00043

Computational Modeling of Dynamical Systems 477

0 10 20 30 40 50 60 70 80 90 100
0

0.1

0.2

0.3

0.4

0.5

0 10 20 30 40 50 60 70 80 90 100
�−1


�−0.5


0


0.5


1


0 1 2 3 4
0

1

2
x 10-14

x 10-7

x 10-7

0 0.5 1 1.5 2 2.5 3 3.5 4
�−1


�−0.5


0


0.5


1


Fig. 2. The solution of the simple model problem (2.1) on [0, 100] (above) and on [0, 4 × 10−7]
(below). The automatic modeling is activated at time t = 2τ = 2× 10−7.
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Fig. 3. Detail of the lattice. The arrows indicate the direction of vibration perpendicular to the
springs connecting the small mass to the large masses.

Fig. 4. Lattice consisting of p2 large masses and (p− 1)2 small masses.

Each large point mass is of size M = 100 and each small point mass is of size

m = 10−12, giving a large time scale of size ∼ 10 and a small time scale of

size ∼ 10−6.

The fast oscillations of the small point masses make the initially stationary

structure of large point masses contract. Without resolving the fast time scales and

ignoring the subgrid model, the distance D between the lower left large point mass

at x = (0, 0) and the upper right large point mass at x = (1, 1) remains constant,

D =
√

2. In Fig. 5, we show the computed solution with τ = 10−4, which manages

to correctly capture the oscillation in the diameter D of the lattice as a consequence

of the internal vibrations at time scale 10−6.
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Fig. 5. (a) Distance D between the lower left large mass and the upper right large mass and
(b) the distance d between the lower left large mass and the lower left small mass as function of
time on [0, 10] and on [0, 4× 10−4], respectively.
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Fig. 6. The diameter D of the lattice as function of time on (a) [0, 20] and on (b) [0, 100] for
m = 10−4 and τ = 1. The solid line represents the diameter for the solution of the reduced system
(3.3) and the dashed line represents the solution of the full system (1.1).

With a constant subgrid model ḡ as in the example, the reduced model stays

accurate until the configuration of the lattice has changed sufficiently. When the

change becomes too large, the reduced model can no longer give an accurate rep-

resentation of the full system, as shown in Fig. 6. At this point, the reduced model

needs to be reconstructed in a new short time simulation.
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DOLFIN: AN AUTOMATED PROBLEM SOLVING ENVIRONMENT

JOHAN HOFFMAN, JOHAN JANSSON, ANDERS LOGG, AND GARTH N. WELLS

1. Introduction

Natural science can be broken down into two components:

(I) formulating mathematical equations (modeling),
(II) solving equations (computation).

Problem solving is the task of selecting appropriate equations and data (geometry, co-
efficients) and interpreting the solution of the equations to solve a specific problem.

By discretization a given set of differential equations is translated into a discrete system
of algebraic equations, which is solved using numerical algebra on a computer, to produce
an approximation U of the solution u. Traditionally this has been done by hand. DOLFIN

is part of the FEniCS project which is free software for the Automation of Computational
Mathematical Modeling (ACMM) based on the finite element method (FEM). DOLFIN

improves problem solving by providing automated discretization, error control (in time,
with space in sight) and equation solving.

A differential equation can be written in the form:

(1) A(u) = f in Ω

where A is a differential operator on some domain Ω, f is given input, i.e. forces and u

is the solution.
Typically differential equations are used in variational form:

(2) a(u, v) = L(v) in Ω,∀v ∈ V,

with
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a(u, v) =

∫
Ω

A(u)v(3)

L(f) =

∫
Ω

fv(4)

where V is a function space with some integrability requirement, typically V = H1(Ω)n

for a system of n equations.
Traditionally problem solving has been equation-specific. An equation is selected, a

method and solver is then derived or chosen specifically for that equation. For example, it
is common to talk about a “Maxwell solver” or a “Navier-Stokes solver” which have been
developed specifically for those equations.

When the equation is significantly changed, or a new equation is selected, the process
needs to start from the beginning again. This implies much redundant manual work.

There exists tools which have a general perspective. However, they are typically limited
either by flexibility (the form must be input in a specialized language) or performance (the
form is slow to evaluate). See [8] for a survey of existing tools.

We present a free software tool called DOLFIN which combines generality with optimal
efficiency. “Generality” means here that any equation can be input into DOLFIN essen-
tially as it looks on paper. “Optimal” means here that DOLFIN is able to reach the same
efficiency as a manually-developed solver for a specific equation.

DOLFIN is a component of the FEniCS tool-chain, where the role of DOLFIN is the
problem solving environment, or programmer user interface for formulating and solving
equations.

FEniCS is an implementation of the Finite Element Method (FEM) for arbitrary equa-
tions and arbitrary finite elements. The FEM is a general method for automating dis-
cretization of differential equations. However, this has seldom been reflected in practice.
Traditionally, the FEM has been applied individually to a specific equation, and a solver
has been manually constructed from the resulting formulation. We remedy this situation
with FEniCS.

In this paper we will illustrate the generality and efficiency of DOLFIN by presenting
the following aspects:

Simple form language: We can input any equation into DOLFIN in mathemati-
cal notation, meaning that no extensive re-formatting or manual manipulation is
required.

Assembly efficiency: Assembly is the forming of a discrete system (equation system
for the degrees of freedom) given a discretization (finite element and mesh) of an
equation. This is the key step for solving an equation. DOLFIN achieves generality
and full efficiency by generating assembly code from a description of the equation.

High-level programming interface: Generality means that we should enforce a
high level of abstraction, and this also applies to the programming interface. DOLFIN

publishes a high-level programming interface in C++ and Python. The Python in-
terface enables Just-In-Time (JIT) compilation of generated assembly code, which
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means that the code generation and compilation is transparent to the user of the
interface.

PDE/ODE solver integration: DOLFIN provides capability for solving both ini-
tial value Ordinary Differential Equations (ODE) as well as Partial Differential
Equations (PDE). We present a method which allows the general ODE solver in
DOLFIN to be used for solving PDE by writing the PDE in the form u̇ = f(t, u).

Applications: We present applications in incompressible fluid flow (Navier-Stokes’
equations) and large deformation elasto-plasticity (Euler-Almansi and hyperelastic
strain models).

