ESTIMATES FOR THE UPSCALING ERROR IN HETEROGENEOUS
MULTISCALE METHODS FOR WAVE PROPAGATION PROBLEMS
IN LOCALLY PERIODIC MEDIA*

DOGHONAY ARJMAND! AND OLOF RUNBORG*

Abstract. This paper concerns the analysis of a multiscale method for wave propagation prob-
lems in microscopically nonhomogeneous media. A direct numerical approximation of such problems
is prohibitively expensive as it requires resolving the microscopic variations over a much larger phys-
ical domain of interest. The heterogeneous multiscale method (HMM) is an efficient framework to
approximate the solutions of multiscale problems. In HMM, one assumes an incomplete macroscopic
model which is coupled to a known but expensive microscopic model. The micromodel is solved
only locally to upscale the parameter values which are missing in the macromodel. The resulting
macroscopic model can then be solved at a cost independent of the small scales in the problem.

In general, the accuracy of the HMM is related to how good the upscaling step approximates
the right macroscopic quantities. The analysis of the method, that we consider here, was previously
addressed only in purely periodic media although the method itself is numerically shown to be
applicable to more general settings. In the present study, we consider a more realistic setting by
assuming a locally-periodic medium where slow and fast variations are allowed at the same time.
We then prove that HMM captures the right macroscopic effects. The generality of the tools and
ideas in the analysis allows us to establish convergence rates in a multi-dimensional setting. The
theoretical findings here imply an improved convergence rate in one-dimension, which also justifies
the numerical observations from our earlier study.
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1. Introduction. We consider the scalar wave equation in locally-periodic me-

dia

(1) B (1, %) = V - (A(x,x/s)vue(t,x)) +f(t,x), inQx(0,T]
u®(0,x) = g(x), O (0,x)=h(x), onQx{t=0},
u(t,x) =0 on 9 x [0,T],

where (2 is a bounded open subset of R? with |2 = O(1), and A is a bounded
symmetric positive-definite matrix function in R%*? such that for every ¢ € R¢

Cl‘<|2 S sup Y<TA(Xay)C S C2 |<|2 ) Y = (Oa 1]da and Aij = Ajl

xeEQ,y€

The coefficient A is assumed to be locally-periodic, i.e. y — A(x,y) is Y-periodic for
all x in €2, the parameter ¢ < 1 represents the wavelength of the small scale variations
in the media, and T' = O(1) is a constant independent of £. For simplicity, we will
assume that A is smooth, i.e., A;; € C* (2 x Y), but most of the theoretical results
in this paper will be valid for less regular coefficients such as 0%A4;; € C(Q, L>°(Y))
for k < 2.

When e < 1, the solution to equation (1) exhibits variations at a coarse and a
fine scale, in time and space, due to the heterogeneities in the coeflicient function A.
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In this case, a direct numerical simulation (DNS) of (1) becomes highly demanding
since e-scale variations must be resolved over the entire domain, leading to O(e~471)
degrees of freedom. Although DNS provides us with detailed information about the
behavior of the solution at different scales, in engineering practices, we are often
interested only in a coarse scale description of the solution. This raises the following
question: can we approximate the coarse scale, i.e. a local average, part of the solution
at a cost much lower than the cost of DNS? From a mathematical point of view this
is related to the theory of homogenization which can be traced back to 1970s. On
the other hand, from a numerical point of view, this issue has triggered the birth and
development of a number of successful numerical multiscale approaches over the last
two decades.

First we give a brief summary of the idea behind analytical homogenization. The
term homogenization was introduced to the mathematical literature by I. Babuska,
[11] and since then the theory has been systematically developed by contributions
of various researchers, see e.g. [13, 15, 34, 39] for an exposition of the method,
where references to earlier literature can also be found. Mathematically speaking,
the aim of the homogenization theory is to find a limiting solution u® — u, in
some appropriate sense, and possibly a homogenized problem, satisfied by u°, which
is no more dependent on the small scale parameter €. In a few cases, it is possible to
write down explicit equations for the homogenized problem. For example, when the
medium is periodic or locally periodic, the homogenized solution u° solves

2) B’ (t,x) = V - (AO(x)vuO(t,x)) +f(t,x), inQx (0,T]
u’(0,x) = g(x), 9u’(0,x) = h(x), onQx {t=0},

where the homogenized matrix A° is given by

k=1

d
and {x¢}¢_, are Y-periodic solutions of the following set of cell problems
@ Ve (A Vyubey) + A y)e) =0 [ ulxy)dy =0

where {eg}‘jzl are canonical basis vectors in R%. Although the homogenization the-
ory provides us with powerful analytical tools to study existence and uniqueness of
homogenized solutions, it is of limited practical use since an explicit representation
for the homogenized coefficient A is often missing. In such a case, the tendency is
to design multiscale numerical methods which target the coarse scale behavior of the
solution, i.e., the homogenized solution, without assuming a priori knowledge about
the homogenized coefficient or the precise nature of the coefficient A. Within the
last two decades, several multiscale strategies have been proposed to approximate
the coarse-scale dynamics of problems which possess variations at multiple scales.
To name a few, the variational multiscale method (VMM) pioneered by Hughes et
al. [33], the multiscale finite element method (MSFEM) by T. Hou et al. [31], the
equation-free approach by Kevrikidis et al. [35], and the heterogeneous multiscale
method (HMM) due to E and Engquist [17] are successful examples of such general
frameworks. Due to the large literature available on these methodologies, at this
stage, we refer the curious reader only to few representative works in the context
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of applications to multiscale PDEs, see e.g. [5, 28, 36] for methods inspired by the
VMM principle, [19, 20, 32, 29] for MSFEM type methods, and [10, 21, 4] for HMM
based strategies. See also [12, 23, 25, 26, 37, 38, 42] for other relevant literatures on
multiscale approaches for PDEs.

The focus of the present work is on the HMM strategy. The idea behind HMM is to
assume a macroscale model which lacks certain input data. To close the macromodel,
one then solves a micromodel locally and computes effective parameter values needed
for the macromodel. Since the micromodel is solved only locally, the approach leads to
a significant improvement in terms of computational cost in comparison to traditional
numerical schemes. HMM has been applied to a wide range of multiscale problems,
see e.g. [1, 6, 9, 10, 18] for elliptic, parabolic and second-order hyperbolic PDEs,
[40] for applications in micro-fluidics, [24, 16] for applications in ODEs with multiple
scales, and [3] for a recent overview of the method.

In [17, 3], a general framework for the analysis of HMM for multiscale PDEs is
given. The idea is to split the error between the HMM and the homogenized solution
(2) into three parts

0] _
|UHMM —Uu | = €macro T Cupscaling T €micros

where €qcr0 a0d €pyicro are discretization errors, and eqypscating Or so-called the HMM
error is related to the accuracy of upscaling procedure where effective parameters in
the macromodel are computed using local microscopic simulations, see Remark 4.
The aim of this study is to estimate the difference between the upscaled effective
parameters and the exact homogenized quantities. A fully discrete analysis of a
finite element HMM for elliptic PDEs can be found e.g. in [1]. The analysis of
the discretization errors is omitted in the present work and can be carried out using
standard theory of finite differences or finite elements, see e.g. [14, 27, 41].

In this paper, we analyze a finite difference HMM (FD-HMM) from [21] which
approximates the solution of the second order wave equation (1), see Section 2 for a
summary of the FD-HMM. The analysis of this FD-HMM in purely periodic media
was previously addressed in [21] for short time problems where T' = O(1), and in [8, 22]
for long time scales where T' = O(¢~2). To be able to go beyond the rather academic
case of periodic media and to address a more realistic scenario, an extension of the
theory to non-periodic media is needed. The difficulty lies in the fact that existing
theoretical results in the periodic case do not directly apply to non-periodic media.
The analysis in this paper does not fully cover the general non-periodic theory, but
is based on two main assumptions: i) as a special case of non-periodic coefficients,
locally-periodic coefficients, see the coefficient A in (1), are assumed. ii) A scale
separation, £ < 1, in the coefficient A (and hence in the solution) is assumed.

