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Abstract
The implicit boundary integral method (IBIM) provides a framework to construct
quadrature rules on regular lattices for integrals over irregular domain boundaries.
This work provides a systematic error analysis for IBIMs on uniform Cartesian grids
for boundaries with different degrees of regularity. First, it is shown that the quadrature
error gains an additional order of d−1

2 from the curvature for a strongly convex smooth
boundary due to the “randomness” in the signed distances. This gain is discounted for
degenerated convex surfaces. Then the extension of error estimate to general bound-
aries under some special circumstances is considered, including how quadrature error
depends on the boundary’s local geometry relative to the underlying grid. Bounds on
the variance of the quadrature error under random shifts and rotations of the lattices
are also derived.
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1 Introduction

Let Ω ⊂ R
d be a simply connected domain with C∞ boundary Γ . Without loss of

generality, we assume that the origin 0 ∈ Ω and define the ε-tube Tε:

Tε := {x ∈ Ω | 0 ≤ dist(x, Γ ) ≤ ε},

where dist(x, Γ ) = miny∈Γ |y− x| is the unsigned distance function to the boundary.
We make further assumption that ∀x ∈ Tε, the projection PΓ (x) : Tε �→ Γ :

PΓ (x) = argmin
y∈Γ

|y − x|

is well-defined and the signed distance function dΓ is defined by

dΓ (x) := n(PΓ (x)) · (x − PΓ (x)),

where n denotes the outward unit normal vector onΓ . Let σ be the boundary Lebesgue
measure defined on Γ . We can then use the co-area formula to rewrite the following
boundary integral for f ∈ C∞(Γ )

I( f ) :=
∫

Γ

f (x)dσ(x)

into a volumetric integral in Tε:

I( f ) =
∫
Tε

f (PΓ (x))θε(dΓ (x))Jε(x, dΓ (x))dx. (1.1)

The weight function θε(s) := ε−1θ(ε−1s) is a regularized 1D Dirac function such
that

supp θ = [−1, 1] and
∫ 1

−1
θ(s)ds = 1.

The function Jε(·, η) is the Jacobian for the projection PΓ on the level set surface
{dΓ = η}. For d = 2, Jε(x, η) = 1 − ηκ(x) with κ the signed curvature of the level
curve Γη := {x | dΓ (x) = η}. For d = 3, Jε(x, η) = 1 − 2ηH(x) + η2G(x) with H
and G denoting the mean curvature and Gaussian curvature of the level surface Γη,
respectively.

For the convenience of analysis, we introduce the function class Wq , q ∈ N that

Wq :=

⎧⎪⎪⎨
⎪⎪⎩

f ∈ Cq−1(R)

∣∣∣∣∣∣∣∣

supp f = [−ε, ε] and
∫ ε

−ε

f (s)ds = 1,

f (q) is a piecewise C1 function on R.

⎫⎪⎪⎬
⎪⎪⎭

, if q ≥ 1
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Fig. 1 Shape of the the weight functions θcos0.5 and θΔ
0.5 defined in (1.2)

and

W0 :=

⎧⎪⎪⎨
⎪⎪⎩

f ∈ L∞(R)

∣∣∣∣∣∣∣∣

supp f = [−ε, ε] and
∫ ε

−ε

f (s)ds = 1,

f is a piecewise C1 function on R.

⎫⎪⎪⎬
⎪⎪⎭

.

Here f (q) denotes the q-th derivative of f . The index q denotes the order of regularity
of the weight function. Usual choices such as

θcosε (s) = 1

2ε

(
1 + cos(ε−1πs)

)
∈ W2, θΔ

ε (s) = 1

2ε
(1 − ε−1|s|) ∈ W1. (1.2)

have been adopted in the literature; see, for instance, references [8, 11, 20, 21, 23,
34]. These functions are visualized in Fig. 1. More choices of weight functions with
higher regularities can be found in [32].

The implicit boundary integral method (IBIM) [8, 23–25] uses the summation over
the regular lattice (hZ)d to approximate the integral (1.1):

Ih( f ) = hd
∑

n∈(hZ)d∩Tε

f (PΓ (n))θε(dΓ (n))Jε(n, dΓ (n)). (1.3)

We use Θ and O to denote the standard Landau notations for big-Theta and big-O,
respectively. More specifically, f = Θ(g) means that there exist absolute constants
c2 > c1 > 0 such that c1g ≤ f ≤ c2g, and f = O(g) implies that there exists
an absolute constant c3 > 0 such that f ≤ c3g. When the width parameter ε =
Θ(hα), α ∈ [0, 1), the theoretical quadrature error previously derived is at the order
of O(h(q+1)(1−α)) for a general domain with smooth boundary [11]. However, the
total number of lattice points is at the orderO(εh−d), and the width parameter is often
chosen as ε = Θ(h). This turns the classical quadrature error into O(1) in such a
circumstance, an undesired abrupt loss of accuracy.

The objective of this paper is to perform a more careful investigation of the above
issue of vanishing accuracy. We perform a systematic error analysis using the Pois-
son Summation Formula for boundaries of different orders of regularity. For strongly
convex smooth boundaries, we show that the quadrature error gains an addition order
of d−1

2 from the curvature of the boundaries due to the “randomness" in the signed
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distance functions for such boundaries. This additional gain avoids the accuracy catas-
trophe we see above.

The remainder of this paper is organized as follows. We first discuss in Sect. 2 the
error estimate of the implicit boundary integral method for strongly convex boundaries
and the error statistics. We then investigate the issues and possible solutions for a
general smooth convex boundary for 2D in Sect. 3. Generalization of the estimate of
implicit boundary integral to general open curves in 2D is then presented in Sect. 4.
Concluding remarks are offered in Sect. 5.

2 Error analysis for smooth convex boundaries in R
d

We start with the simplest case when the boundaryΓ ∈ C∞ is strongly convex; that is,
the Gaussian curvature is bounded away from zero uniformly. To setup the notation,
we denote by

Q(x) := f (PΓ (x))θε(dΓ (x))Jε(x, dΓ (x))

the integrand in (1.1). We also denote the mollifier ψδ(x) = δ−dψ(δ−1x), where
ψ(u) = ψ(|u|) ∈ C∞

0 ([−1, 1]) is the bump function that

∫ 1

−1
ψ(s)ds = 1.