2. Fenics

DOLFIN is a component of FEniCS [2], a free software [1] system for the Automation of
Computational Mathematical Modeling (ACMM). The overall goal of ACMM is to build
a computational machine which takes any PDE (in variational form) and a tolerance for
the error as input, and automatically computes a solution to the model which satisfies the
tolerance.

This task can be broken down into several sub-tasks, automation of:

(a) discretization of differential equations,
(b) solution of discrete systems,
(c) error control of computed solutions,
(d) optimization,
(e) modeling.

The essential step of (a), which concerns both (a1) time-discretization and (a2) space-

discretization, is automated computation of finite element stiffness matrices and assembly
to a global stiffness matrix. This requires efficient evaluation of integrals of combinations
of derivatives of finite element basis functions over finite elements. FEniCS achieves this
in the Fenics Form Compiler (FFC) by factorization of the element stiffness matrix into
a reference and geometry tensor. The reference tensor contains integrals over a reference
element computed once, which for each element upon multiplication a geometry tensor
gives the element stiffness matrix for each element. The input to FFCis then the equation
(2) in standard mathematical notation and a given finite element mesh and finite elements,
and the output is computer code (e.g. C++) specifying the discrete system.

The step (b) is automated in FEniCS using, with input from FFC, the parallel numerical
linear algebra package Petsc.

The essential step of (c) is automated computation of (c1) discrete residuals and (c2)
stability factors/weights by automated formulation and solution of a dual linearized prob-
lem. FEniCS currently achives these requirements partially, with a full implementation in
sight.

FEniCS consists of the following components:

FIAT: FInite element Automatic Tabulator [5]. Automates the generation of finite el-
ements. Provides representation of finite elements and evaluation of basis functions
as well as general quadrature for integrating basis functions.
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FFC: Fenics Form Compiler [6]. Automates the evaluation of variational forms. Pro-
vides assembly code generation and a form language for equation input.

FErari: Finite Element rearrangement to automatically reduce instructions [7]. Opti-
mizes the evaluation of variational forms. Detects and exploits structure in element
tensors.

DOLFIN: Dynamic Object oriented Library for FINite element computation. The
programmer user interface for solving equations. Provides a high-level C++ and
Python interface to:
• assembly
• variational form representation
• finite element representation
• function representation (typically a solution or coefficient)
• mesh representation
• linear algebra algorithms
• initial value multi- and mono-adaptive ODE solver
• file input/output

The assembly algorithm of a finite element method is typically of high complexity, and
is not trivial to implement efficiently manually. A modification of the variational form
or the choice of finite element normally means that large parts of the code need to be
reimplemented. This is a waste of human resources and, due to the complexity of the
algorithm, may easily introduce errors in the implementation.

The finite element assembly algorithm for a bilinear form a(·, ·) generating a matrix A

can be formulated as follows: For each element K, add the local element matrix AK
ij =

aK(φ̂i, φj) to A, where aK(·, ·) is the bilinear form restricted to the current element K.
FFC parses the form and, together with a description of the finite element, generates

source code for evaluation of the local element matrix AK . FFC (using FIAT) precomputes
integrals on the reference element. FFC uses FErari to exploit the structure of AK to
produce efficient code. This results in automatically generated source code which is as
efficient as hand-written code. The generated assembly code is then linked into DOLFIN

and can be accessed through the assembly interface.

3. Form language

Performance of the form parsing and code generation stage is not critical. It’s a one-time
cost which does not scale with the size of the final problem. This means that we can afford
to implement and present the form language at a high level of abstraction, which enables
a powerful, user-friendly and easily extendable form language.

FFC defines a form language which is very close to standard mathematical notation.
The language is implemented as Python functions and operators.

A form is expressed using a combination of basic data types and operators. FFC compiles
a given multilinear form

(5) a : V 1

h × V 2

h × · · · × V r
h → R



DOLFIN: AN AUTOMATED PROBLEM SOLVING ENVIRONMENT 5

into code that can be used to compute the corresponding tensor

(6) Ai = a(φ1

i1
, φ2

i2
, . . . , φr

ir
).

In the form language, a multilinear form is defined by first specifying the set of function
spaces, V 1

h , V 2

h , . . . , V r
h , and then expressing the multilinear form in terms of the basis

functions of these functions spaces.
A function space is defined in the form language through a FiniteElement, and a

corresponding basis function is represented as a BasisFunction. The following code defines
a pair of basis functions v and U for a first-order Lagrange finite element on triangles:

element = FiniteElement(‘‘Lagrange’’, ‘‘triangle’’, 1)

v = BasisFunction(element)

U = BasisFunction(element)

The two basis functions can now be used to define a bilinear form:

a = v*D(U, 0)*dx

corresponding to the mathematical notation

(7) a(v, U) =

∫
Ω

v
∂U

∂x0

dx.

The arity of a multilinear form is determined by the number of basis functions appearing
in the definition of the form. Thus, a = v*U*dx defines a bilinear form, namely a(v, U) =∫

Ω
v u dx, whereas L = v*f*dx defines a linear form, namely L(v) =

∫
Ω

v f dx.
In the case of a bilinear form, the first of the two basis functions is referred to as the

test function and the second is referred to as the trial function.
See the FFC manual [2] for more detailed reference.

4. Assembly efficiency

The assembly algorithm is the core component of a PDE solver. It is thus imperative that
it is efficient. A comparison between automatically generated FFC code and quadrature,
which is what is typically used for general PDE, can be seen in figure 1 showing massive
speedups [6].

5. High-level programming interface

5.1. Interface documentation. DOLFIN publishes a high-level programming interface
in C++ (see the DOLFIN manual [3] for detailed reference). From this we automatically
generate a Python interface by using SWIG: an interface generator. Such tools give us the
choice of generating an interface in most major high-level langauges from a base C/C++
interface. We will thus not be language-specific when we describe the interface.

Having a high-level interface does not sacrifice performance. The interface wraps high-
performance data structures and algorithms:

Linear algebra: Wraps PETSc parallel data structures and algorithms.
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Figure 1. Benchmark of FFC-generated assembly code versus quadrature
of some standard forms.

Form evaluation: FFC generates optimal C++ code for evaluating a form (the el-
ement tensor).