This article is structured as follows. In Section 2, we introduce the multiscale
method. A detailed analysis of the method is then given in Section 4. We finish the
article by a conclusion in Section 5.

2. HMM. The FD-HMM uses the following macromodel for approximating the
solution of problem (1)

onU(t,x) — V- -F(x,VU) = f(x), inQx (0,7T]
(5)  Macro problem: U(0,x) = g(x), 0:U(0,x)=h(x), onQx{t=0},
U(t,x) =0, ondQxI[0,T].

Here U is the macroscopic solution and F = (F*, F2,--. | ') is the missing data
in the model. A finite difference discretization (in two dimensions) of the macro
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problem (5) gives

(6) 1 1 2 2
rnoo-FN . F5T - FO"
n+l _ n—1 2 it 5. 1—=3,] Lj+5 4,)— %
Ul = 2ur, — U 4 A — + -

+ A [P

O _ 1 . .
Moreover, U; ; = gi,j, and U ; is given by

At?
Uil)j ~ U(At, Xi)j) ~ (](07 Xi)j) + At@tU(O, X@j) + T(’)ttU(O, Xi)j),

where the initial data in (5) can be used to compute the first two terms in the right
hand side, and the last term is computed by using the equation (5) which also requires
computing F at time ¢ = 0. To compute the unknown F;L+l ; in the macro solver (6),
3
we solve the multiscale problem (1) over a microscopic box I x €, , ., where I, =
(0,7/2] and 7/2 is the final time for the microscopic simulations, and Qx,,,, ., =
Xit1/2,j + [= Ly, Ly)* where L, > 2 + Z1/|A|s and in practice 7 = 7 = O(e). In
other words, we solve

(7)
Opu®"(t,x) = V- (A(x,x/e)Vus") =0, in Qx,,, 0 X I7
Micro problem: u*"(0,x) = i(x), Gwu®"(0,x) =0, onQx,_, , »x{t=0},
u™"(0,x) — @(x) is periodic in Oy, ,, .z
where @(x) is a linear approximation of the neighbouring coarse scale data. In one-
dimension, it is given by 4(z) = s(x—x;41/2)+(Usy1+U;)/2, where s = (Uiy1—U;) /H
is the slope at the point z;; /2, and in two dimensions (as well as higher dimensions)
it is found by a linear least square approximation of {U; j ik, Ui+1,j+k}£il_1~ Hence,
in general we have

ﬂ(X) =S~ (X — Xi+l/2,j) + Co,

where s € R? is the slope vector at the point x;; /2,j> and co is a suitable constant.
Moreover, for the micro problem, other boundary conditions such as the Dirichlet
condition u®"(x) = 4u(x) can also be used.

REMARK 1. Note that if T = n = O(e), the computational cost of solving the
micro problem (7) becomes independent of € since the solution will contain only few
oscillations, in time and space, within the microscopic domain.

For the local averaging we introduce the space KP+¢ which consists of functions K &€
C9(R) compactly supported in [~1,1], and K@+ € BV (R), where the derivative is
understood in the weak sense and BV is the space of functions with bounded variations
on R. Moreover, the parameter p represents the number of vanishing moments

1 =
/ Kiyprae=4 "=0
R 0 1<r<yp.

As local averaging takes place in a domain of size 7, we consider the scaled kernel

K fa) = LK /o).
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Finally, the flux F; /5 ; is computed by

(8) Fii1/0 = Ky * A(,-/e)Vus"(-,4)) (0,Xi41/2,5),

where

(Ko 5 ) (£,%) /tHT/Z/ Ky (% — x) Ko (T — 1) f(F, %) d% di,

T/2
and where in d-dimension, K, (x) is understood as
K, (x) = Ky (x1) Ky (x2) - - - Ky (24q).

Note that to compute the HMM solutions U;";, an approximation of the microscopic
solution u" solving (7) as well as a numerical approximation for the integration (8)
are needed. In [9] and [21] a simple leap-frog scheme and a standard trapezoidal rule

are used to approximate these quantities.

REMARK 2. Note that in the upscaling step (8), we need the values of the solution
for the micro problem (7) in the time interval [—7/2,0). This requires no additional
cost since the symmetry property uS"(t,x) = u®"(—t,x) easily follows due to the
condition Jyu®"(0,x) = 0.

REMARK 3. In general, larger values for the parameters p, and q result in better
approximation properties, see Lemma 6. Moreover, taking large p,q does not increase
the computational cost, see [30] for construction of such averaging functions for all
b, q.

REMARK 4. Let u® be the solution of the homogenized equation (2). Let ujl; ~
u®(x; j,tn) be the approzimate solution which solves the numerical scheme (6) but with
Fi, == F((VU)};) replaced by F((Vu)m-), where (Vu)zlj represents the slope of the
approzimate solution G}, at the point (tn,%;;), and F((Va)};) = A%(x;;)(Va)};
Moreover, let U"J be the HMM solution when the micro-problem (7) and the mtegml
(8) is solved exactly. Then the difference between the HMM solution UJ; and the
homogenized solution u®(t,,x; ;) can be split as follows:

Uiy — Ui

‘ tnaXZ]>‘ S u0<t”7xi’j)‘

+|oz; -

€
€micro €upscaling macro

Let D -F7; be the discrete approzimation of the divergence operator V - F(t,x) given
in the macro-solver (6), and DU}, := (Ulnj+1 =200, + U Y/ A2, Then the error
e = UZ"J —ug; satisfies

Diet; = D-F(Ve),) + D (F(Va)L,) - F(Va)L,))

0 o, o —Llp. (F(va)2,) -~ F(Va)L,)).

i, 2 2,7

This shows that the upscaling error will be small if the difference between the fluzes
F and F is small in comparison to the macroscopic mesh size H, see [2] for a similar
result in the parabolic setting. The aim of this paper is to show that the difference in
flux is small.
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3. The main result. The macromodel (5) in HMM approximates the effective
equation (2). The HMM flux F; 4/ ; € R? given by (8) should then approximate the
homogenized flux:

9) F(xi41/2,5) = A’ (x) Vi(x)

where 4(x) is given in (7). Our main goal here is to prove that if @ is linear, then
HMM captures the homogenized flux in (9) up to high orders of accuracy. Note
that since 4 is given by a linear approximation of the coarse scale data, the flux
(9) should be interpreted as a local approximation to the exact homogenized flux
FO(x) = A%(x)Vu'(x) in (2).

When the media is periodic, i.e., A = A(x/¢), the homogenized coefficient A° is
a constant matrix and the HMM flux (15) approximates the homogenized flux (9) as
follows, [21]:

(10) F=F+0 ((;>q+2>,

where higher values for ¢ implies better regularity properties for the averaging kernel
K. In [8], however, various numerical evidence demonstrated that the above rate
is no longer valid for locally-periodic coefficients. Moreover, the convergence rate
in one-dimension was numerically observed to be different than the rate in higher
dimensions. We give the following example to better illustrate the idea.

|x2xz‘+1/2,j’

ExXAMPLE 1. Consider the micro problem (14) in one dimension, with periodic
and locally-periodic coefficients

1
Aly) =11+ 3 (sin(rg) + sin(2wy + 2)),
_ 1
- 10
The left plot in Figure 1 shows the O((g/n)?"?) convergence rate in (10), for the
periodic coefficient given in (11), and O(2) asymptotic rate for the locally-periodic
coefficient. Consider also the two-dimensional coefficients

A(y) = (1.5 + sin(27y1)) (1.5 + sin(27y2)),

(12) A(x,y) = (1.5 + sin(27y; ) + sin(27z2) cos(27my1)).