2.1 Poisson summation formula

We use the standard notation S(Rd) for the Schwartz function space on R
d . For

f ∈ S(Rd), the Fourier transform of f is defined by

f̂ (ζ ) =
∫
Rd

f (x)e−2π ix·ζ dx.

The following Poisson Summation Formula is a standard tool whose proof can be
found in [30].

Lemma 2.1 (Poisson Summation Formula [30]) If f satisfies that | f (u)|+| f̂ (u)| =
O((1 + |u|)−d−μ) for all u ∈ R

d and certain μ > 0, then

∑
n∈Zd

f (n) =
∑
n∈Zd

f̂ (n). (2.1)

In particular, the above formula holds for f ∈ S(Rd).
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Table 1 Error estimates for
implicit boundary integral
method with ε = Θ(hα),
α ∈ [0, 1] on strongly convex
surfaces

Regularity regime Error bound of |I f − Ih f |

min(2, d−1
2 ) > q ≥ 1 O(h

2d−α(d+1)
d+1−2q )

d−1
2 > q ≥ 2 O(h

4d−2α(d+1)
d+3−2q )

d−1
2 = q O(h

d−1
2 +(q+1)(1−α)| log h|)

d−1
2 < q O(h

d−1
2 +(q+1)(1−α)

)

Let h ∈ R+ be the lattice resolution in the summation (1.3). If we apply the Poisson
Summation Formula to Qh,δ(x) := Q(hx) ∗ ψδ ∈ S(Rd), we have

∑
n∈Zd

Qh,δ(n) =
∑
n∈Zd

Q̂h,δ(n) = h−d
∑
n∈Zd

Q̂(h−1n)ψ̂(δn). (2.2)

For the term n = 0 in the last summation, it equals to

h−dQ̂(0)ψ̂(0) = h−d
∫
Rd

Q(x)dx
∫
Rd

ψ(x)dx = h−d
∫
Rd

Q(x)dx.

which produces the desired integral in (1.1). The objective of the rest of this section
is to provide an estimate for the remaining terms that n �= 0.

2.2 Main results on strongly convex boundaries

We will need the following two lemmas whose proofs are given in Appendices A and
B, respectively.

Lemma 2.2 Let Γ ∈ C∞ be closed and strongly convex. Then there exists a constant
C > 0 such that when ε ≤ C, |Q̂(ζ )| = O(ε−(q+1)|ζ |−(d+1)/2−q).

Lemma 2.3 Let Γ ∈ C∞ be closed and strongly convex. Then the remaining terms
in (2.2) are bounded by

∑
n∈Zd ,n �=0

Q̂(h−1n)ψ̂(δn) =

⎧⎪⎨
⎪⎩
O(ε−(q+1)h

d+1
2 +qδ− d−1

2 +q) d−1
2 > q,

O(ε−(q+1)h
d+1
2 +q | log δ|) d−1

2 = q,

O(ε−(q+1)h
d+1
2 +q) d−1

2 < q.

Lemma 2.3 divides the regularity order q into three classes: sub-critical regularity
(q < d−1

2 ), critical regularity (q = d−1
2 ), and super-critical regularity (q > d−1

2 ).
Based on this result, we prove, in the following subsections, the estimates of the
error bound for implicit boundary integral based on different regularity regimes of the
weight function θε. We summarize the resulting estimates in Table 1.
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2.2.1 Sub-critical regularity

We consider two separate cases.

Theorem 2.1 Under the assumption that Γ ∈ C∞ is closed and strongly convex, if

ε = Θ(hα) and min(2, d−1
2 ) > q ≥ 1, then |I( f ) − Ih( f )| = O

(
h

2d−α(d+1)
d+1−2q

)
.

Proof First, by Lemma 2.3, we have,

∣∣∣∣∣∣I( f ) − hd
∑
n∈Zd

Qh,δ(n)

∣∣∣∣∣∣ = O(ε−q−1h
d+1
2 +qδ− d−1

2 +q). (2.3)

We also estimate the bound for

∣∣∣∣∣∣
∑
n∈Zd

Q(hn) − Qh,δ(n)

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
n∈Zd

∫
Rd

(Q(hn) − Q(h(n − y))) ψδ(y)dy

∣∣∣∣∣∣ . (2.4)

The summation has at most O(εh−d) terms, and we also have the trivial estimate

Q(h(n − y)) − Q(hn) = O(Lhδ), (2.5)

where L = O(ε−2) is the Lipschitz constant of Q. This leads to

∣∣∣∣∣∣
∑
n∈Zd

Q(hn) − Qh,δ(n)

∣∣∣∣∣∣ = O(ε−1h−d+1δ). (2.6)

Combining the estimates (2.3) and (2.6) gives us

∣∣∣∣∣∣I( f ) −
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ = O
(
ε−q−1h

d+1
2 +qδ− d−1

2 +q + ε−1hδ
)

. (2.7)

Let ε = Θ(hα) and balance the orders between h and δ in (2.7), we conclude that the

balance is attained at δ = O(h
d−1−2q(α−1)

d+1−2q ), and

∣∣∣∣∣∣I(g) − hd
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ = O(h
2d−α(d+1)
d+1−2q ).

This completes the proof. �
In the second case, we have the following result.
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Theorem 2.2 Under the assumption that Γ ∈ C∞ is closed and strongly convex, if

ε = Θ(hα) and d−1
2 > q ≥ 2, then |I( f ) − Ih( f )| = O

(
h

2d−α(d+1)
d+1−2q

)
.

Proof Similar to the previous case, we use Lemma 2.3 to conclude that

∣∣∣∣∣∣I( f ) − hd
∑
n∈Zd

Qh,δ(n)

∣∣∣∣∣∣ = O(ε−q−1h
d+1
2 +qδ− d−1

2 +q).

Since q ≥ 2, Q ∈ C1,1(Rd), we can take Taylor expansion

Q(h(n − y)) − Q(hn) = −hy · ∇Q(hn) + O(Kh2δ2) (2.8)

where K = O(ε−3) is the Lipschitz constant of ∇Q. Using the spherical symmetry
of ψδ , the first term on the right-hand side of (2.8) will be canceled. We thus have

∣∣∣∣∣∣
∑
n∈Zd

Q(hn) − Qh,δ(n)

∣∣∣∣∣∣ = O(ε−2h−d+2δ2), (2.9)

which leads to
∣∣∣∣∣∣I( f ) −

∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ = O
(
ε−q−1h

d+1
2 +qδ− d−1

2 +q + ε−2h2δ2
)

. (2.10)

The bounds attain balance when δ = O(h
d−1+(α−1)(2−2q)

d+3−2q ) at which point we have

∣∣∣∣∣∣I( f ) −
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ = O(h
4d−2α(d+1)
d+3−2q ),

which is the desired result. �

2.2.2 Critical regularity

The same calculations can be performed in the case of critical regularity. We have the
following result.

