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Corresponds to a line if the above condition is met

A=1{8191-1

1.-1-8.1+19=-1-8+9=0



~ Coplanarity and Plucker Line
Coordinates

A

A

AB

AB

Coplanari N Det(A, B, A’ é) =0

Det(A, B, A B) = Il + oy, — (e + Dl )+ Ll Bl

m BiLinear Product

Independent of the points

Two lines are coplanar if and only if (A‘A): 0



~ Coplana rityW

Coordinates
A P’Q Coplanary 5 A _
o ¥ 5 Det(P,Q,P,Q)=0

Det(P,Q, ﬁ,cj

Two lines are coplanar if and only if (A‘A): 0

Independent of the planes



~ Coplanarity mme/

Coordinates

A A B
A:lP,O

(AA)= (" AlQ"E)- (@ AYP ")

Plucker coordinates are useful in algebraic derivations. They are used in
defining the map from a line in 3-space to its image.
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Quadrics

A quadric is a surface in IP3defined by the equation
X 0

where Q is a symmetric 4x4 matrix.



Quadrics and Conics
A quadric has 9 degrees of freedom.

Nine points in general position define a quaderic.

If the matrix Q) is singular, then the quadric is
degenerate, and may be defined by fewer points.
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Quadrics and Conics

A quadric defines a polarity between a point and a
plane. The plane 7 =QX is the polar plane of X with
respect to Q.



Quadrics and Conics

* The intersection of a plane ;7 with a quadric Q is a
conic C.



' Quadrics and Conics

Under the point transformation X' = HX, a (point)
quadric transforms as

Qr - HTQH—l



Categories of Quadrics

Two parameters are used to categorize quadrics:

» Rank
 Signature
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Signature of Quadrics

Since the quadric matrix Q is symmetric, it can be

decomposed into an orthogonal and a diagonal matrix
as follows:

Q=U"DU

By appropriate scaling, the matrix Dcan be re-written
to exclusively contain zeros, +1 s and -1 s:

Q=H'DH

Finally one can rearrange the matrix so that zeros are
located at the end and +1 s are in the beginning.
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Signature of Quadrics

Since the quadric matrix Q is symmetric, it can be

decomposed into an orthogonal and a diagonal matrix
as follows:

Q=U"DU

By appropriate scaling, the matrix Dcan be re-written
to exclusively contain zeros, +1 s and -1 s:

Signature=
O'(Q): (T(D)( Q — H@—F —y #ofdiagonal +1s

- # of diagonal -1 s

Finally one can rearrange the matrix so that zeros are
located at the end and +1 s are in the beginning.



Categories of Quadrics

Rank o Diagonal Equation Realization
4 4 (1,1,1,1) xX24+Y*+4+272241=0 No real points
Z  {1,1.15~-1) X2+v2+2722=1 Sphere
0 (1,1,—-1=-1) %*+¥2=2%+1 Hyperboloid of one sheet
3 3 (1:1.1,0) X+ 4+24=0 One point (0,0,0,1)"
1 {2,1,-1.0) X2 +y2 =272 Cone at the origin
2 2 (1,1,0,0) X24v2=0 Single line (z-axis)
0 (1,-1,0,0) X2 =y3 Two planes X = +Y
1 1 (1.0,0.0) X2 =0 The plane X = ()




Ruled vs. Unruled Quadrics

* Ruled quadrics contain straight lines (called

generators)
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Unruled Quadrics
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- Projective Transformatic
Space

* Are identified by their matrix form, Or

e Their invariants



~ Projective Tra\nmﬁm&/

Space

The 15 degrees of freedom are accounted for as:

e Seven for similarity
» 3 forrotations
» 3 for translations
» 1for isotropic scaling

e Five for affine scaling
e Three for projective part



Space

ojective Transformation of 3-

Group Matrix Distortion Invariant properties
Projective At :ﬁ'nli:s?su‘ontantd éang‘eg:yc 'of iur—
15 dof ol i aces in contact. Sig aussian

curvature.

AfF A Parallelism of planes, volume ra-
12 ll“ef oF tios, centroids. The plane at infin-

= ity, 7, (see section 3.5).
Similarity SR The absolute conic, Q2
7 dof o' (see section 3.6).
Euclidean R t Volume
6 dof o' 1 '




Screw Decomposition

Euclidean transformation on 3-Space is more general than Euclidean
transformation on 2-Space

i _,—'—/

R =t

—

Any particular translation and rotation is equivalent to a rotation about a
screw axis together with a translation along the screw axis. The screw axis is
parallel to the rotation axis.
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