Mesh: Arguably not high-performance, but a full implementation of an adaptive
mesh. Planned to be replaced by a high-performance parallel mesh representation.

Assembly: Implementation based on the mesh, form evaluation and linear algebra
(insert element tensor into global matrix, vector). Reaches high performance due
to the underlying components.

We present a list of the fundamental data structures and algorithms in the DOLFIN

interface:

Data structures:
Fundamental data structures of DOLFIN.

Variational form:
Represents a PDE: a(u, v) = L(v).
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Form:
A general form.

LinearForm:
The linear form L(v) representing the right hand side in a PDE. Publishes
an evaluation function for computing the element vector representing the
discrete form.

BilinearForm:
The bilinear form a(u, v) representing the left hand side in a PDE. Pub-
lishes an evaluation function for computing the element matrix repre-
senting the discrete form.

Finite element:
Represents the programming interface of a finite element. Publishes functions
such as a node map, mapping local to global degrees of freedom, and dimension
of the finite element space.

FiniteElement:
Function:

Represents a spatial function u(x, y, z) at a fixed time t. Used for representing
solutions and coefficients of PDE.

Function:
A general spatial function.

UserFunction:
An arbitrary user-defined function.

DiscreteFunction:
A discrete function U defined on a finite element space Vh (spanned by
basis functions {φi}

N
i=0

), represented by its degrees of freedom ξ on a

mesh: U =
∑N

i=0
ξiφi.

Mesh:
Data structures related to a computational mesh.

Mesh:
A mesh, publishing selector functions for cells, vertices, etc. and number
of cells, vertices, etc. and mesh entitity iterators.

Cell:
A cell in the mesh: Tetrahedron or Triangle.

Vertex:
A vertex in the mesh.

Linear algebra:
Represents vectors and (sparse) matrices of values.

Vector:
Typically used for storing degrees of freedom ξ or an assembled discrete
linear form L(v).

Matrix:
Typically used for storing an assembled discrete bilinear form a(u, v).
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ODE:
Represents an ordinary differential equation (ODE) in the form: u̇ = f(t, u)
with initial value u(0) = u0 and t ∈ [0, T ]. Can be used to discretize time-
dependent PDE in time.

ODE:
Input/output:

Data structures for input/output to files.
File:

Represents a file. Can be used to input/output meshes, functions, vec-
tors, etc.

Algorithms:
Fundamental algorithms of DOLFIN.

Assembly:
Form a discrete system (equation system for the degrees of freedom) given a
discretization (finite element and mesh) of a PDE.

FEM::assemble():
Assembles a Vector given a LinearForm or a Matrix given a BilinearForm,
together with a Mesh.

Linear algebra:
Standard algorithms for linear algebra, such as direct and iterative (Krylov)
linear solve, eigenvalue computation, etc.

LinearSolver::solve():
Solve a linear system Ax = b.

Time stepping:
Multi-adaptive (allows individual timestep selection per component) arbitrary
order cG(q) and dG(q) Galerkin time-stepping methods for solving initial value
ODE problems.

ODE::solve():
Solve the ODE generating an approximate solution U(t), t ∈ (0, T ].

TimeStepper::step():
Take one step at a time, or one timeslab at a time in the multi-adaptive
case.

5.2. Example usage. We present a simple example of using the interface in Python due
to compactness and readability, demonstrating the elements of the interface. Coefficients
need to be implemented in C++ (but can be accessed in Python) for full efficiency. Here
we have implemented coefficients in Python.

The example consists of solving Poisson’s equation: △u = f .
We define a form (figure 2), representing the PDE and a solver (figure 3), where we define

coefficients and problem parameters and construct the solution. The form is compiled
transparently to the user by a JIT (Just In Time) procedure, using FFC and a C++
compiler.
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Alternatively, we could use the DOLFIN abstraction LinearPDE which encapsulates the
solver. We would then only need to input the form, coefficients and parameters (tolerances,
etc.).

# The bilinear form a(v, U) and linear form L(v) for

# Poisson’s equation, 2D version

element = FiniteElement("Lagrange", "triangle", 1)

v = TestFunction(element)

U = TrialFunction(element)

f = Function(element)

a = dot(grad(v), grad(U))*dx

L = f*v*dx

Figure 2. Poisson2D.form

6. PDE/ODE solver integration

We define a time-dependent PDE as a differential equation:

A(u) = g(t) in Ω× (0, T ],

u(·, 0) = u0 in Ω,

u = gD on ∂ΩD × (0, T ],

∂nu = gN on ∂ΩN × (0, T ]

(8)

where u = u(t, x), A has derivatives of variables t and x and gD and gN are known
boundary conditions on ∂Ω.

We rewrite the equation (8) as:

u̇ = f(t, u) in Ω× (0, T ](9)

with f now containing the part of A depending on x and keeping the inital and boundary
conditions on u.

We construct a variational formulation in x:

(10)

∫
Ω

u̇v =

∫
Ω

f(t, u)v in Ω× (0, T ],∀v ∈ V

Choosing V = Vh a finite element space allows us to formulate an algebraic equation
system in x:
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from dolfin import *

from math import *

# Define coefficients

class Source(Function):

def eval(self, point, i):

return point.y + 1.0

class SimpleBC(BoundaryCondition):

def eval(self, value, point, i):

if point.x == 0.0 or point.x == 1.0:

value.set(0.0)

return value

# Construct data

f = Source()

bc = SimpleBC()

mesh = UnitSquare(10, 10)

# Import forms

forms = import_formfile("Poisson.form")

a = forms.PoissonBilinearForm()

L = forms.PoissonLinearForm(f)

# Define linear algebra objects

A = Matrix()

x = Vector()

b = Vector()

# Assemble the discrete system

assemble(a, L, A, b, mesh, bc)

# Solve discrete (linear) system

linearsolver = KrylovSolver()

linearsolver.solve(A, x, b)

# Represent the solution (U)

trialelement = a.trial()

U = Function(x, mesh, trialelement)

# Output solution to ParaView (.pvd) format

vtkfile = File("poisson.pvd")

vtkfile << U

Figure 3. poissonsolver.py
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(11) Mξ̇ = b(t, ξ) in (0, T ]

where U(t, x) =
∑N

i=0
ξi(t)φi(x) is the finite element approximation of u and the basis

functions {φi}
N
i=0

span Vh, and N = dim(Vh). Equation (11) is now in ODE form for the
spatial degrees of freedom ξ(t).