Corollary 2.1 Under the assumption that Γ ∈ C∞ is closed and strongly convex, if

ε = Θ(hα) and d−1
2 = q, then |I( f ) − Ih( f )| = O(h

d−1
2 +(q+1)(1−α)| log h|).

Proof Using the Lemma 2.3 for the critical value q = d−1
2 , we get

∣∣∣∣∣∣I( f ) − hd
∑
n∈Zd

Qh,δ(n)

∣∣∣∣∣∣ = O(ε−q−1h
d+1
2 +q | log δ|).
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If q < 2, we reuse (2.6), and otherwise we reuse (2.9), to get

∣∣∣∣∣∣I( f ) − hd
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ =
⎧⎨
⎩
O
(
ε−q−1h

d+1
2 +q | log δ| + ε−1hδ

)
q < 2,

O
(
ε−q−1h

d+1
2 +q | log δ| + ε−2h2δ2

)
q ≥ 2.

(2.11)

Let ε = Θ(hα) and balance the orders between h and δ in (2.11), we find:

I. If 0 ≤ q < 2, the balance is achieved when h
d−1
2 +q−qα| log δ| ≈ δ. Since d−1

2 +
q − qα > 0, δ = O(h

d−1
2 +q−qα−τ ) for any τ > 0. Hence | log δ| = O(| log h|),

which means the error is O(h1−α+ d−1
2 +q−qα| log h|).

II. If q ≥ 2, the balance is achieved when h(−q+1)αh
d−3
2 +q | log δ| ≈ δ2. Because

d−3
2 + q + (1 − q)α > 0, we find that δ2 = O(h

d−3
2 +q+(1−q)α−τ ) for certain

τ > 0 and it implies | log δ| = O(| log h|). Therefore, the quadrature error is

O(h−(q+1)αh
d+1
2 +q | log h|).

The error bounds in both cases are the same; that is,

∣∣∣∣∣∣I(g) − hd
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ = O(h
d−1
2 +(q+1)(1−α)| log h|).

This finishes the proof. �

2.2.3 Super-critical regularity

The bound for the super-critical regularity case follows in the same way.

Corollary 2.2 Under the assumption that Γ ∈ C∞ is closed and strongly convex, if

ε = Θ(hα) and d−1
2 < q, then |I( f ) − Ih( f )| = O(h

d−1
2 +(q+1)(1−α)).

Proof Using Lemma 2.3, the estimate (2.11) now takes the form

∣∣∣∣∣∣I( f ) − hd
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ =
⎧⎨
⎩
O
(
ε−q−1h

d+1
2 +q + ε−1hδ

)
q < 2,

O
(
ε−q−1h

d+1
2 +q + ε−2h2δ2

)
q ≥ 2.

Therefore, the error estimate becomes

∣∣∣∣∣∣I(g) − hd
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ = O(h
d−1
2 +(q+1)(1−α)),

which is what we need to prove. �
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The tube width usually takes α = 1 for practical applications of the implicit-
boundary-integral method. If θε has sub-critical regularity q < d−1

2 , we have the error

exponents as d−1
d+1−2q and 2(d−1)

d+3−2q in Table 1 for different regularity classes. These
errors may still be far from optimal, and the sharper exponents need more sophis-
ticated estimates for the remaining terms of the Poisson Summation Formula (2.1).
The problem is closely related to the generalized cases of the Gauss Circle Problem
(GCP) [2, 14] that counts the number of lattice points inside the domain. This can be
reviewed as a special case of implicit boundary integral by taking θε = θCε = 1

2ε χTε

as the characteristic function on the tube and f ≡ 1 with an approximation of J ≈ 1.
In such case, a discontinuity of Q exists across the boundary ∂Tε. It will involve
additional boundary contributions in (2.7) and (2.10). We will provide an interesting
example in Remark 2.1 below. The sharp discrepancy estimate of GCP is still an open
question. Recent developments in GCP and its variants can be found in [2, 4, 14, 16,
18] and references therein.

Remark 2.1 One interesting case is when the weight function has a jump across the
boundary. For instance, the casewhere θCε = 1

2ε χTε ∈ W0 is the characteristic function
on the tube. Due to the jump, we cannot directly reuse (2.5) for (2.4). We can estimate
the summation in three categories

∣∣∣∣∣∣
∑
n∈Zd

Q(hn) − Qh,δ(n)

∣∣∣∣∣∣ ≤ Vin + Vbd + Vout ,

where the summation Vin , Vbd , and Vout are respectively

Vin =
∣∣∣∣∣∣
∑
Sin

Q(hn)−Qh,δ(n)

∣∣∣∣∣∣ , where Sin :={n | hn∈Tε, Bhn(hδ) ⊂ Tε}

Vbd =
∣∣∣∣∣∣
∑
Sbd

Q(hn)−Qh,δ(n)

∣∣∣∣∣∣ , where Sbd :={n | hn∈Tε, Bhn(hδ) �⊂ Tε}

Vout =
∣∣∣∣∣∣
∑
Sout

Q(hn)−Qh,δ(n)

∣∣∣∣∣∣ , where Sout :={n | hn �∈Tε, Bhn(hδ) ∩ Tε �= ∅}

We can estimate Vin by O(εh−d+2δ2) by the second order Taylor expansion at hn.
For both Vbd and Vout , there are O(δh−d+1) lattice points, and each summand is at
order O(ε−1). Therefore, we obtain the estimate

∣∣∣∣∣∣I( f ) − hd
∑
n∈Zd

Q(hn)

∣∣∣∣∣∣ = O(ε−1h
d+1
2 δ− d−1

2 + h2δ2 + ε−1δh).
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The balance is attained at δ ∼ O(h
d−1
d+1 ) and error is O(h

2d−α(d+1)
d+1 ) for ε = Θ(hα).

In particular, when α = 1, we find that the error is bounded by O(h
d−1
d+1 ). As a

comparison, in this case, a standard Monte Carlo integration for α = 1 gives a smaller

error, bounded by O(h
d−1
2 ).

