Sum of squares and integer programming relaxations Lecture 12 — 25 March, 2014

12. Q is positive semi-definite.

Lecturer: Massimo Lauria

afge = %«
Disclaimer: this lecture note has not yet been reviewed by the main lecturer. g KTH %
It is released as it is for the convenience of the students. 3§ XEI‘E:"S;::Pgio
In this lecture, we complete the proof initiated in Lecture 11. In particular, e
weprove thatif{ —1 < r <n—{+1and{ < |n/2], then the quadratic form http://www.csc.kth.se/~lauria/sos14/

Q defined in Lecture 11 is positive semi-definite over the space of polynomials
of degree at most L.

Let P<y be the space of multilinearized polynomials over K in 7 variables of
degree at most £ and with Py C P the space of homogeneous polynomials of
degree t. We have that each I is a vector space: given a polynomial p € P
the I-th coordinate p; of that polynomial is just the coefficient of the term
I L x; as it appears in p.

We recall the definition of the quadratic form Q of monomials from the
previous lecture: let
rir=1)---(r—k+1)
nn—1)---(n—k+1)’

Bk =

then
Q(xy,x7) = B(X1uy) = Byyj-
Theorem 1. I[f{ —1 <r <n—{L+1andl < |n/2] then Q = 0 over

PS ¢ 1 . ! Dima Grigoriev. Complexity of positivstel-
lensatz proofs for the knapsack. computa-
The proof will be based on the following three steps corresponding to the tional complexity, 10(2):139-154, 2001

sections of this lecture:

* Decompose P into a direct sum of spaces P(u);
* Show that Q as a linear operator over P is invariant on each P(u);

* Q > Ooneach P(u).

Decomposition of the space P<y

Consider the following two linear operators: C; : Pt — P;yq and Dy :
Pry1 — Pr. Let p = Y1 7= p1x1 be a polynomial in Py, where xj :=

[Tier xi-
Ci(p):= Y, Y P Xy (1
L=t ig]
Similarly we define Dy for polynomials g = ) j. 7|11 47Xy in Pryq:
Dila):= ¥, Y a5-%pp- @
Jl|=t+1j€]

Starting with some polynomial u € P; we want to lift it to some ulm e
P, foreach m < ¢:
0 ifm <t
ulm .=y ifm=t

Cou_1(u™=1))  otherwise
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Notice that given u = Y ju;x; € P; then the coeflicient of u) corre-
sponding to a set Y of size y is

W)y = Y ur.

ICY

Foru € P let P(u) := Span({u(m) }m<£)' We observe that we can

represent P(u) using another basis. This is not needed in this section but we
put it here just for matter of clarity. It will be needed in the next section.

Proposition 2. Let u € Py then
P(u) = Span(u, {(in — r)(in)mu}

where given a polynomial q with q we denote its multilinearized version.

me[éftfl})’

Proof. 1t is sufficient to prove that for each m € [¢ — t — 1] we have that
(¥, x)"—*tu € Span(u®, ..., u(™)) and the coefficient of u(™) is not 0. In
order to do this we just notice that if m > f then

M(m): Z 2 Urxpyy-

I [I|=t JCI
|J|=m—t

Hence itis easy to see that the expansion of (}_; x;)™~tu can be expressed as a

linear combination of u(*), ..., u(™)_ Then also (¥ x; — ) (¥ x;)"u has the
same property hence we can use those polynomials as a basis of P(u). O

This section is devoted to prove the following theorem:
Theorem 3 (Decomposition of P<y).
0
Po, =P P(u). 3)
t=1 ucBasis(Ker D;_1)

Clearly we have a decomposition of P< as a direct sum Py = @f:() b
but we need a more fine grained decomposition inside each P;. Then we will
rearrange the spaces in a way somehow transversal w.r.t. the decomposition
above.

Lemma 4. Let m < { < |n/2] then for each u € Ker D;_1

DyCn(u™) = (n—m —t)(m —t+1)u™. O
Proposition 5. Let Ag := Py and A; := Ker D;_1, fort > 0, then
Py =Ar®Ci1(Ar-1) ®Cr-1Cr2(Ar2) ® - & Ci—1Cr—2 - - - Co(Ap)-

Proof. By induction on ¢ and using Lemma 4 we have that D;C;(P) = P;.
This imply that Ker Dy N C¢(P¢) = {0} and then by a dimension argument
we have that

dim P, = dimKer D; + dim ImD; = dim Ker D; + dim C;(P}),

where the last equality follows from the fact that dim C;(P;) = dim ImD; =
dim P;. Hence P; 11 = Ker D; & C;(P;) and this can be expanded obviously
in the form required by the proposition. O
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We are almost done for the desired decomposition of P:
ng
I
Py = Ao
S3)
Py = Ay @ Co(Ap)
S3)
P, = Ay & C1(A1) ® C1Co(Ao)
S