DOLFIN can automatically construct M and b(t, ξ) from a description of
∫

Ω
u̇v and∫

Ω
f(t, u)v in the FFC form language, where u̇ is treated as the unknown in the case of M

and u is represented as a coefficient in the case of b. The ODE (11) can thus be input to the
DOLFIN ODE solver, which then automatially and efficiently computes a finite element
discretization in time.

This representation can be encapsulated in a DOLFIN abstraction which we can call
TimeDependentPDE which encapsulates the solver. We would then only need to input the
form for f(t, u), coefficients and parameters (tolerances, etc.).

This concept is exemplified in the elasticity application below.

7. Applications

7.1. Incompressible fluid flow. Johan Hoffman has developed a General Galerkin (G2)
solver in DOLFIN for the incompressible Navier-Stokes’ equations expressing conservation
of momentum and incompressibility [4]. In G2 the incompressibility equation takes the form
of the following equation for the pressure P , velocity U and δ a stabilization parameter:

(12)

∫
Ω

δ∇q · ∇P =

∫
Ω

δ∇q · f −∇q · δ∇ · U − δ∇q · (U · ∇U), ∀q ∈ Vh

This equation is expressed in the FFC form language in figure 4. Example output can
be seen in figures 5, 7 and 6.

7.2. Elasto-plasticity. The following equations represent the equilibrium equation of
elasticity with directly computed B−1 = (FF⊤)−1 and the Euler-Almansi constitutive
relation for σ:

σ = µ(I − (FF⊤)−1),

Dv

Dt
= ∇ · σ + f in Ω(t),

Dx

Dt
= v in Ω(t),

v(0, ·) = v0 in Ω0,

x(0, y) = y in Ω0,

(13)

together with suitable boundary conditions where F is the Jacobian of the deformation.



12 JOHAN HOFFMAN, JOHAN JANSSON, ANDERS LOGG, AND GARTH N. WELLS

# The contiuity equation for the incompressible

# Navier-Stokes equations using cG(1)cG(1)

name = "NSEContinuity3D"

scalar = FiniteElement("Lagrange", "tetrahedron", 1)

vector = FiniteElement("Vector Lagrange", "tetrahedron", 1)

constant_scalar = FiniteElement("Discontinuous Lagrange",

"tetrahedron", 0)

q = TestFunction(scalar) # test basis function

P = TrialFunction(scalar) # trial basis function

uc = Function(vector) # linearized velocity

f = Function(vector) # force term

delta1 = Function(constant_scalar) # stabilization parameter

um = mean(uc) # cell mean value of linearized velocity

i0 = Index() # index for tensor notation

i1 = Index() # index for tensor notation

# Bilinear and linear forms

a = delta1*dot(grad(q), grad(P))*dx;

L = delta1*dot(grad(q), f)*dx - q*uc[i0].dx(i0)*dx -

delta1*q.dx(i0)*um[i1]*uc[i0].dx(i1)*dx

Figure 4. Form for the continuity equation of Navier-Stokes.

Figure 5. Turbulent flow around a spinning tennis ball.
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Figure 6. Turbulent flow around a wing.

Figure 7. Turbulent flow around a car (geometry and mesh from Volvo
Car Corporation).

This equation is expressed in the FFC form language in figure 8. Example output can
be seen in figures 10 and 11 with the latter demonstrating a variant of the model in stress
rate formulation with a model for plasticity.

The actual DOLFIN solver is very small and simple: most of the work is automated. It
consists of declarations of solution and coefficient functions, the variational forms and using
the interface of the DOLFIN ODE solver (time discretization) by implementing the right
hand side f(t, u) of an ODE: du

dt
= f(t, u). The solver is mostly written using the DOLFIN

Python interface, with some utility functions implemented in C++. As an illustration, we
present the implementation of f(t, u) for the elasticity model where the task is to compute
the vector dotx from the vector x.
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# Form representing the equilibrium equation of elasticity

name = "ElasticityDirect"

element1 = FiniteElement("Vector Lagrange", "tetrahedron", 1)

element2 = FiniteElement("Discontinuous vector Lagrange",

"tetrahedron", 0, 9)

q = TestFunction(element1) # Test function

dotv = TrialFunction(element1) # Trial function

f = Function(element1) # Body force

B = Function(element2) # Deformation measure

lmbda = Constant() # Lame coefficient

mu = Constant() # Lame coefficient

# Dimension

d = len(q)

# Manual tensor representation

def tomatrix(q):

return [ [q[3 * j + i] for i in range(d)] for j in range(d) ]

Bmatrix = tomatrix(B)

def E(e, lmbda, mu):

Ee = 2.0 * mult(mu, e) + mult(lmbda, mult(trace(e), Identity(d)))

return Ee

ematrix = 0.5 * (Identity(d) - Bmatrix)

sigmamatrix = E(ematrix, lmbda, mu)

a = dot(dotv, q) * dx

L = (-dot(sigmamatrix, grad(q)) + dot(f, q)) * dx

Figure 8. Form for a total stress Euler-Almansi elasticity model.
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Figure 10. Example DOLFIN output of visco-elasto-plastic model solid
mechanics model with contact, simulating a cow and a block being thrown
in a room.
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Figure 11. Bent beam simulated using a plastic stress rate model. The
right image is the final deformed rest state after an initial velocity.



KO: A FENICS SOLID MECHANICS SOLVER

JOHAN JANSSON

1. Introduction

We present a solid mechanics finite element method (FEM) solver according to the
following design specifications:

(a) Constitutive modeling including elastic, viscous and plastic materials.
(b) Large displacements, rotations and deformations.
(c) Contact and friction boundary conditions.
(d) Adaptive modeling and discretization with error control.
(e) Efficiency.

The solver is named Ko and is part of the FEniCS[3] project of Automation of Computa-
tional Mathematical Modeling (ACMM) [9]. Our objective is to develop an automated solid
mechanics solver which can be used e.g. in real-time in computer games and simulators
for surgical training, for which flexibility and execution speed represent key requirements.