For fixed tube width of O(1) (α = 0), the error estimates are O(h
2d
d−1 ) for θΔ

ε

(q = 1 and d > 3), which is almost second order convergence in high dimensions.
It exceeds the theoretical estimate O(h). For θcosε (q = 2 and d > 5), the error

becomes O(h
4d
d−1 ), which is almost 4th order when the dimension is high, exceeding

the theoretical estimate O(h2). We gain these additional convergence rates from the
strong convexity in high dimensions. However, for low dimensional surfaces of d = 2
or d = 3, once the regularity q ≥ 1 ≥ d−1

2 , we have a generic error estimate

O(h
d+1
2 +q | log h|) or O(h

d+1
2 +q).

2.3 Variance of error under random translations

We now characterize the variance of the quadrature error caused by random shifts
of the lattice, an important issue for practical applications [11, 20, 21]. We denote
by ζ ∈ R

d the random shift, and denote by Ih( f ; ζ ) the implicit-boundary-integral
quadrature with the random shift; that is,

Ih( f ; ξ) := hd
∑
n∈Zd

Q(h(n + ξ)).

The quadrature error is h-periodic. Hence, we only have to consider a random offset
ξ ∈ [0, 1]d . First, we note that EξIh( f ; ξ) = I( f ), since

EξIh( f ; ξ) = hd
∑
n∈Zd

∫
[0,1]d

Q(h(n + ξ))dξ =
∫
Rd

Q(x)dx = I( f ).

We therefore define the variance of Ih( f ; ζ ) as

Varξ [Ih( f ; ξ)] :=
∫

ξ∈[0,1]d

∣∣∣∣∣∣I( f ) − hd
∑
n∈Zd

Q(h(n + ξ))

∣∣∣∣∣∣
2

dξ .

We are interested in providing an estimate for this variance.
The following theorem follows the idea of the classical result by Kendall [22].

General L p estimates can be derived similarly; see, for instance, [6, 19].

Theorem 2.3 Let Γ ∈ C∞ be closed and strongly convex. If ε = Θ(hα), then
Varξ

[Ih( f ; ξ)
] = O(hd−1+2(q+1)(1−α)).
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Proof Let A(h, ζ ) := hd
∑

n∈Zd Q(h(n + ζ )). It is then clear that A(h, ζ ) has a
Fourier series expansion that converges in L2([0, 1]d):

A(h, ζ ) ∼
∑
ξ∈Zd

aξ (h)e2π i(ζ ·ξ)

where the Fourier coefficients are given as

aξ (h) =
∫

[0,1]d
A(h, ζ )e−2π i(ζ ·ξ)dζ

= hd
∑
n∈Zd

∫
[0,1]d

Q(h(n + ζ ))e−2π i(ξ ·ζ )dζ

= hd
∑
n∈Zd

∫
[0,1]d

Q(h(n + ζ ))e−2π i(ξ ·ζ )dζ

=
∫
Rd

Q(x)e−2π i(h−1ξ ·x)dx

= Q̂(h−1ξ).

Notice that a0 = I( f ). Therefore, we have

Varξ
[Ih( f ; ξ)

] =
∑

ξ∈Zd ,|ξ |�=0

|aξ (h)|2 =
∑

ξ∈Zd ,|ξ |�=0

|Q̂(h−1ξ)|2.

Using Lemma 2.2, with q ≥ 0, we get

Varξ
[Ih( f ; ξ)

] = O(ε−2(q+1)hd+1+2q)
∑

ξ∈Zd ,|ξ |�=0

|ξ |−(d+1)−2q

= O(hd−1+2(q+1)(1−α)).

The proof is complete. �

Aprobabilistic consequence of the above variance characterization is the following.
If one randomly chooses a shift ξ ∈ R

d in the implicit boundary integration, then by
the Chebyshev inequality, there exists a constant C , depending on both f and the
surface Γ , that

P

(
|Ih( f ; ξ) − I( f )| ≥ kh

d−1
2 +(q+1)(1−α)

)
< Ck−2, k > 0.

Hence, for weight functions with sub-critical regularity q < d−1
2 , this implies that it

is rare to achieve the possible worst bounds shown in Theorems 2.1 and 2.2.
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Fig. 2 Quadrature error with weight function θΔ
ε with respect to grid size h. Left: tube width ε = 2h.

Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

2.4 Numerical experiments

In this section, we numerically verify (i) the quadrature error bounds shown in Table 1
on circles in 2D and spheres in 3D; and (ii) the variance of quadrature error under
random translations. The reference values of the boundary integrals are computed by
Mathematica to machine precision. The MATLAB source code of all numerical
experiments is hosted in the GitHub repository1.

2.4.1 2D circle

The 2D experiments are performed on the circle Γ :

(x − x0)2

r2
+ (y − y0)2

r2
= 1

with r = 3
4 and (x0, y0) a randomly sampled point. The test integrand function f :

R
2 �→ R is given as

f (x, y) = cos(x2 − y) sin(y2 − x3).

With the weight function θΔ
ε ∈ W1, the quadrature error has an upper bound estimate

O(h
1
2+2(1−α)). As we can see in Fig. 2, for α = 1, α = 1

2 and α = 0, the estimated

error bounds O(h
1
2 ), O(h

3
2 ) and O(h

5
2 ) appear consistent with the numerical results.

With the weight function θcosε ∈ W2, the quadrature error has an upper bound esti-

mateO(h
1
2+3(1−α)). In Fig. 3, we find that for α = 1, α = 1

2 and α = 0, the estimated

error bounds O(h
1
2 ), O(h2) and O(h

7
2 ) match the numerical results approximately.

The variances of error are plotted in Figs. 4 and 5 with 32 random shifts, consistent
with the result of Theorem 2.3.

1 https://github.com/lowrank/ibim-error-analysis-experiments.
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Fig. 3 Quadrature error with weight function θcosε with respect to grid size h. Left: tube width ε = 2h.

Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

Fig. 4 Variance of quadrature error with weight function θΔ
ε with respect to grid size h. Left: tube width

ε = 2h. Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

Fig. 5 Variance of quadrature error with weight function θcosε with respect to grid size h. Left: tube width

ε = 2h. Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

2.4.2 3D sphere

The 3D experiments are performed on the sphere Γ :

(x − x0)2

r2
+ (y − y0)2

r2
+ (z − z0)2

r2
= 1

with r = 3
4 and (x0, y0, z0) a randomly sampled point. The test integrand function

f : R
2 �→ R in this case is

f (x, y, z) = cos(x2 − y − z3) sin(y2 − x3 − z).