1
(11) A(z,y) =11+ 3 (sin(2rx 4 ro) + sin(2ry +2)), 1o

The right plot in Figure 1, depicts the O((e/n)972) convergence rate that the periodic
theory predicts, while an O(e) asymptotic convergence rate is observed for the locally-
periodic coefficient in (12).

In the present paper, we are able to give a rigorous analysis revealing the con-
vergence rates in a multi-dimensional locally-periodic setting. Moreover, our theory
fully explains the mentioned dimension-dependent phenomenon. The main result of
this paper is the following theorem.

THEOREM 1. Let F be given as in (15), and F be the homogenized fluz (9). Fur-
thermore, let 4 =s-x, K € KP? with an even ¢ andp > 1, and 0 <e <n=171 <1,
and assume that ro belongs to the compact set Q). Then

e\t
() +e7%97, d=1,
n

e\t
() +e+e 7, d>1.
n

sup |F(ro) — F(ro)| <Cls|,
1‘065 o0
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Upscaling error in 1D, with p = 3, q =7,7 = 0.01 Upscaling error in 2D, with p = 3, q =7,7 = 0.1
10° 10° —
/ ——Locally periodic
——Locally periodic — = O((¢/n)"?)
. T O((e/m™?) ot o)
1024 |- - 0(e?) —— Periodic
—— Periodic 4

Ve

e
7
105 /AAf\ﬂ

10° e 102 102 e 107"

Fi1G. 1. The upscaling errors |F — f‘|w for periodic and locally-periodic materials in one and
two dimensions are depicted. (Left) Upscaling error for the periodic and locally-periodic coefficients
(11) in one dimension: the micro problem (14) is solved with the parameters T = n = 0.01. The
result indicates different convergence rates in periodic and locally-periodic media. (Right) Upscaling
error for the periodic and locally-periodic coefficients (11) in two dimensions: the micro problem
(14) is solved with the parameters T = n = 0.1. The result indicates again different convergence
rates in periodic and locally-periodic media. Note also the dependency of the convergence rates, in
locally-periodic media, on the dimension. In one dimension, we observe O(2) asymptotic rate while
in two dimensions the convergence rate becomes O(g).

where C' does not depend on x,e,m but may depend on K,p,q,d or A. Moreover, if
n=c¢e'=F for0 < B <2/7, then

efla=1) 4 2-78 d=1,

(13) sup |F(ro) — F(ro) o = Clsloe ePla=l) Loy 2778 4> 1,

roeQ

REMARK 5. The HMM error in (13) can be made almost equal to O(e* + £2) for

d =1 and to O(e* +¢) for d > 1, where k > 2, upon choosing small enough B and

a large enough q, i.e., ¢ = k/B + 1. Small values for the parameter 8 imply a low
computational cost as the size of the micro domains are n = O(c'=?) = O(e).

REMARK 6. Note that the simulations in Figure 1 are done for fired n and varying
e, and that O(g?) and O(e) asymptotic rates are observed in one and two dimensions
respectively. Theorem 1, however, suggests an O(e~5) asymptotic error which is not
seen in the Figure. This is due to the fact that the error bound in Theorem 1 is not
sharp. But note that the right asymptotic rates are recovered upon choosing n = &' =5,

4. Analysis.

4.1. Simplifications. We start by some simplifications for the analysis. Let rg
represent a fixed but arbitrary point in the domain 2. We consider the micro-problem
(7), centred at ro (Qry.y = To + [~ Ly, Ly]?), with initial data

U(x) =s- (x —rp),

where s = Vi(rg) € R is the slope vector. Note that the constant term ¢y introduced
in Section 2 is removed from the notation as constant initial data would have zero
contribution to the flux. The starting point of the analysis is to set the local problem
(7) on R% and (without loss of generality) shift the micro problem to the origin.

(14) Opu®(t,x) =V - (A(x +ro, (x+19)/e)Vu"(t,%)), in R? x (0,7/2],

u®(0,x) =s-x, Owu®"(0,x)=0.
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Posing the micro-problem (14) over R? is only to simplify the analysis, and does not
affect the computational results. This is due to the finite speed of propagation of
waves; namely the solution (of the local mixed initial-boundary value problem (7))
in the interior region [0,7/2] x [-1/2,7/2]¢, which is needed in the upscaling step
(8), will be the same as the solution of the corresponding Cauchy problem (14) since
the interior solution will not be influenced by the periodic conditions of the local
problem (7) if L, > 1/2 4+ 7/21/|A|c, see [9] for more discussions and numerical
results. Moreover, we rewrite the flux (8) as

(15) F(rg) = /_T A K, (x)K-(t)A(x + ro,x/e +10/e) Vu"(t,x) dx dt.

We introduce also

Aro 4 (x,x/€) = A(x +10,X/ + 7).
As A is periodic in the second argument, we can replace the coefficient A in (14) by
Ay, evaluated at v = {ro/e}, where {a} denotes the fractional part of a € RY,

4.2. Outline of the analysis.
Step 1. Expansion: In this part, the solution is scaled as u®7(t,x) = ev(t/e,x/¢),
and an asymptotic expansion is used to express v as

2
€
v(t,x) = vo(t,x) + vy (t,x) + 5vg(t,x) +....
The main result of the section is to estimate the difference between 4] :=
evo(t/e, x/e)+e2v1(t/e,x/€), and us" the solution of the micro problem (14).
Step 2. Quasi-polynomials: The main aim in this part is to write vg(¢,x) and vy (¢, %)
in terms of simpler (periodic) functions. Namely, we show that

d
vo(t,y) =s-y +voo(t,y), and vi(t,y) = vio(t,y) + D yivn1;(t,y),
j=1

where voo (2, ), vi0(t, -), {v11;(t, )}?:1 are periodic functions on Y := (0, 1]%.
Step 3. Energy estimates: This part includes energy estimates for elliptic and second

order hyperbolic PDEs. The results of this section is used later in Step 4.
Step 4. Time averages: In the upscaling step (8), the averaging operator in time can

be treated separately from the spatial averaging operator due to linearity,

see Subsection 4.6. The main aim is to write down explicit equations for the

temporally averaged quantities defined by doo(y) := K, *voo(-/€,y), and for

di1j, and dio (which are defined similarly).
Step 5. Decomposition of the fluz: In this part, the HMM flux (8) is decomposed as

F(ro) = (Kry x A(,-/e)Va="(-,-)) (0,0) + (K7 # A(-, - /) (Vu™" — Vag™)) (0,0),
Etail
and the HMM flux is expressed as F = Fo + ¢F1 + § + E;q41, where
Fo(ro) = (Ky * A(-,-/¢€) (s + Vydoo(-/€))) (0)
Fi(ro) = (K * A+, -/e) (Vydio(-/€) + di1(-/¢))) (0)

d(ro) K, *ij ,-/€)Vydi1;(-/€) | (0).

Moreover, the result from Step 2 is used to estimate the tail E;q4.
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Step 6. The main proof: Here it is proved that |[F — Fo| < C(e/n)9, and that the
terms ¢F; and ¢ are bounded and small, and the final estimate is obtained.
It is also proved that in one-dimension the result |F;| < C(g/n)?! holds;
explaining the one-dimensional effect seen in the numerics.