The solver is based on an updated Lagrangian continuum formulation where the equilib-
rium equation is formulated on the current deformed configuration in terms of the Cauchy
stress, and the constitutive model couples the Cauchy stress to the deformation, or rates
thereof, on the current configuration.

We will find that the efficiency of Ko is comparable to that of mass-spring models,
which represent the current standard for high-performance and flexibility in the computer
graphics industry. We achieve this goal by using the FEniCS Form Compiler (FFC) to
compute the element stiffness tensor in each time step or iteration, which represents the
main computational work. We show computations on a PC allowing realistic simulations
in real-time using adaptive meshes with up to a couple of thousand nodes.

The present continuum model allows automation of modeling and discretization, while
automation of mass-spring models is much more difficult (if at all possible) to achieve. We
can thus reach the execution speed of a mass-spring model while keeping the advantages
of a continuum model as concerns automation of modeling and discretization. We thus
present a concrete example of Automated Solid Mechanics (ASM) as a basic aspect of the
ACMM of FEniCS.

Debunne et. al. [1] have previously presented a manually implemented similar pure
elasticity model for real-time applications.

2. Elasto-Visco-Plastic Model

We consider an elasto-visco-plastic body B subject to large deformations under some
load. We assume that B occupies the bounded domain Ω0 in R3 at time t = 0, and we

1
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denote by x(t,X) the coordinates at time t > 0 of a material point in B with coordinates
X ∈ Ω0 at time t = 0. Let Ω(t) = {x(t,X) : X ∈ Ω0} be the domain in R3 occupied by
the elastic body B at time t > 0. The model consists of a system of partial differential
equations on the current configuration Ω(t) expressing for t > 0:

(i) equilibrium of forces.
(ii) constitutive model coupling stress to strain, or rates thereof,

combined with initial and boundary conditions. The equilibrium equation has a generic
form, while there is a very large variety of constitutive models. We will limit the constitutive
models to a few basic forms including elastic-visco-plastic materials. We focus on the
development of an efficient solver including (a)-(d), and not constitutive modeling, which
is a very rich (and complex) field.

For purely elastic materials the constitutive equation may relate the total stress to the
total strain, from which rate models may be derived. With visco-plastic materials it is
natural to formulate the constitutive equation directly in rate form.

We will below denote by E a constant matrix of elasticity coefficients, typically of the
form

Ee = λ
∑

k

ekkδ + 2µe,

where λ > 0 and µ > 0 are Lamé coefficients, e = (eij) is a strain tensor and δ denotes the
Kronecker delta.

2.1. Deformation and Strain. Define F (t, y) with y = x(t; X) ∈ Ω(t) by

F (t, y) = F (t, x(t; X)) =
∂

∂X
x(t; X),

that is, F (t, y) is the Jacobian of the mapping X → y = x(t,X) evaluated at X.
The Euler-Almansi strain tensor e(t, y) defined by

e(t, y) =
1

2
(I − (F (t, y)F (t, y)⊤)−1),

measures the strain (or deformation) with respect to the deformed configuration. Here and
below, ⊤ denotes the transpose and I is the identity matrix.

2.2. Material Time-Derivative. We define the velocity v(t, y) for y = x(t; X) ∈ Ω(t)
by

v(t, x(t,X)) =
d

dt
x(t; X).

We also introduce the material time derivative Dw
Dt

of a function w(t, y) by

Dw

Dt
(t, x(t; X)) =

d

dt
w(t, x(t; X)).
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2.3. Deformation Rate. We compute

DF

Dt
(t, x(t; X)) =

d

dt
F (t, x(t; X)) =

d

dt

∂

∂X
x(t; X)

=
∂

∂X
v(t, x(t; X)) =

∂v

∂x
(t, x(t; X))

∂x

∂X
(t, x(t; X))

= ∇v(t, x(t; X))F (t, x(t; X)),

where ∇v(t, y) is the gradient of v(t, y) with respect to y. Thus

(1)
DF

Dt
= ∇v F

and using that DF
Dt

F−1 +F D
Dt

F−1 = 0, which follows by differentiating FF−1 = I, we have

(2)
D

Dt
F−1 = −F−1∇v.

2.4. Equilibrium Equation. The equilibrium equation at time t > 0 in terms of the
Cauchy stress σ(t, y) takes the form

(3) ρ
Dv

Dt
(t, y)−∇ · σ(t, y) = f(t, y) for y ∈ Ω(t)

where ∇ · σ denotes the divergence of σ(t, y) with respect to the y-coordinates, ρ denotes
the density, and f(t, y) is a given volume force. For simplicity, we assume here ρ to be
constant ρ = 1.

2.5. Hyper/hypo-elasticity. A simple hyper-elastic constitutive model derived from a a
stored-energy functional, takes the form ([10] ):

(4) Jσ ≡ τ(t, y) = λ
J2 − 1

2
I + µ(B − I),

where J = detF , τ is the Kirchhoff stress, B = FF⊤ and λ ≥ 0 and µ > 0 are Lamé
parameters.

We derive a rate form of (4) by computing, assuming λ = 0 for simplicity,

Dτ

Dt
= µ(ḞF⊤ + FḞ⊤) = µ(∇vB + B∇v⊤)

= 2µǫ(v) +∇vτ + τ∇v⊤,

where we used that B = I+ 1

µ
τ and we define the strain rate ǫ(v) = 1

2
(∇v+∇v⊤). Defining

now

τ̇ ≡
Dτ

Dt
−∇vτ − τ∇v⊤,

which coincides with the Lie derivative of τ , we can write the hyper-elastic constitutive
equation (4) in rate form as

(5) τ̇ = 2µǫ(v).
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More generally, we may consider a hypo-elastic rate model of the form

(6) τ̇ = Eǫ(v)

or

(7) σ̇ = Eǫ(v).

where the dot may indicate any objective stress rate, such as the Jaumann rate.

2.6. Hypo-elasto-visco-plasticity. We shall consider a basic hypo-elasto-visco-plastic
model of the following rate form:

(8) σ̇ +
1

ν
(σ − πσ) = Eǫ(v),

where ν > 0 is a viscosity and πσ denotes the projection of σ onto a (convex) set of
plastically admissible stresses.