With the weight function θΔ
ε ∈ W1 (resp. θcosε ∈ W2), the quadrature errors are shown

in Fig. 6 (resp. Fig. 7) for α = 1, α = 1
2 and α = 0. The estimated error bounds are
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Fig. 6 Quadrature error with weight function θΔ
ε with respect to grid size h. Left: tube width ε = 2h.

Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

Fig. 7 Quadrature error with weight function θcosε with respect to grid size h. Left: tube width ε = 2h.

Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

Fig. 8 Variance of quadrature error with weight function θΔ
ε with respect to grid size h. Left: tube width

ε = 2h. Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

Fig. 9 Variance of quadrature error with weight function θcosε with respect to grid size h. Left: tube width

ε = 2h. Middle: tube width ε = 2h
1
2 . Right: tube width ε = 0.1

still consistent with the rate O(h1+2(1−α)) (resp. O(h1+3(1−α))). The corresponding
variance of quadrature error is plotted in Fig. 8 (resp. Fig. 9).

Remark 2.2 One obvious observation we have is that quadrature error (as well as its
variance) suffers from larger fluctuations in some of the scaling plots. There are two
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naive possible reasons for this. First, since the computational cost is proportional to the
number of grid points inside the tube ≈ O(hα−d) for ε = Θ(hα), which is very high
when the grid size is very small, we only use a moderate number of random samples in
each numerical experiment for variance estimation. The large fluctuation in the error
estimates may thus come from this insufficiency of sampling. Second, Lemma 2.2
only provides an upper estimate (which may not be tight) for the Fourier coefficients
|Q̂(h−1ζ )| (used in Lemma 2.3 and Theorem 2.3). Such Fourier coefficientsmay result
in smaller quadrature errors (as well as the corresponding variance) than those given
by the upper bounds.

Remark 2.3 For the efficiency of computation, when the tube width ε = Θ(h), one
can apply the approximated Jacobian factor Jε ≈ 1 instead of the accurate one if the

dimension d = 2, 3, without altering the error estimate O(h
d−1
2 ). If the dimension

d = 4, 5, one can alternatively use the approximation Jε(x, η) ≈ 1 − dΓ (x)ΔdΓ (x),
which can be effectively computed by a local central difference scheme.

Remark 2.4 It is worth noting that when the boundary is strongly convex, the quadra-

ture error O(h
d−1
2 ) for a thin tube with width ε = Θ(h) is somewhat equivalent to

the error using a standard Monte Carlo method. This seems to imply certain equidis-
tributed “randomness” of the lattice points inside the tube. However, this is still an

open question even for spheres unless the tube width ε is at least Θ(h
11
16 ), which can

be derived by combining the Theorem 1 of [10] and the lattice count theorem in [14].

2.5 Convex but not strongly convex boundaries

It turns out that the results in this section can bemodified slightly for closed, convex but
not strongly convex, surface Γ ∈ C∞ with at least one positive principal curvature. In
this case, the stationary phase estimate used in proving Lemma 2.2 gives a degenerate
result (see Remark A.2), which leads to a modified version of Lemma 2.2 in which
one replaces d with Λ + 1 (Λ being the number of positive principle curvature of Γ ).
Based on this revised version of Lemma 2.2, we can reproduce all the theorems in this
section to have the following result.

Corollary 2.3 Let Γ ∈ C∞ be closed and convex with at least Λ > 0 strictly positive
principal curvatures everywhere. Then every theorem of Sects.2.2 and 2.3 holds with
d replaced by (Λ + 1).

As an extreme example, in the following Fig. 10, we show that if the boundary Γ

has a segment component parallel to y = x , where Λ = 0, numerical quadrature with
tube width ε = Θ(h) will introduce an O(1) error even when integrating a constant
function. In addition, if one computes the quadrature with random shifts, the standard
deviation is still O(1). Such an argument can be easily adapted to segments with
rational slopes.

Remark 2.5 Such a difference between smooth convex sets and polytopes has already
been spotted in the famous lattice point problem. The early works trace back to Hardy
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Fig. 10 Γ (red solid line) has a
segment component as y = x .
The tube, denoted by the red
dash line, has a width ε = 3

2 h.
The green dots are lattice points,
and the blue dash lines are
projections to Γ

and Littlewood [12, 13] over a century ago. The lattice point problem studies the
discrepancy

|t B ∩ Z
d | − meas(B)td .

The discrepancy could be regarded as random fluctuations if B ⊂ R
d has a smooth

convex boundary. In contrast, if B is a polytope, the leading term in the discrepancy
may still behave polynomially [27] in the variable t , which conceals the randomness
behind the successive order. In addition, the fluctuations of randomness are closely
related to the Diophantine approximation problem; see [1, 28] and references therein.

3 Theories for smooth closed curves in R
2

In this section, we will establish a general theory for the implicit boundary integral on
smooth closed curves in R

2. The case when the curve is closed and strongly convex
is only a special case of the results in Sect. 2. We, therefore, focus only on the cases
where the curvature vanishes at certain points of the curves.

3.1 Vanishing curvature at isolated points

We start with a generic case where the curvature vanishes at a finite number of points.
It suffices to consider only one point with vanishing curvature using a partition of
unity argument. We set this point z as the origin. We assume that the curvature at z
vanishes to order κ − 2 for certain κ > 2, which means locally we can arrange the
frame and represent Γ as (x, g(x)) ⊂ R

2 such that

g(x) = |x |κh(x), h ∈ C∞[−r , r ], h(x) �= 0 ∀x ∈ [−r , r ] (3.1)

for certain r > 0. Then in the proof of Lemma 2.2 (see Appendix A), instead of
gaining an additional decay factor O(|ζ |1/2) for (A.2), the factor becomes O(|ζ |1/κ)
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in the spirit of Lemma C.2 (a generalized version of the van der Corput Lemma [30]).
Repeating the proofs in Sect. 2.2, one can obtain the following result.

Corollary 3.1 Let d = 2, and Γ be a smooth closed curve with vanishing curvatures to
order κ − 2 (κ > 2) at finitely many points. Then, when the tube width is ε = O(hα),
the quadrature error scales as

|I f − Ih f | = O(h
1
κ
+(q+1)(1−α)).