4.3. Expansion. We consider now the micro problem (14) which is posed over
R<. By the scaling u®"(ct, ex) := ev(t,x;€,10,7) we have

(16) Ouv(t, x;6,10,7) = V - (Ary 5 (e%, %) Vo(t, X5 €,10,7)) ,
U(O,X;{:‘,I‘o,’}/) =8-X, atU(O,X;E,I'(),’)/) =0.
Now we define vy (t,x; 19, 7) := OFv(t,x;0,r0,7), and consider the expansion

(17) 2

€
U(t, X &, Ty, ’Y) = UO(ta X;To, ’Y) +eur (tv X;To, 7) + ?’Uz(t, X;To, ’Y)+R(t, Xj&,To, 7)'

For k = 0, we have

attUO (tv X;Tro, 7) =V (Aro,’y (07 X)VUO (tv Xiro, 7)) )
(18) ’UO(O,X; I'Oa,)/) =8-X, 8{(}0(0,)(;1'0,7) =0.
Let vo = s - x + voo(t, X;ro,7y), then
(19) attUOO(tv X;ro, 7) =V (APO,’Y(va)VUOO(ta X;To, 7)) +V- AI‘O,’Y(O’X)S

v00(0, X; 0, 7) = 94vo0(0, X;10,7) = 0.

For the higher order terms we have the following relation

attvm(t7 X;To, ’V) =V (Aro,'y(ov X)V’Um(t7 X; T, ’Y)) + Gm(tv X; T, ’7)

(20) Um(oa X;ro, 7) = at"Um(Oa X5 I‘(),")/) =0, m>0,
where G, is, with ¢jm = (m>7
J
m—1 .
Gm(t7X7 Io, ’Y) =V Z Cim (a;n_]Aro,’y(Exa X)) |5:(]V'Uj (tvxv Io, P)/)
=0

REMARK 7. We drop ro and v in the notation for Ay, (0,y), v;(t,y;ro,7) and
vik(t,y;ro,7) and simply write A(0,y),v;(t,y) and v,i(t,y). Moreover, in addition
to the assumptions on A given in the introduction, we assume that ro belongs to the
compact set Q so that all the constants are uniform in rg.

Now we present a theorem to estimate the tail of the expansion in (17).

THEOREM 2. Assume that Qp = [~L,L]%, and that A € C®(Qr x Y). Let
v(t,x;€) be the solution of (16) and Uy, (t,x;¢) be defined by

mo g
- €
(21) O (t,x;56) = kg Hvk(t,x),
=0

where vy, is given by (18) and (20) for k =0 and k > 1 respectively. Then for any

M > L+t\/|Al

IV (0= ) (59) ey < O™ D M (L4 M) tmase oy (2. o -
i=0 =
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1072
£
£10°
|
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10°8F - ( 2 i
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FI1G. 2. Convergence as ¢ — 0 of the truncated expansion om = Y ;- Syvk. The problem

(20) is solved for m = 0,1,2,3 in one-dimension with A(zx,y) = 1.1 4+ 0.5(sin(27x) + sin(27y))
in the domain (t,x) € [0,1] x [—3,3] with periodic boundary conditions. The error is defined as
Em = max(s z)e[0,1]x[~1.5,1.5] [V — Om].

where C does not depend on t,e and M but may depend on A,m,d. Moreover, for
m = 1, the above estimate gives

(22) [V (v—1201) (t,58)r200,) < Ce? (1 + Md/2+1) (1 + M?) (1 + t4) S| -
Proof. See the appendix. O

To illustrate the result of Theorem 2, we present a numerical test in Figure 2, which
shows the claimed rate of convergence. Note that M and the final time ¢ are fixed in
the simulation.

COROLLARY 1. Let u®"(t,x) be the microscopic solution solving (14) and let
a3y (t,x) = e01(t/e,x/e;€), where 0y is given by (21) with m = 1. Moreover, assume
that e <71 and e <. Then, with e="(t,x) := u®"(t,x) —uj"(t,x), the estimate (22)
implies

d/2+3 4 d/2+7
o 197y <0220 ()7 (2) + ()" bl
te(0,7] 3 £ 5

where C' does not depend on £,m, 7 but may depend on A and d.
Proof. Let e :== v — 77 and € = u®" — 45, then e="(¢,x) = ce(t/e,x/e;€) and
with y = x/e the chain rule gives
Ve (t,x) = Vye(t/e,x/e).
Then with o = €/ we get

sup ||Ve€’"||2L2(Q,): sup/ Ve (t,x)|* dx = sup/ Vye(t/e,x/e)|* dx
te(0,7] K te(0,7] JQ, te(0,7] JQ,

— el sup / Vye(t/e,y)Pdy = sup [[Vye(t.)2age, -
te(0,7] Qa_l t€(0,7/¢] «

The final result follows by exploiting the last inequality and by putting ¢t = 7/¢ and
M = a~! in estimate (22). O
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4.4. Quasi-polynomials. From an analysis point of view it is desirable to deal
with purely periodic functions. Unfortunately, the terms v,, in (20) are not periodic.
However, they possess a nice structure known as the quasi-polynomials where the
coeflicients of usual polynomials are replaced by Y-periodic smooth functions.

DEFINITION 1. A function P(x,y) : R Xx R — R belongs to the set P, of quasi-
polynomials of degree n if

P(XaY) = Z pﬁ(y)xﬂa

1Bl<n

where B represents a multi-index so that x° = xflxgz . --xgd, 18] = Z?Zl Bj, and
Pg € C®(Y) are infinitely differentiable 1-periodic functions, named the coefficient
functions of P.

Now we will state a lemma which shows that, in general, periodic wave equations
with quasi-polynomial data have quasi-polynomial solutions. For this let us define
Q,Z,F(t,-, ) € P, so that

Qxy)= Y s’ Zxy)= > zx’, Flxy) =Y fty)x’

|Bl<n [Bl<n |Bl<n

and consider the wave equation with a uniformly elliptic and bounded periodic coef-
ficient B € C*(Y):

Opu =V - (B(x)Vu(t,x)) + F(t,x,x)
(23) u(0,x) = Q(x,x), Ju(0,x) = Z(x,x).

Note that the solution u is not bounded in usual H! spaces (not a weak solution).
However, it is a classical solution since it satisfies the wave equation pointwise every-
where. The following lemma states that the solution u is a quasi-polynomial of degree
n as well.

LEMMA 1. There is a family of quasi-polynomials U(t,-,-) € P, such that the
solutign to (23) is given as u(t, x)': U(t,x, X) = Zlﬂlﬁn ug(t,x)x?. The coefficient
functions of U solve the forced periodic wave equations

Oup(t,x) =V - (B(x)Vug(t,x)) +pg + f3
ug(0,x) = ¢qg, Owup(0,x) = 23,

where fg,qs,2a are the coefficient functions of F,Q, Z, and

07 |B| =n,
pp(t,x) = Mlugi1], |Bl=n—1,
M[uﬂ+1] + N[uﬂ+2]v |B| <n-— 23
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where (with {e;}9_, being the standard canonical basis vectors in R?)

M=~

Mugi1] := (B +1) (V- (Bejugse,;) + ejTBVu5+ej)

1

J

M&

N[“BH] (B +1) (5J +1)e; Beguﬁ+el+e1 (1- 6ij)

1

<.