2.7. Euler-Almansi. A simple constitutive model based on the Euler-Almansi strain e,
takes the form

σ = µ(I − (FF⊤)−1)

or more generally σ = Ee. The corresponding rate model takes the form.

Dσ

Dt
= 2µǫ(v)− σ∇v −∇v⊤σ,

which is similar, but not identical to the above hyper-elastic model.

3. Hyperelasticity: Total Stress

We formulate the hyperelastic problem with total stress constitutive model as follows:
Find the motion X → x(t; X) with velocity v(t, x(t; X)) = d

dt
x(t; X) and x(0; X) = X,

such that for t > 0

DF

Dt
= ∇v F in Ω(t),

σ = J−1(λ
J2 − 1

2
I + µ(B − I)) in Ω(t),

Dv

Dt
= ∇ · σ + f in Ω(t),

Dx

Dt
= v in Ω(t),

v(0, ·) = v0 in Ω0,

x(0, y) = y in Ω0,

F (0, ·) = F 0 in Ω0,

(9)

together with suitable boundary conditions. Note that here ∇ refers to the coordinates y ∈
Ω(t) in the current deformed configuration, while the coordinates in the initial configuration
are denoted by X ∈ Ω0.
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In this formulation, the initial configuration of the elastic body is not kept, and the Jaco-
bian F is successively updated using the equation for DF

Dt
. It is possible to directly compute

F by direct differentiation of x(t; X) with respect to X, in which case the initial configura-
tion must be kept. We prefer the rate equation without storage of the initial configuration
since it reflects the physics better by storing only the current deformed configuration. In
both cases we of course expect the elastic body to return to the initial configuration under
appropriate unloading.

We can may replace the constitutive equation with a different stress-strain relation, for
example the Euler-Almansi model. We may also introduce a viscous effect by modifying
the equlibrium equation to:

Dv

Dt
− ν∇ · ǫ(v) = ∇ · σ + f in Ω(t),

where ν is a viscosity.

4. Hypo-Elasto-Visco-Plasticity: Stress Rate

We formulate a hypo-elasto-visco-plastic model with stress rate constitutive equation
as follows: Find the motion X → x(t; X) with velocity v(t, x(t; X)) = d

dt
x(t; X) and

x(0; X) = X, such that for t > 0

σ̇ = Eǫ(v)−
1

ν
(σ − πσ) in Ω(t),

Dv

Dt
= ∇ · σ + f in Ω(t),

Dx

Dt
= v in Ω(t),

v(0, ·) = v0 in Ω0,

x(0, y) = y in Ω0.

(10)

where πσ is the projection on to the set of admissible stresses, Ys is the yield stress of
the material and νp is the plastic viscosity.

If the stress σ in a body remains within the elastic region: ‖σ‖ ≤ Ys, the plastic term
becomes:

1

νp

(σ − πσ)) =
1

νp

(σ − σ)) = 0(11)

and the body remains fully elastic.

5. Variational formulation

We use FFC to automate discretization in space and FEniCS MG ode-solver to automate
discretization in time. The input is the model in variational form, a finite element mesh
on the initial configuration and a choice finite elements in space and time.
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For the FEM discretization in space, we use piecewise linear continuous functions in
the equilibrium equation and piecewise constants in the constitutive law. For the FEM
discretization in time we use dG(0) or cG(1).

6. Automated discretization in FEniCS

Ko is implemented based on FEniCS[3], a free software [2] system for ACMM. The
overall goal of ACMM is to build a computational machine which takes any PDE (in
variational form) and a tolerance for the error as input, and automatically computes a
solution to the model which satisfies the tolerance.

FEniCS consists of the following components:

FIAT: FInite element Automatic Tabulator [5]. Automates the generation of finite el-
ements. Provides representation of finite elements and evaluation of basis functions
as well as general quadrature for integrating basis functions.

FFC: Fenics Form Compiler [6]. Automates the evaluation of variational forms. Pro-
vides assembly code generation and a form language for equation input.

FErari: Finite Element rearrangement to automatically reduce instructions [7]. Opti-
mizes the evaluation of variational forms. Detects and exploits structure in element
tensors.

DOLFIN: Dynamic Object oriented Library for FINite element computation. The
programmer user interface for solving equations. Provides a high-level C++ and
Python interface to:
• assembly
• variational form representation
• finite element representation
• function representation (typically a solution or coefficient)
• mesh representation
• linear algebra algorithms
• initial value multi- and mono-adaptive ODE solver
• file input/output

The form for the total stress model with directly computed B−1 = (FF⊤)−1 is presented
in figure 1. The forms for the stress rate model are presented in figures 2, 3 and 4.

A high-performance combination of the models should adaptively transition to the plastic
model when the yield condition is exceeded. Currently we implement the elastic and plastic
models separately.

FFC currently does not fully support tensor-valued forms. We remedy this by manually
defining a function which represents tensors as vectors.

FEniCS supports composing several finite elements into one, this would allow us to
express every model as a single form. For now we use separate forms, which implies a
small overhead.

6.1. Solver. The actual FEniCS solver is very small and simple: most of the work is
automated. It consists of declarations of solution and coefficient functions, the variational
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# Form representing the equilibrium equation

name = "ElasticityDirect"

element1 = FiniteElement("Vector Lagrange", "tetrahedron", 1)

element2 = FiniteElement("Discontinuous vector Lagrange",

"tetrahedron", 0, 9)

v = BasisFunction(element1)

#f = Function(element1)

B = Function(element2)

lmbda = Constant() # Lame coefficient

mu = Constant() # Lame coefficient

# Dimension

d = len(v)

def tomatrix(q):

return [ [q[3 * j + i] for i in range(3)] for j in range(3) ]

Bmatrix = tomatrix(B)

def E(e, lmbda, mu):

Ee = 2.0 * mult(mu, e) + mult(lmbda, mult(trace(e), Identity(d)))

return Ee

epsilonm = 0.5 * (Identity(d) - Bmatrix)

sigmamatrix = E(epsilonm, lmbda, mu)

L = (-dot(sigmamatrix, grad(v))) * dx

Figure 1. Equilibrium equation of total Euler-Almansi model.

forms and using the interface of the MG ODE solver (time discretization) by implementing
the right hand side f(t, u) of an ODE: du

dt
= f(t, u). The solver is mostly written in

Python, using DOLFIN as a module, with some utility functions implemented in C++.
As an illustration, we present the implementation of f(t, u) for the Euler-Almansi rate
model where the task is to compute the vector dotx from the vector x.