When α = 1, the quadrature error is bounded by O(h
1
κ ) which degenerates to O(1)

as κ → ∞ (that is when the curve locally becomes straight, as in Fig. 10). While this
worst quadrature error may be unsatisfactory for practical uses, under random rigid
transformations, the “average” quadrature error could be greatly improved over this
bound.

3.2 Variance of error under random rigid transformations

The discussions in Sect. 2.3 suggest that the distribution of signed distances on lattice
points to a strongly convex smooth boundary behaves “almost” random so that most
rigid transformations (rotations and translations) of the lattice points will not change
the quadrature error too much. In this section, we show that under random rigid
transformations, even with a finite number of points on Γ with vanishing curvatures

will not alter the “average” quadrature error O(h
1
2+(q+1)(1−α)).

Theorem 3.1 Let κ ∈ (2,∞) and Γ be a convex closed C∞ curve with finitely many
points of vanishing curvature of maximal order (κ − 2). For any rotation η ∈ SO(2)
and translation ξ ∈ [0, 1]2, let Ih( f ; η, ξ) denote the implicit boundary integral with
tube width ε = Θ(hα), α ∈ [0, 1] on the transformed boundary ηΓ + hξ . Then, we
have that

∫
[0,1]2

∫
η∈SO(2)

|Ih( f ; η, ξ) − I( f )|2dηdξ = O(h1+2(q+1)(1−α)),

where dη is the normalized Haar measure on SO(2) and q ≥ 0 is the regularity order
of the weight function.

Proof Let QΓ (x) := f (PΓ x)θε(dΓ (x)). The quadrature Ih( f ; η, ξ) can be written
as

Ih( f ; η) = h2
∑
w∈Z2

QηΓ +hξ (hw) = h2
∑
w∈Z2

QΓ (hη−1(w − ξ)).

Similar to that in the proof of Theorem 2.3, we have

∫
SO(2)

∫
[0,1]2

|I( f ; η, ξ) − I( f )|2dξdη =
∫
SO(2)

∑
w∈Z2,w �=0

|Q̂Γ (h−1η−1w)|2dη.

123



8 Page 18 of 40 BIT Numerical Mathematics (2025) 65 :8

Next, we provide a slightly different estimate of Q̂Γ from the one in the proof of
Lemma 2.2. Without loss of generality, we choose a partition of unity {φ j }Nj=1 for
Γ such that each support suppφ j ⊂ Γ contains exactly one point with vanishing
curvature to order κ − 2. The case where suppφ j does not contain any point with
vanishing curvature is already handled in Theorem 2.3. Locally, the support of φ j is
represented by

suppφ j = {(x, g j (x)) | x ∈ (−r , r)},

with g j (x) taking the form of (3.1). Let w = |w|(sin δ, cos δ). Then, according
to (A.2), if we set x = (x(δ), g j (δ)) ∈ Γ , then x + sn(x) becomes a stationary point
if

sin(δ) + g′
j (x(δ)) cos(δ) − sg′′

j (x(δ))

(1 + |g′
j (x(δ))|2))3/2

(
sin(δ) + g′

j (x(δ)) cos(δ)
)

= 0.

(3.2)

When ε is small enough, (3.2) is equivalent to

sin δ + g′
j (x(δ)) cos δ = 0.

This leads to |x(δ)| = Θ(|δ|1/(κ−1)) since locally g′
j (x) = Θ(|x |κ−1). We estimate

Q̂Γ in three different cases:

1. If |x(δ)| > r , then there are no stationary points near the point with vanishing
curvature. The estimate will be the same as that in Lemma 2.2, that is,

|Q̂Γ φ j (w)| = O(ε−q−1|w|−1/2−(q+1)).

2. If |x(δ)| < |w|− κ−2
κ(κ−1) , the point is close to the origin.We can then useLemma (C.2)

(the revised van der Corput Lemma) and Lemma 2.2 to conclude that

|Q̂Γ φ j (w)| = O(ε−q−1|w|−1/κ−(q+1)).

3. If r ≥ |x(δ)| ≥ |w|− κ−2
κ(κ−1) , the point’s Hessian is at order O(|x(δ)|κ−2). We

apply the standard stationary phase approximation with the additional factor

|x(δ)|−(κ−2)/2 = Θ(|δ|− κ−2
2κ−2 ) to get

|Q̂Γ φ j (w)| = O(ε−q−1|w|−1/2−(q+1)|δ|− κ−2
2κ−2 ).
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Therefore, we have

∫
SO(2)

|Q̂Γ φ j (h
−1η−1w)|2dη = O

(∣∣∣ε−q−1|h−1w|−1/2−(q+1)
∣∣∣2
)

+ O
(

|h−1w|− κ−2
κ

∣∣∣ε−q−1|h−1w|−1/κ−(q+1)
∣∣∣2
)

+
∫ O(1)

|h−1w|− κ−2
κ

O
(∣∣∣∣ε−q−1|h−1w|−1/2−(q+1)|δ|− κ−2

2κ−2

∣∣∣∣
2
)
dδ.

The first two terms are both bounded by O (
ε−2q−2h1+2(q+1)|w|−1−2(q+1)

)
, and the

last integral is bounded by

O(ε−2q−2|w|−1−2(q+1)h1+2(q+1))

∫ r

|h−1w|− κ−2
κ

|δ|− κ−2
κ−1 dδ

= O(ε−2q−2|w|−1−2(q+1)h1+2(q+1)).

Taking ε = O(hα) then gives us

∫
SO(2)

∑
w∈Z2,w �=0

|Q̂Γ φ j (h
−1η−1w)|2dη =

∑
w∈Z2,w �=0

O(ε−2q−2|w|−1−2(q+1)h1+2(q+1))

= O(h1+2(q+1)(1−α)).

The last step is to use the Cauchy-Schwartz inequality and the finiteness of N to
conclude that

∫
SO(2)

∑
w∈Z2,w �=0

|Q̂Γ (h−1η−1w)|2dη =
∫
SO(2)

∑
w∈Z2,w �=0

∣∣∣∣∣∣
N∑
j=1

Q̂Γ φ j (h
−1η−1w)

∣∣∣∣∣∣
2

dη

≤ N
∫
SO(2)

∑
w∈Z2,w �=0

|Q̂Γ φ j (h
−1η−1w)|2dη

= O(h1+2(q+1)(1−α)).