D
Pp=Ar®Cp1(Ap—1)®...8Cr1Cy_p---C1Co(Ap)

Hence we can group together by diagonals the objects referring to the
same A; obtaining the desired decomposition:

l
Po,= P P).

t=0 ucBasis(A;)

The linear operator associated to Q is invariant on P(u)

Proposition 6. Let Q(W) be the restriction of Q seen as a linear operator
from Py to Py and u € Py and

t
[t
pori= L1 (}) Bus
j=0
then
Q(yrt)(u> = yy’tu(y)'

and Q maps P(u) in itself.
Proof. Before starting the proof we recall that, by definition, ul) = 0if
y <t Letu e Ay, u=Yr = urxyand [QWH (1)]y be the component of

Q) (u) corresponding to the set Y of size y, i.e. the coefficient of the term
Xy of that image.

QUYw)ly = Y. Blxyxpur= Y Y Blxyx)u =

I [1|=t XCY YNI=X
1=t
y+t—| X U1
XCY YNI=X 4
[I|=t
=2 B L
j=0 I: [INY]=t—j

By the inclusion-exclusion principle we have then, if y < t QW) (1) = 0,
and in the other case

3 .
0 I. ICY

_ Z(:)By+j(_1)7<;) 1)y = e [u @)y
£
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We have now to prove that Q maps P(u) in itself. In order to do this we
prove by induction on m that Q(u(™)) € P(u). The base case is what we
just finished to prove. Moreover, as proved in Proposition 2 we have that
(% %)™ tu € Span(u®, ..., u(™)), from which follows immediately that

(Y% —r) (Y x)" u € Span(u, ..., ulm+1)),

with non-zero coefficient of #("*1) . Hence

((Z Xj—1) (Z xp)"tu) € Span(Q(u(t)),, ., QumYy),

but Q((X; x; — r)(¥X; x;)™tu) = 0 and by induction hypothesis we have
that Q(u)) € P(u) for each j < m, hence we have also that Q(u("*1)) €
P(u). O

Q is positive semidefinite

Lemma 7.
H]y 1(T+1*])H] 0(”77’7])
Mot = i —1) - (n—y—t+1)

&)

Proof. Consider the following functional equation for some f : N x N —
Z

f(y,0) =By
flyt+1) = f(y,t) — fly+1,t)

There is only one possible solution of (7). We show that both sides of equation

(6)

(5) are solutions of (7), hence they are equal.
Let g(y, t) the RHS of equation (5). Clearly we have that ¢(y,0) = B,
and

gly+Lt)+g(yt+1) =
_ Ty hor—t
=8t) -y Ty el ) =8t

Regarding 1y + clearly we have that p1, o = B,,. To prove the other part of
equation (7) just observe that

t+1
t+1
Hyt+1 = 2(_1)]< . >By+j =

j=0 J

t t+1
A <) y+J+Z ( )By+7—
—Vyt+z k+1() k1 =

= Hyt — Hy+1t-

H*

The equality (%) follows from the Newton identity (V) + (") = ("}1). O
Lemma 8. Lety > t then ji;y = (”y__ztt) Hy - O

Proposition 9. Q has rank < 1.
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Proof. We use the matrix associated to the quadratic form Q to define a linear
operator 4. The rank of Q is exactly the dimension of the image of g and this is
invariant w.r.t. a change of basis. We use the basis of P(u) used in Proposition
2. As we already observed in the last lecture we have that B((Y_; x; — r)p) =
0 for any polynomial p. Hence the image of g has dimension < 1. O

Theorem 10 (Q is positive-semidefinite). Let t < ¢ and u € Ker D;_, if
{—1<r<n—{+1landl < |n/2] then Q = 0 over P(u). Hence, by
Theorem 3, Q = 0 over P<y.

Proof. Let M be the matrix with (y, t)-entry 1, ;. By the previous proposi-
tion and Proposition 6 we have that M has rank < 1. Hence,

Hethyy — Hyttry = 0. @)

By Lemma 8 My, thty > 0 and hence by equation (7) then sgn(yt,t) =
sgn(y,y). But by Lemma 5 we have that yi;; > 0. And if we are in the
range of parameters considered in the hypothesis then u;; > 0. Hence
Tr(M) = Zf:t #i; > 0. But this means, as rank(M) = 1 that the only
non-zero eigenvalue of M is positive. Hence Q = 0 over P(u). O
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