J

(/61 + 1) (/61 + 2) e;‘TBeiulg_;'_Qei,

Mg

=1

Proof. The proof of this Lemma in one-dimension was given in [9]. Here, we give
the general proof. Let L =: V- BV. We first note that

d
Liws(x)x®] = 3" s, (Biy(x)x"0,,wp(x Z B;0s Bij(x)wp(x))
3,j=1 i,j=1
d
= %" 3" O, (Bij(x)0s, wp(x Z B;x51 (Bji0y,wg(x) + s, (Bijws(x)))
i,j=1 i,j=1
d
+ 3 (1= 655) BiBy + 8138: (B — 1) x*~4 7% Bjjuwg(x).
ij=1

From this it follows that

LU®txx) = Y x"Llugl+ > Zﬁx 7 (Bji0s,up + 0., (Bijug))

[Bl<n [B]<ni,j=1
+ Z —613) B + 6138; (B; — 1)) X~ Bijug
|l<n i.j=1
d d
= > XLlugl+ Y XY B+ 1)) (Bjidsupre; + s, (Bijupse,))
|8<n Bi<n—1 =1 i=1
d

Z x” Z (L =38i5) (Bi + )(Bj + 1) +655(Bi +2) (Bi + 1)) Bijupie,+e;

[B|<n—2  ij=1

Y Wt Y M+ Y % Nuses

|8l<n |Bl<n—1 |8|<n—2
= > X’ (Llug] +pp) -
[8]<n

On the other hand

|Bl<n Bl<n
Similarly, the initial data agrees and U(t,x,x) is therefore a solution. 0

We will now use Lemma 1 to express the solutions of (20) as quasi-polynomials.
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When m = 1, equation (20) reads

d
(24) 1 (t,y) = Llvy] + Z Vy - ((yj02,A(0,y)) Vyvo) .

j=1

Recall from (18) that vy solves
att'UO(t,Y) =V (A(Oa y)VUO(ta y)) )
UO(Oa Y) =5y, atUO(O7 Y) =0.

Since Vyvy € Py, the forcing term of equation (24) will be a quasi-polynomial of
degree one. Therefore by Lemma 1 we can write

d

(25) vi(t,y) = vio(t,y) + Zijuj(t’Y),

where v19 and vq1; are periodic in y, and

Owviik = Llvig) + fue, k=1,....d

(26) Ostv10 = Llvio] + Mv11] + fio,
with
f11k = Vy . (axkAS) + Vy . (((93%14) Vyvoo), f10 =V As+ (Vx : A) : VyUOO
d d
(27) M[Ull] = Z Vy . (Aejvllj) + Z e]TAVyvnj.
j=1 j=1

v(t,x),t =0.5,2 € [-L/2,L/2],L = 30 102 voo(t,x),t=0.5,2 € [-L/2,L/2],L =30

v5(0.5, 2)

Fic. 3. The equation (18) is solved using a one dimensional coefficient A(x,y) = 1.1 +
1
5(sin(27rgc+0.1)+sin(27ry+2)) and the initial data vo(0,2) = = over the domain (t,xz) €

(0,1] x [=L, L] for L = 30. (left) the term vo(t,-) is depicted for t = 0.5. (right) the term voo(t, -)
is computed by vop = vo — .

REMARK 8. Using the notation introduced in the beginning of Section 4, the
derivative 9,; A(0,y) should be understood as Oy; Ary ~(X,¥)|x=o0-

To illustrate the idea, we present also numerical simulations, in Figures 3 and 4, where
we solve (18), and (20) for m = 1 and m = 2. The numerical results are consistent
with the fact that vy € P1, v; € P;. Moreover, we observe, in Figure 4, that vy € Ps
has a quadratic growth in spatial dimensions.
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5 x10°  w(te),t=052€[-L/2,L/2),L =30 2 )10 wa(tw),t =052 € [-L/2 L/2], L =30
45 3
2
4
= El
= 35 5
=] =}
= T 0
3
-
25 5
-3
15 10 5 0 5 10 15 -5 10 5 0 5 10 15
T T

Fic. 4. The equations (20) for m = 1 and m = 2 are solved with the same coefficient and
domain as in Figure 3. (left) this plot shows that vi € P1 has linear growth in space as the theory
of quasi-polynomials predicts. (right) this plot shows that va € Py has a quadratic growth in space.

4.5. Energy estimates. In this section we present energy estimates for elliptic
and second order hyperbolic equations. Throughout the section, we will assume Y-
periodic uniformly elliptic and bounded coefficients of the form B = B(y), where
B;; € C>=(Y). The first lemma concerns the regularity in high order Sobolev norms
of solutions to periodic elliptic problems. In this section, we write

L=V, BVy,

and we denote the averages over the unit cube Y by

f= /Yf(y) dy.

LEMMA 2. (Lemma 3.1 in [9]) Suppose that f € H*(Y) is a Y -periodic function
and that f = 0. Then, for any positive integer n, there exists a unique periodic
function u € H*27(Y') satisfying

(=D)"L"u]=f, w=0.
In addition, the following stability estimate holds
(28) llull grten vy < ClF kv,

where C' does not depend on f but may depend on k,Y and B.

Now we present a lemma which gives energy estimates for the periodic wave
equation in high order Sobolev norms.

LeEMMA 3. Let f € C([0,T] xY), f(t,-) be Y-periodic, and f(t,-) = 0. More-
over, let g,h € C®(Y) be Y-periodic functions with g = h = 0. Then there is a
unique solution u € C*([0,T] X Y'), with u(t,-) =0, solving

Opu = Llu] + f(t,y),
U’(Oa y) =9 atU(O,y) = h.
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Moreover, there exists a constant C independent of t such that for any n > 0
(29)

nyyd 1S 1 d dent
Jult, Yz vy < CEY2,(0 <>+c{fo I )llaae vz, f is time dependen

Hf||H2" (¥)> f is time independent,

where the energy is defined as
1
E\(t) := 5/ [Ovult, y)|* + BVu - Vu(t,y) dy.
Y

Proof. The result is classical for n = 0. To get the estimate for n > 0, we consider
w := L™[u]. Then by elliptic regularity, Lemma 2, we have
(30) [l zrssan vy < lwllae vy
Next we apply the operator L™ to the main equation and obtain
Ouw(t,y) = Llw] + L"[f],
Then we have

lw(t, vy < CEY2(0) + C S IL [f)(2, )l z2(vydz,  f is time dependent
’ o= Y 1L [f1l 22 vy, f is time independent,

The final result follows by observing that ||L"[f]||z2v) < C||f[|z2n(v), and using the
estimate (30) with k = 1. d

4.6. Time averages. The upscaling step in HMM includes averaging of the
microscopic flux over micro boxes in time and space, see (15). Since

(K7« VusT) (t,x) = V (K = u®") (¢, x),
and since A is time independent we can write the HMM flux in (15) as
F(ro) = (K, * A°V (K, *u>")) (0,0).

The idea is now to write down equations for the time average (K, * u°(-,x)) (0). To
do this we start by presenting some intermediate results. First we use a theorem
from [9] which is used to derive equations for the local time averages of solutions to
periodic wave equations. For the next theorem, we will assume coefficient functions
of the form B = B(x,y), where B;; € C*°(Q x Y), and B(x,-) is Y-periodic. We
write also L := V, - BV,.

THEOREM 3. (Theorem 4.1 in [9]) Suppose o = £ where 0 < ¢ < 7. Let f €
C>([0,a™1],Y) be a Y -periodic function with f(t,-) =0, and K € KP with an even
q. Furthermore, assume that w(t,y;x) is the solution of the periodic wave equation
parametrized by x, i.e., B = B(x,y),

(31) 8ttw(t7y;x) = L[w] + f(t,y;X),
w(0,y;x) = dyw(0,y;x) = 0.

Then the local time average d\?*}(x,y) := K, * 02Fw(-/e,y;x)(0) satisfies

a/2—1
L[d{Qk} Z L_e+kK *82€f( /5 y; X )( >+aqu(X7y)7 k:O717 7Q/2_17
l=k
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where Ri(x,y) is Y -periodic with zero average (Ri(x,-) =0), and

(32) Bk (%, )y < Clrﬂfg [w(t/a, %) L2 (v,
where C' does not depend on a,e,n but may depend on Y, K,p or q .