The proof is complete. �
In fact, one canwork a little harder to remove the convexity requirement in the above

theorem. The main idea is that, instead of using the representation (3.1) for the curve,
which sustains the convexity, we can represent the curve locally as (x, g(x)) ⊂ R

2

for x ∈ (−r , r) that

g(x) = sgn(x)|x |κh(x), h(x) �= 0 ∀x ∈ (−r , r), h ∈ C2(−r , r). (3.3)

The proof of Lemma C.2 (the revised van der Corput Lemma) shows both (3.1)
and (3.3) can be handled by the same procedure; see Remark C.1. We can thus have
the following corollary.
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Fig. 11 The smooth boundary
with vanishing curvatures to
order two in (3.4)

Corollary 3.2 The same estimate in Theorem 3.1 holds for any closed boundary Γ ∈
C∞ if it only has finitely many points with vanishing curvature, whose maximal order
is (κ − 2) for κ ∈ (2,∞).

3.3 Numerical experiments

Here, we present some numerical simulations to verify the variance estimates in Theo-
rem 3.1 and Corollary 3.2 for the quadrature error under random rigid transformations.

3.3.1 Convex curve with vanishing curvatures

To numerically verify the variance estimate in Theorem 3.1, we consider the convex
curve

(x − x0)4

r4
+ (y − y0)2

r2
= 1 (3.4)

with r = 3
4 and a random center (x0, y0). The curvature vanishes to order two at

(x0, y0 ± r); See Fig. 11. The integrand function is selected as

f (x, y) = cos(x2 − y) sin(y2 − x3).

The weight function is θΔ
ε ∈ W1. Each experiment is performed with 32 random

rigid transformations independently. The decay rates ofO(h5−4α) andO(h7−6α) have
been observed in Figs. 12 and 13 for different tube widths ε = Θ(hα), respectively.

3.3.2 Star shape

For the case of non-convex curves, we take the star-shaped curve in polar coordinates:

ρ(θ) = R + r cos(mθ) (3.5)
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Fig. 12 Variance of quadrature error for weight function θΔ
ε . Left: ε = 2h. Middle: ε = 2h

1
2 . Right:

ε = 0.1

Fig. 13 Variance of quadrature error for weight function θcosε . Left: ε = 2h. Middle: ε = 2h
1
2 . Right:

ε = 0.1

Fig. 14 Star-shape boundary
with parameter R = 0.75,
r = 0.2, and m = 3 in (3.5)

with parameters R = 0.75, r = 0.2, and m = 3; see Fig. 14.
The curve is non-convex but consists of finitely many points with vanishing curva-

tures. We use it to verify the result in Corollary 3.2. The integrand function is selected
as

f (x, y) = cos(x2 − y) sin(y2 − x3).

The weight function is θΔ
ε ∈ W1. Each experiment is performed independently with

32 random rigid transformations. The decay rate of O(h5−4α) is observed in Fig. 15.
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Fig. 15 Variance of quadrature error for weight function θΔ
ε . Left: ε = 2h. Middle: ε = 2h

1
2 . Right:

ε = 0.1

4 Further discussions on open curves

In this section, we consider the quadrature error on open curves instead of closed ones.
For technical reasons in the derivation of the theory, mainly the fact that in the case
of open curves, we cannot construct a partition of unity with C∞

0 functions, we have
only weaker results compared to the ones in Sects. 2 and 3.

We consider two groups of curves: (i) curves with finitely many inflection points
(curvature zero) and (ii) line segments.

4.1 General curves

Let Γ be a collection of curves that Γ = ⋃m
k=1 Γk , where each curve Γk ∈ C∞

has only a finite number of points with vanishing curvature, whose maximal order
is (κ − 2), κ ∈ (2,∞). Take Qk(x) := f (PΓkx)θε(dΓk (x))Jε(z, dΓk (x)), we define
generalized implicit boundary integral on the collection Γ as

Ih( f ) := h2
m∑

k=1

∑
z∈(hZ)2∩Tk,ε

Qk(z),

where Tk,ε = {x + tnk(x) | (x, t) ∈ Γk × [−ε, ε]} is the segmented tube associated
with Γk and nk(x) is the unit normal vector at x ∈ Γk . Clearly, the smooth closed
boundary in Corollary 3.2 is a special case for m = 1.

Theorem 4.1 For any rotation η ∈ SO(2) and translation ξ ∈ [0, 1]2, we denote the
generalized implicit boundary integral with tube width ε = Θ(hα) on the transformed
curve collection ηΓ + hξ as Ih( f ; η, ξ), then if there are no points with vanishing
curvature or there exist finitely many points with vanishing curvature to the maximal

order κ − 2 for κ ∈ [2, 3+√
5

2 ), then

∫
SO(2)

∫
[0,1]2

|I( f ) − Ih( f ; η, ξ)|2dξdη = O(h
2
κ
+ 2

κ−1 (1−α)).

Proof Without loss of generality, we may assume Γk has at most one point with
vanishing curvature at its endpoint, otherwise one can split the curve into shorter
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pieces. Let

Γk := {(x, gk(x)) | x ∈ [0, r ]}

such that gk(x) = |x |κh(x), h ∈ C∞[0, r ] and h(x) > 0 for all x ∈ [0, r ]. When
κ = 2, then there are no points with vanishing curvature. Using the derivation in
Appendix A, the Fourier transform of QkχTk,ε becomes

Q̂kχTk,ε (ζ ) =
∫
Tk,ε

Qk(x)e−2π ix·ζdx

=
∫ ε

−ε

θε(s)
∫

Γk

f (x′)e−2π i(x′+sn(x′))·ζdσds

=
∫ ε

−ε

θε(s)
∫ r

0
f (x)e−2π iφ(x,ζ1,ζ2,s)

√
1 + |g′

k(x)|2dxds (4.1)

where dσ is the Lebesgue measure on Γk , χTk,ε denotes the characteristic function on
Tk,ε, and

φ(x, ζ1, ζ2, s) = xζ1 + gk(x)ζ2 + s
−g′

k(x)ζ1 + ζ2√
1 + |g′

k(x)|2
.

Let {χl}l≥1 be a partition of unity over the interval [0, r ]. It is clear that we only have
to estimate Q̂kχTk,ε for each integrand f (x)χl instead of f (x). Therefore, we may
further assume f (r) = 0. Let us define the auxiliary function G(x, s) that

G(x, s) =
∫ x

0
e−2π iφ(t,ζ1,ζ2,s)dt .