We lump the mass matrix resulting from discretization of du
dt

in space which allows us to
efficiently use the MG fixed-point iteration solver for the resulting algebraic system.
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# Form representing the equilibrium equation

name = "ElasticityUpdatedEquilibrium"

element1 = FiniteElement("Discontinuous vector Lagrange",

"tetrahedron", 0, 9)

element2 = FiniteElement("Vector Lagrange", "tetrahedron", 1)

nuv = Constant() # viscosity coefficient

v = TestFunction(element2)

#f = Function(element2)

sigma = Function(element1)

epsilon = Function(element1)

def tomatrix(q):

return [ [q[3 * i + j] for i in range(3)] for j in range(3) ]

sigmamatrix = tomatrix(sigma)

epsilonmatrix = tomatrix(epsilon)

L = (-dot(sigmamatrix, grad(v)) -

nuv * (dot(epsilonmatrix, grad(v)))) * dx

Figure 2. Equilibrium equation of stress rate Euler-Almansi model.

7. The mass-spring model

We have earlier in [4] described an extended mass–spring model for the simulation of
systems of deformable bodies.

The mass–spring model represent bodies as systems of discrete mass elements, with the
forces between the mass elements transmitted using explicit spring connections. (Note that
“spring” is a historical term, and is not limited to pure Hookian interactions). Given the
forces acting on an element, we can determine its motion from Newton’s second law,

(12)
dv

dt
=

F

m

where F denotes the force acting on the element, m is the mass of the element and v is
the velocity of the element with x the current coordinate of the element. The motion of
the entire body is then implicitly described by the motion of its individual mass elements.

The force given by a standard spring is assumed to be proportional to the elongation of
the spring from its rest length. We extend the standard model with contact, collision and
fracture, by adding a radius of interaction to each mass element, and dynamically creating
and destroying spring connections based on contact and fracture conditions.
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# Form representing the stress equation

name = "ElasticityUpdatedStress"

element1 = FiniteElement("Vector Lagrange", "tetrahedron", 1)

element2 = FiniteElement("Discontinuous vector Lagrange",

"tetrahedron", 0, 9)

element3 = FiniteElement("Discontinuous Lagrange", "tetrahedron", 0)

lmbda = Constant() # Lame coefficient

mu = Constant() # Lame coefficient

nuplast = Constant() # Plastic viscosity

q = TestFunction(element2)

v = Function(element1)

sigma = Function(element2)

B = Function(element2)

sigmanorm = Function(element3)

# Dimension

d = len(v)

def epsilon(u):

return 0.5 * (grad(u) + transp(grad(u)))

def E(e, lmbda, mu):

Ee = 2.0 * mult(mu, e) + mult(lmbda, mult(trace(e), Identity(d)))

return Ee

def tomatrix(q):

return [ [q[3 * j + i] for i in range(3)] for j in range(3) ]

qmatrix = tomatrix(q)

sigmamatrix = tomatrix(sigma)

Bmatrix = tomatrix(B)

Lplast = dot(E(sigmamatrix, lmbda, mu), qmatrix)

ederiv = 0.5 * (mult(Bmatrix, grad(v)) + mult(transp(grad(v)), Bmatrix))

Lelast = dot(E(ederiv, lmbda, mu), qmatrix)

L = (Lelast - nuplast * (1 - sigmanorm) * Lplast) * dx

Figure 3. Stress rate equation of differentiated Euler-Almansi model.
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# Form representing the deformation equation

name = "ElasticityUpdatedDeformation"

element1 = FiniteElement("Vector Lagrange", "tetrahedron", 1)

element2 = FiniteElement("Discontinuous vector Lagrange",

"tetrahedron", 0, 9)

q = TestFunction(element2)

v = Function(element1)

F = Function(element2)

# Dimension

d = len(v)

def tomatrix(q):

return [ [q[3 * j + i] for i in range(3)] for j in range(3) ]

qmatrix = tomatrix(q)

Fmatrix = tomatrix(Fmatrix)

L = dot(-mult(Fmatrix, grad(v)), qmatrix) * dx

Figure 4. Deformation equation of differentiated Euler-Almansi model.

In Table 1, we give the basic properties of the mass–spring model consisting of mass
elements and spring connections. With these definitions, a mass–spring model may thus
be given by just listing the mass elements and spring connections of the model.

The mass-spring model is analogous to the Euler-Almansi model with directly computed
deformation B (or F ).

8. The contact model

Traditionally, contact models in solid mechanics (i.e. the penalty method) have been
based on kinematics. This means that that a condition of non-penetration of bodies is
enforced. We believe that a model should describe the mechanics and not kinematics of a
phenomenon: the contact model should model the forces resulting from the contact.

Contact (and its inverse: fracture) is an elastoplastic pheonomenon, and we have formu-
lated several such a model above. However, contact introduces complexity in geometry: the
topology of the domain of the problem changes when bodies contact or fracture. We do not
yet have geometrical representations which are robust enough to handle these challenges.
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def fu(self, x, dotx, t):

# Scatter from x to components

Vector_scatter(self.xu, self.x, self.dotxu_sc)

Vector_scatter(self.xv, self.x, self.dotxv_sc)

Vector_scatter(self.xF, self.x, self.dotxF_sc)

Vector_scatter(self.xSigma, self.x, self.dotxSigma_sc)

# Mesh

Elasticity_deform(self.mesh(), self.U)

# Compute B = FF^T

Elasticity_computeB(self.xF, self.xB,

self.F.element(),

self.mesh())

# Mass matrix

Elasticity_computemsigma(self.msigma, self.Sigma.element(),

self.mesh())

# U

self.dotxu.copy(self.xv)

# V

assemble(self.L(), self.dotxv, self.mesh())

self.dotxv.div(self.m)

# Sigma

assemble(self.Lstress, self.dotxSigma, self.mesh())

self.dotxSigma.div(self.msigma)

self.xEpsilon.copy(self.dotxSigma)

# F

assemble(self.LF, self.dotxF, self.mesh())

self.dotxF.div(self.msigma)