REMARK 9. Our main aim in this section is to apply Theorem 3 to equations
(19), and (26) in order to be able to find equations for the local time averages. How-
ever, the theorem assumes periodic wave equations with forcing terms that have zero
average over the unit cube Y. Clearly, the equations for vgg and {vuj}?zl satisfy
this condition. On the other hand, the equation for vig needs special treatment since
its Tight hand side does not have zero average. To handle this problem we introduce
g(t) :=v10(t,+), and split v19(t,y) into two parts as follows.

le(ta Y) = V10 (ta Y) + UlO(t7 ) = D10 (t’ Y) + g(t)
Then 01 satisfies a wave equation with zero average forcing,
(33) Ouio(t,y) = Llb1o] + M[vua] + fro(t, y),

where

Mfon] = Mviy] = Mon],  fro(t,y) = fro(t,y) = fro(t,-).
and Mv11] is given as in (27). Moreover, the function g(t) solves the second order

ODE:

g"(t) = Mlvi] + fio(t,-)

(34) 9(0) = ¢'(0) = 0.
We introduce the local time averages doo, {d11; };-l:l, and dig
(35) doo(y) == K7 xvoo(-/€,¥)(0),  di1;(y) := K7 +v115(-/,¥)(0),

dio(y) := K- x 010(-/¢,¥)(0).

In the following theorem we use Theorem 3 to derive equations for these local averages.

THEOREM 4. Suppose vog and vii; solve (19), and (26) respectively. Moreover,
suppose V1o solves (33) and let K € KP4, o = £ with0 < e <n and 7 = 1. Then the

local time averages defined in (35) satisfy
L[doo] = —Vy - As + anOO (y)
Lldy1j] = =Vy - 0x,As = Vy - ((0x,A) Vydoo) + 0 Z11;(y),

£
n

d d
L[dlo] = — Zvy . (Aejduj) - ZejTAVydnj - Vx - As — (Vx . A) . vydoo
j=1 j=1

(36) + K + aZo(y),

where K is a constant such that the right hand side has zero average, Zoo, Z115, and
Z10 are Y -periodic functions with zero average. Moreover,

1, Z = Zyo
(37) 1Z||g1vy < Cilsleo § @7, Z = Z1y;
0172, Z = ZlO-

where C is a constant independent of €, 1, «.
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Proof. We prove this theorem in two steps
1. Energy estimates: First we will prove the following energy estimates

].7 w = Voo
(38) ‘fﬂg}i Jw(r/a, gzeiryy < Cilslee § @78, w =11
- a2, w=.

An application of Lemma 3 to equation (19) gives

m‘ix lvoo(r/ct; ) gant1(yvy < ClVy - As|lgzn(yy < Clslee, ¥V n>0.

For the term v11;, we first note that with I := | Ilgaﬁl If115 (2, )| m2m (v
I < C max (”Vy : 8szS||H2n(y) + ||Vy : ((anA) Vyvoo(z’, )) ||H2n(Y)>

lz|<a~
< Cils|eo + Cz‘ I|1’<laX1 lvoo(2, )| 2nt2(vy < Clsloe, ¥V 1 >0.
z|<a~—

We then apply Lemma 3 to the first equation in (26). This gives

ma o/ vy < Comass [ iy el s < Ca~ sl
T 0

Now we give an estimate for ¥19. For this, we first recall from (33) and (27)
that

Mlvi] == M[vi1] — Mvii],  fio(t,y) = fro(t,y) — fiolt, ),
where

fl():v AS+(V A)V Voo

’U11 ZV Aej’l)u] +Z€ AV yU11j-

j=1
It follows that
(39)

mae | fuo (/o) (v < C <|vx - Asl|gan ) + max oo (/o ->||H2n+1<y>)

< Cs|os,
and

max I Fro(r/a; )l azn vy < max 1f10(r/c, ) rr2n vy + I [ fro(r/ce, M arzn(y)
< 2max | fro(r /) oecv) < Clle

The last inequality is due to the estimate for vgg in (38) and the inequality

(39). Moreover, we use the estimate for v11; in (38) to see that

lm|ax||M[v11](r/a )||H2n(y)<C'rnaXZ||M [wi1,](r/ e, )| znsi vy < Cats|oo.
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We then apply Lemma 3 to (33) for IT := max), <1 [|010(r/c, )| m2ns1(vy,

rla B
11 < Cmax/ | Mvi1](z, )| m2n vy + [ f10(2, ) [ 2n vy d2
0

ri<1

< Cat <max H]\Zf[vu](r/oz, I ez vy + max Hflo(r/a, ')|H2n(y)) < C’oz_2|s|oo.

[r[<1 |r|<1

. Equations for time averages: To derive the first equation in (36) we apply

Theorem 3 to (19). We immediately see that, since the forcing V, - As is
time-independent,

q/2-1
Lldo) = = L7'K. 07" (Vy - As) + a’Roo,0(y)
£=0
= —Vy - As + OéqROO’() (y)

We define now Zyg := Rgg,0. Then by Theorem 3 and step 1 we obtain

1Zoollzrr vy < C'maxffooo(r/es ) zzr) < Crlsoo.

Now we focus on di1;. In this case, we apply Theorem 3 to (26). This gives

q/2—1
Lldiy) == Y L™K %97 fi1;(-/&,¥)(0) + a*Rayj0(y)
=0
q/2-1
== Y LK. %07 (Vy - 05, A5+ Vy - ((92,4) Vyvoo)) + a®Ruzjo(y)
=0
= *vy . 8mjAS — Vy . ((8%/1) vydoo) —+ anllj(y)

where we use the notation dége} (y) := K, * 0?v(-/e,y) from Theorem 3 and
define

q/2-1
Zunji=—a"1 Y L7V ((8%.,4) Vyd({)gﬂ) + Rizjo(y)-
=1

Now we estimate Z;1;. From step 1 and by Theorem 3 we have

(40) [ Ri1j,0

() = Clrfr*llg)f [v11(r/a, Y2 vy < Clsloca™.

Furthermore, let

(41) 0= L9, ((02,4) Vyali? ),

then by Lemma 2 we have

(42) [ flmaeyy < Oy - (92, 4) Vyde?) leary < CllAE? a2
On the other hand, by Theorem 3 and elliptic regularity we obtain

(43) LAS™) = a®Rooy,
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and
(44)
||dé(2)Z}||H2(y) < Call|Roo el p2(vy < Cal max lvoo(r/ e, ) m1(vy < Calls|s.

Therefore [[¢[g2(y) < Cadls|os, and it follows that

q/2—1

1Z13jll vy < IRl vy + a7 D el vy < Cro7 ' s|se
/=1

Now we concentrate on the term dqg. First we introduce short hand notations:
vl = L (Ve 4) - Va2~ (Vs 4) - Vyd)
v} = L7 (Mafi?) - M),

where the M|[dy1] is understood as replacing v with d in (27). Then by
Theorem 3 we have

q/2—1

Lidwl = = 30 L7 Ko 28 (ol /2:3)(0) + MonC/29)]) + 0 Fao(y)

= —Vx . AS — (Vx . A) . vydoo — M[dll] —+ K —+ anlo(y),

where K and Z;y are defined as

K= Vx - As + (Vx . A) . vydoo + ]\4'[(111]7
q/2—-1

(45) Zo(y) = Ruo(y) + a7 > (4} +v7).

=1

In order to bound Zg, we first see from Theorem 3 and the first part in this
proof that

HRlOHHl(Y < C‘HllaX Hvlo(r/a )||L2(y) g 004_2|S|oo.

Next by Lemma 2, we have

146z | e v <CH (V- A) - Vydi29 — (v, - A) - vyal?

L2(Y)

< CHd{%}H < Calls|w.
H2(Y)

and

12 sy < ©[| M) - M1aT)

d
<oy o]
L2(y) ~ ; M T vy

But by Theorem 3 and equation (41) we have

q/2-1
[dﬁf} =L Z ¥R+ Ry,
k=t



20 D. ARJMAND, AND O. RUNBORG

where similar to (40), it holds that
[ Rivjell vy < Clslooa ™.
We apply now Lemma 2, use the fact that £ < k and obtain

2
ot

IN

Cr i ||L2¢2||L2(Y) +Coa sl
Ch Zfe_l ||1/)2HH2Z(Y) + C2077 s|oo
Cr S 68 ey + C20 M slow < CaT™ 5]

[

IN A

Note that we used estimates (42) and (44) in the last step. Therefore,

1 Z10| 1 (vy < Ca?[8]s0. o

4.7. Decomposition of the flux. We consider first a truncated version of the
expansion (17) by taking only vy and v; into consideration. We denote the truncated
microscopic solution by @"(¢,x). Then by the scaling introduced in Subsection 4.3
we have

S (t,x) = ewp(t/e,x/e) + e2v1(t/e, x/¢)
d

(46) = (s-x +evpo(t/e,x/€)) + 2vip(t/e,x/e) + € ijvnj(t/a x/e).
j=1

Using the notation A(x,y) = Ay, ~(x,y), the HMM flux in (15) can be written as
F(ro) = (Krp* A(-,-/e)Va="(:,-)) (0,0) + (K7 % A(-, - /) (VU= = V=) (0,0)

Erail

(47)

Ky AC,-/2)V Ky #5971 | (0,0) + Erat
—_——

:=de (x)

On the other hand, we apply K to (46) and obtain

d
d°(x) = s - x + edoo(x/e) + e2d1o(x/e) + 2 (K, % g(-/€)) (0) + €ijd11j(x/5).
j=1

Then we can rewrite the HMM flux as
(48) F=Fy+cF;+6+ Eiail
where

Fo(ro) = (K, * A(-,-/2) (s + Vydoo(-/2))) (0)
Fi(ro) = (K * A(-,-/e) (Vydio(-/2) + d11(-/¢))) (0)
d
d(ro) = | Ky > a;A(,/2)Vydir;(-/e) | (0).

j=1

We will first bound the tail &,;; in the following lemma.
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LEMMA 4. Suppose that Eiqy is defined as in (47), with 0 < e < n and T = 1.
Then
|Eait] < 05_5777 ‘S|oo )

where C' does not depend on £,n but may depend on A.
Proof. By definition we have

11 T
Erail = ;ﬁ/ / K(t/T)K(x/n)A(x,x/e) (Vu®T — Va®") dx dt
-7 JQy

11

- dt
T nd

-7

/ K ‘ /Q K (x/m)Alx, x/2) (Vu=" — Vi) dx

11 T
<C=— [ |K{/7)| sup |[Vu"" — Vi r2q,n"* dt
™n —T te(0,7]

3 4
< C’n*d/Q sup ||Vu®7 — fo’”HLz(Qn) < Cg? (ﬂ) (Z) Is| o < e 57 S| -
te[0,7] € €

In the last two inequalities we used Corollary 1 and the fact that 7 = ), respectively.O
Before proving Theorem 1, we introduce some intermediate results.

LEMMA 5. Suppose that dog is given by (36) with v = x. Moreoever let the
assumptions of Theorem 4 be satisfied and

d
200 (X, Y) = Z SZXZ(X7 y)7
/=1

where Xy is the solution of the cell problems (4). Then
l[doo(x, ) = 200(%, )| 1 (yy < Ca?ls|,
where a« = ¢/n and C does not depend on «,e,n but may depend on A,p,q or K.
Proof. From (4), we see that
(49) Lizp) = =V, - As

Note the similarity between (49) with the first equation in (36). Using these two
equations we readily see that

d

Lldoo — Y sexe] = a?Zoo(x, ).
=1

Therefore by elliptic regularity, Lemma 2, and the estimate (37) we have
l[doo(x, ) = 200(%, )l gr2(vy < @ [ Zoo(%, )| p2(yy < Clslocat?. 0

Now we present a lemma from [9] which concerns the local averages of locally-periodic
functions.

LEMMA 6. Let f be a 1-periodic continuous function and K € KP?. Then, with
a=¢/n<1, and f = fol f(s)ds

/ Ky (t)f(t/e)dt — f| < C|flooa®™?,
R
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and when r € Z* and n < 1,

| floc®™2n" 1<r<p
KttTftadt'<C’ _
[ s {floca"“n”r i >,

where the constant C' does not depend on €, n, f or s but may depend on K,p,q,r.

We are now ready to present the proof of Theorem 1.

4.8. Proof of Theorem 1. Without loss of generality, we consider ro = 0, and
to simplify the notation we write « = &/n. Moreover, all the upper bounds will be
uniform in ro as we have assumed that ro belongs to a compact set. We use the
decomposition of F in the form (48), and split the error as follows:

|F - AOS|oo S |F0 - Aosloo +e |F1|oo +|6‘oo + |gtail‘oo-
N—— Y end
I 1
The estimate |Eyqit]oo < C|8|oee 07 holds by Lemma 4. Moreover, by Lemma 6, and

the assumption that p > 1, it follows that |0|oo < C|s|enad™2. It remains to bound
the first two terms. To bound the first term we first introduce

Fo’j = e;f/ A(0,y) (s + Vydoo(0,y)) dy.
Y

Then I := rrllax I;, where
=

I = ’e? (FO — A(O)s)‘ < ‘e;‘-FFO — Fo,j’ + ‘(Fﬁoyj — e;‘-FAOS> ‘ .

By Lemma 6 we have |e] Fo — Fgﬁj’ < Cs]ocad™2. Moreover, by (3)

TAO( )s =¢; /AOy <s+V Zszm) dy.

{=1

Therefore,

ng—e AO

d
/ A(0,y)V (doo — ZSEXE(O,Z/)> dy

=1

< Clldoo(0 Zsmz My < Cal,

where we used Lemma (5) in the last inequality. This proves that I < Caf|s|«. To
bound the term II, we first introduce

Foy=ef / A(0,y) (Vydio(0, y) + dus (0,y)) dy.
Y

Then we can write I1 := n%ax 11;, where
j=

=[] F1 — F1 jloo + [ F1jloo
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For the first term, we use Lemma 6 to obtain |e] F; — F1 jloo < C8]|acdt?. For the
second term, however, we apply elliptic regularity, Lemma 2, to equations in (36) and
see that ~

[F15l00 < C8[oo-

To complete the proof we now show that |F} j| < Ca? when d = 1. For this we take
the y derivative of the last equation in (36) and use the equation for di1 := di1; (in
one dimension we have j = 1) and obtain:

85 (A (Oydio + d11)) = =0y (ADydr1) — 00, As — Oy ((0:A) Oydoo) + 10y Zpo (y)
= qu (8yZOO — lel) .

Let x be the solution of the cell-problem (4) in one dimension then d,x = —1 +
AYA~1(0,y). From here, for a smooth and 1-periodic function u we easily obtain

(.8, (Au)) = /Y A0, y)uly) dy — A%,

Next we define h(z) := foz X(y) dy, then h is 1-periodic since ¥ = 0. We use the above
relation for w = 0ydoo + di1 and exploit the fact dydoo + di1 = 0 to see that

|F ] =

] 400, 0,0 + ) dy] — 18y (A (Dydoo + i)

= |(h, 82 (A (Oydoo + d11)))| = [(h, a? (DyZoo — Z111))]
< ahll2¢vy (1 Zooll i vy + 1 Z1i L vy) < Ca?™Hsl.

Note that in the last inequality we used the estimates (37). The proof of the Theorem
1 is completed.