# Gather components into dotx

Vector_gather(self.dotxu, self.dotx, self.dotxu_sc)

Vector_gather(self.dotxv, self.dotx, self.dotxv_sc)

Vector_gather(self.dotxF, self.dotx, self.dotxF_sc)

Vector_gather(self.dotxSigma, self.dotx, self.dotxSigma_sc)

Figure 5. Python code for the FEniCS elasticity solver (right hand side of ODE).
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A mass element e is a set of parameters {x, v, m, r, C}:
x : current coordinate
v : velocity
m : mass
r : radius
C : a set of spring connections

A spring connection c is a set of parameters {e1, e2, k, b, l, d}:
e1 : the first mass element connected to the spring
e2 : the second mass element connected to the spring
κ : Hooke spring constant
b : damping constant
l0 : rest distance
lf : fracture distance

Table 1. Descriptions of the basic elements of the mass–spring model: mass
elements and spring connections.

Until we have such representations, we use the mass-spring model to model contact. We
represent nodes on the surface of the computational mesh as masses in the mass-spring
model, and then simply use the mass-spring model to compute forces on the masses.

This leads to the following discrete contact model:

(13)
DV

Dt
= M−1

FEM(BΣ + Fbody) + M−1

MSFcontact

where MFEM is the mass matrix resulting from a FEM discretization of the PDE model
and MMS is the mass matrix resulting from the mass-spring model.

9. Simulation Examples

We present some simulation examples of the elastoplastic models. In figure 6 a cow
object and a block are thrown in a room, displaying elastic, viscous, contact and friction
phenomena. In figure 7 a beam is fixed at one end, and an initial velocity deforms the
beam. The beam is plastic and the deformation is permanent, illustrating the plastic stress
rate Euler-Almansi model.

See [3] for more mature and larger-scale examples.

10. Performance comparison

10.1. Experimental setup. We let an implementation of the mass-spring model (part of
Ko in FEniCS) represent the minimal amount of work needed to model systems of elastic
bodies under large deformation. It is the industry standard for high-performance elastic
simulation (see [4] and [8] for a survey) and serves as the benchmark. We then make
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Figure 6. Cow and a block thrown in a room, illustrating a solution of the
rate form of the Euler-Almansi model. The spheres on the surface of the
bodies are the representation of the contact model.

a comparison with an automated implementation (DOLFIN in FEniCS ) of the FEM
discretization of the elastic PDE (9).

Both implementations perform the task of assembling a discrete (in space) system rep-
resenting their corresponding equations. In this case the discrete system is the ODE:
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Figure 7. Bent beam simulated using the plastic stress rate model. The
lower right image is the permanently deformed rest state resulting from an
initial velocity.

(14)
du

dt
= f(t, u)

This means the task is computing f(t, u) for a given t and u. The ODE is then discretized
by the same method, so that is the same amount of work for both models.
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Figure 8. Ko simulation of cow falling down stairs. Here we map the
deformation from the mechanics representation to the original boundary rep-
resentation.
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The mass-spring assembly and the FEM assembly both use PETSc for linear algebra
operations. We also use the same operating system, compiler and optimization flags. The
source code for both implementations is published and available at the FEniCS website
[3].

The experimental setup consists of a unit cube discretized into cells (tetrahedrons). We
vary the number of cells in the discretized cube and measure the time to compute f(t, u).

We compare two versions of the PDE: one fully elastic and one viscoelastic.

10.2. Results. The results can be seen in plots 10.2 and 10.2. The fully elastic PDE is a
factor 2-3 slower and the viscous PDE is a factor 3-4 slower than the mass-spring model.

The fully elastic PDE performs very well. There is still work to be done in making
FEniCS as a whole more efficient (see performance analysis below), mesh representation
for example. We carry out a performance analysis of the implementation below to find out
which parts of the implementation are taking the most execution time.

Performance analysis (see figures 11 and 12) tells us that the form evaluation does
not dominate the total execution time, which means that the automated discretization in
FEniCS lives up to its goals. The assembly does dominate the total execution time, but
this is expected, since that’s what the benchmark consists of. The PDE model spends a
considerable time in primitive mesh functions, which means we should find or design a
more efficient mesh interface and representation.

With a more efficient mesh representation, we should be able to reach a factor 1-2. We
cannot expect better if the mass-spring model is representative of the minimal amount of
work.

The PDE model allows space adaptivity, while the mass-spring model does not. This
will give the PDE model an efficiency improvement of many factors, depending on the
problem parameters. This would mean that the PDE model with space adaptivity is more
efficient than the mass-spring model.

10.3. Performance analysis. Profiling information (generated by the gprof profiler) of
the PDE and mass-spring implementations can be seen in figures 11 and 12 respectively.
The flat list gives execution time spent in individual functions while the call graph gives
execution time spent in functions including their children.
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Figure 10. Plot of execution time against number of cells for the viscoelas-
tic PDE model (9) versus the mass-spring model.
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Flat list:

time(%) Name

33.24 dolfin::ElasticityDirect::LinearForm::eval(...)

7.90 dolfin::AffineMap::updateTetrahedron(...)

6.53 dolfin::DiscreteFunction::interpolate(...)

5.47 dolfin::PArray<Vertex*>::operator()(int)

5.18 dolfin::Cell::vertexID(int)

3.92 dolfin::GenericCell::vertexID(int)

Call graph:

time(%) Name

80.8 dolfin::FEM::assemble_common(...)

33.2 dolfin::ElasticityDirect::LinearForm::eval(...)

22.3 dolfin::Form::updateCoefficients(...)

14.8 dolfin::ElasticityUpdatedUtil::computeB(...)

Figure 11. Extract from profiling information: flat list and call graph of
PDE implementation.

Flat list:

time(%) Name

22.90 ko::BasicEulerIntegrator::residualdG0()

22.18 ko::SimpleVector::norm() const

18.77 ko::MechanicsModel::force(...)

11.97 ko::SimpleVector::axpy(...)

Call graph:

time(%) Name

99.9 ko::BasicEulerIntegrator::residualdG0(...)

49.8 ko::MechanicsModel::force(...)

Figure 12. Extract from profiling information: flat list and call graph of
mass-spring implementation.