5. Conclusion. In this paper, we have proved convergence rates for the upscal-
ing error in a FD-HMM, for wave propagation problems in locally periodic media.
The analysis extends the results from the periodic theory, and reveals the precise
convergence rates for the difference between the exact/homogenized and numerically
upscaled fluxes. The outcomes of the present work are: a) in locally periodic media,
in addition to the errors predicted by the periodic theory, another error appears due
to the interaction of the slow and fast scales in the media. These errors are precisely
quantified in the present analysis. b) In general, the upscaling error in HMM type
algorithms may result in different asymptotic convergence rates depending on the di-
mension, where an improved convergence rate is typically observed in one dimension,
see Figure 1 for numerical results in one and two dimensions. The results in the
current study give a complete theoretical explanation of this dimension-dependent
phenomenon.

6. Appendix. Our aim in this section is to prove Theorem 2. We first introduce
few intermediate results. The first lemma is from [7].

LEMMA 7. Suppose that A € (C*(R))¥*4, f e L' (0,T; H.. (R)), and

Opu(t,x) — V- (A(x)Vu(t,x)) = f(t,x) in R? x (0,77,
u(0,x) =0, Ju(0,x) =0 on R? x {t =0}.

Let
E, q(t) = / |0yul? + AVu - Vu dx,
Q
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and M > L+t\/|| A ||oo. Moreove, let Q, = [~L, L]% with an obvious change for M,
then the solution u satisfies

t
(50) E%JQSCAHﬂ&Hmmm%,

where C' does not depend on T, but may depend on A and d.
We consider next the following utility lemma:

LEMMA 8. Let Qy = [-M, M]¢ andY = [0,1]%. Moreover, suppose that g = x, f,
where f € H*(Y) is a Y -periodic function. Then

1l cony < C (14 MY2) | sy,
and
lgllarx sy < € (14 MY I Loy,

where C' does not depend on f,g, or M but may depend on d.

Proof. First we observe that
19 iy = [ 1P +IVIP 4+ VRSP d
Qm
< (14 M) / 12+ VIR 4+ [VFF2de = (14 MY |20,
Y
This proves the first part of the lemma. For g we have
ey = [ 1P 490 4o [V dx
Qpm
< /Q |z F12 41 F12 + | f12 4 )P+ |2 VR f? dx
M

< (L M2) 1 f gy < U+ MP2) 1 f 1 yy- U
Now we use Lemma 8 to estimate the time growth of vy and v; solving (18) and
(20) respectively.

LEMMA 9. Let vy and vy be the solutions of the wave equations (18) and (20)
respectively. Moreover let Qyy == [—~M, M|?, then

max ||Uo(z, ')||H2(QM) <C (1 + Md/2+1) |s|

b
2| <t o

max a2,y < € (14 M) (148 Jsl.
z|<t
where C' does not depend on M, t but may depend on A and d.

Proof. Using the relation vy = wvpg + s - x, toghether with Lemma 8 and the
estimate (38) we get
d
ot Ml a2(@u) < oot Mm@y + D 85251120
j=1

<c (1 n Md/Q) lvoo(t, )l 2(vy + C2 (1 T Md/2+1)

<C (1 +Md/2+1) sl -
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To prove the estimate for vy, we first recall from (34) that
g"(t) = M[vi1] + fio,
9(0) = g'(0) = 0.
We then use the estimate for v1q; in (38) and the inequality (39) and get

9" ()] < O [Mon](0)] + C2 | o t, )|
< Cl||M[ () z2evy + Call fro(t, )l 22 vy

<G Z 115 (&, ) 1 (vy + Calslec < C (1 + 1) [8]oo-

Using the conditions g(0) = ¢’(0) = 0, we obtain

t s
(51) lg(t)] < / / 9" (2)| dzds < C (1 +13).
o Jo
Then by Lemma 8 and the estimates (38) and (51) it follows that
d
o (8, a2 ) < N0 ez + D lzv115 ] 2000
7j=1
d
< (14 M2 Jonoft. Mz + (14 MY) 3 oy 0. s

(

j=1
< (14 M) (o, >|H2m+9<>I>+(1+Md/2“)i'”“ﬂ N
<(

Lok M) (148 [sloo + (1 MY2H1) (141) I8
< (1 +Md/2+1) (1+t%) |8|oc- 0

Now we give the proof of Theorem 2.

Proof. (of Theorem 2) The proof of this theorem is based on deriving an explicit
equation for the error e(t, x) = v(t, ) — 0, (¢, ) and estimating the error using Lemma
7. We start with introducing the truncated Taylor expansion of A(z,y) (denoted by
fln) in terms of z in multi-dimensions. We use a multi-index notation (with index )
as follows:

(52) Aoy = 30 2 08A0,)

| 7%
[Bl<n A

In addition, we denote the tail of the expansion by 64, (x,y) = A(x,y)—A.(x,y).
Taylor’s formula in multi-dimensions gives then

|0A,(ex,x)] = ’A(EX,X) - fln(ax,x)‘

(53) = >

n+1 ! n
' elBlxIl / (1 =)™ (OZA(X, y)|xmext) ly=xdt
Bl=n+1 0

< Cpemt x| Blmnt1 0% A,
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and
(54)
100,040 (ex,%)| = |02, (A(gx,x)_jxn(gx,x))\

n+1 ! "
=00 Y, e / (1= )"0 A%, ¥)xmext dtly—x
Bl=nt1 0

< Cpe™ x|™ (1 + |x]) e 1020, Al

Next by equation (20) and the definition of ¢, we have

Ourbin(t.%) = iy Gy Ourvi (£, )

= E?O%Zf oV (ij (0F7A (€X7X)}5=O) Vvj)
V(70 X0 iy (0E 7 Alex, )| ) V)
V- (T 5 Ti 7 (0FAlex )] ) V5)
V(S 5 S0 5 e SraP02 A0,y Tv;)
V- Z] 0 Jv Z\B|<m —j EmlxﬂaﬁA(O Y)’ ij)

V. Z] O]' m j(EX,X)VUj).

Furthermore, by definition of e(¢,x) and equation (16) we obtain
One = Opv — OOy,
=V (A(ex,x)Vv) = V- (2T, ], A j(ex,x)VUj)
=V - (A(ex,x)Ve) + V - Z] il (A(sx, x) — Ap_j(ex, x)) ij)
=V - (A(ex,x)Ve) + f(t,x).
Together with zero initial data, e satisfies then

Ope(t,x) — V- (A(ex, x)e(t,x)) = f(t, %),
e(0,x) = de(0,x) = 0,

where,
m ] 5
Z—'( £X,X) Am_j(ax,x)) Vu; | .
=0
By Lemma 7 we have El/2 ) < Cfo | f(s,) llL2(2n) ds. But
t mo_j
[ 056 sy as= [ 19 3 57 0nes(e D Vi) |
—o/

Ej 2
=/ || Zﬁ (V- 0Am_j(e,) - Vuj(s,) + 0Am_j(e ) : V20i(5,4)) lL2(an) d8
— j!

S Tel 1076 A (ex, % |/ 0y (5, Y2y ds.

ma.
€QM,O<\B|<1
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Next by (53) and (54) we have

max 1086 A, j(ex,%)| < Came™ T M™I (1 4+ M).
x€Qar,0<|B<1

Consequently,

E

1/2
ERY3

(t) <Camac™! Z;”:O M™= 3 (14 M) tmax| ;<4 [|v;(z, -)||H2(QM) .

The first part of the theorem follows then by ellipticity of A. To prove the second
part of the theorem we put m = 1 in the last inequality and use Lemma 9 and obtain

[10]

||ve||L2(QIW) <

< Ce? (M (1+ M)t‘rg‘agg [vo(2, )l m2(p) + (1 + M) tmax [[v1 (2, -)IIHzmM))

< Ce? (14 MUY (14 M) thsloo (M + (1+ %))

< e (14 MUY (14 M2) (14 £ |s]c. 0

-

D.
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