Then, using integration by parts on (4.1), as well as the the assumption that f (r) = 0,
we obtain

Q̂kχTk,ε (ζ ) =
∫ ε

−ε

θε(s)
∫ r

0
f (x)e−2π iφ(x,ζ1,ζ2,s)

√
1 + |g′

k(x)|2dxds

=
∫ ε

−ε

θε(s)

[
−
∫ r

0
G(x, s)

d

dx

(
f (x)

√
1 + |g′

k(x)|2
)
dx

]
ds. (4.2)

Letx′ = (x, gk(x)) andn(x′) = (sinψ(x), cosψ(x)), thenψ(x) = − arctan(g′(x)) =
Θ(|x |κ−1) and ψ ∈ [−ψ0, 0] for certain ψ0 ∈ (0, π

2 ). In the following, we use the
notation ζ = |ζ |(sin δ, cos δ) and estimate the integral in the following form

E :=
∫ ε

−ε

θε(s)
∫ r

0
G(x, s)

d

dx

(
f (x)

√
1 + |g′

k(x)|2
)
dxds. (4.3)

We split the integral in x into two different regimes.
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Case 1. On I1 := {x ∈ [0, r ] | | cos(ψ(x) − δ)| ≤ |εζ |−1}, we can use Lemma C.2
to find that |G(x, s)| = O(|ζ |−1/κ), and the contribution on I1 is then

E1 =
∫ ε

−ε

θε(s)
∫
I1

G(x, s)
d

dx

(
f (x)

√
1 + |g′

k(x)|2
)
dxds = O

(
|I1||ζ |−1

)

=
⎧⎨
⎩
O
(
(ε|ζ |) −1

κ−1 |ζ |−1/κ
)

if | sin(δ − π
2 )| ≤ (ε|ζ |)−1,

O
(
| sin(δ − π

2 )|− κ−2
κ−1 (ε|ζ |)−1|ζ |−1/κ

)
if | sin(δ − π

2 )| > (ε|ζ |)−1.

Case 2. On I2 := {x ∈ [0, r ] | | cos(ψ(x) − δ)| ∈ [|εζ |−1, 1]}, we use integration by
parts (q + 1) times on (4.3). The contribution on I2 can then be estimated as

E2 = −
L∑

l=1

∫
I2

[
1

2π in(x′) · ζ

]q+1 (
G(x, s)

dq

dsq
θε

∣∣∣s
−
l

s+l

)
d

dx

[
f (x)

√
1 + |g′

k(x)|2
]
dx

+
L∑

l=1

∫ sl+1

sl

dq+1

dsq+1 θε(s)
∫
I2

[
1

2π in(x′) · ζ

]q+1
G(x, s)

d

dx

[
f (x)

√
1 + |g′

k(x)|2
]
dxds.

Since |n(x′) · ζ | = |ζ || cos(ψ(x) − δ)|, we can then apply the estimate G(x, s) =
O(|ζ |−1/κ ) again. This leads to

E2 = O
(
ε−(q+1)|ζ |−(q+1+1/κ)

) ∫
I2

1

| cos(δ − ψ(x))|q+1 dx

= O
(
ε−(q+1)|ζ |−(q+1+1/κ)

) ∫ π
2

(ε|ζ |)−1

|π2 − δ − τ |− κ−2
κ−1

| sin τ |q+1 dτ (let τ = π

2
− δ + ψ(x))

≤ O
(
ε−(q+1)|ζ |−(q+1+1/κ)

) ∫ π
2

(ε|ζ |)−1

|(ε|ζ |)−1 − τ |− κ−2
κ−1

| sin τ |q+1 dτ

= O
(

|εζ |− 1
κ−1 |ζ |− 1

κ

)
.

The above calculations show that

∫ 2π

0
|E1|2dδ = O

(
|ζ |−2/κ

[
|εζ |−2 + |εζ |− κ+1

κ−1

])
,

∫ 2π

0
|E2|2dδ = O(|εζ |− 2

κ−1 |ζ |−2/κ).

(4.4)

To estimate (4.2), we observe that

∫
SO(2)

|Q̂kχTk,ε (η
−1ζ )|2dη = 1

2π

∫ 2π

0
|E1 + E2|2dδ

≤ 1

4π

∫ 2π

0

(
|E1|2 + |E2|2

)
dδ.
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This, together with (4.4), gives

∫
SO(2)

|Q̂kχTk,ε (η
−1ζ )|2dη =

⎧⎨
⎩
O(|εζ |−2|ζ |− 2

κ + |εζ |− 2
κ−1 |ζ |− 2

κ ) if κ ∈ [2, 3],
O(|εζ |− κ+1

κ−1 |ζ |− 2
κ + |εζ |− 2

κ−1 |ζ |− 2
κ ) if κ > 3.

Since 2
κ−1 ≤ κ+1

κ−1 and 2
κ−1 ≤ 2, we only need the second term. The variance of

quadrature error is therefore bounded by

∑
ζ∈Z2−{0}

∫
SO(2)

|Q̂kχTk,ε (η
−1h−1ζ )|2dη = O

(∫
ρ≥1

(εh−1ρ)−
2

κ−1 (h−1ρ)−
2
κ ρdρ

)

= O(h
2
κ
+ 2

κ−1 (1−α)),

where we need κ < 3+√
5

2 ≈ 2.618 for the integral to be finite. This finishes the proof.
�

We emphasize that the result in Theorem 4.1 is valid for smooth open curves as well
as closedones.However, aswecommentedbefore, the above estimates are not as strong
as the one in Corollary 3.2 for smooth closed boundaries with any κ ∈ [2,∞), since
in the current case, the partition functions are not smooth and compactly supported. It
is, however, possible to generalize the estimate in Theorem 4.1 to larger κ by a careful
computation of (4.2). In particular, as we will see later in the numerical experiments in
Sect. 4.3, the estimates in Theorem 4.1 appear to the sharp for curves without inflection
points (κ = 2). However, for κ > 2, the estimate in Theorem 4.1 may still be far from
being optimal. When the tube width ε = Θ(h), the estimates in Theorem 4.1 and
Corollary 3.2 coincide for κ = 2, which implies open and closed curves may have the
same variance of quadrature errors O(h).

4.2 Segments with irrational slope

The illustration of Fig. 10 shows that the worst scenario for straight segments isO(1).
There is, however, a dense subset of slopes that the quadrature error could be much
better. We now show that if the slope of the straight segment is quadratically irrational
(which is dense in R), then the quadrature error can be reduced to O(h2−α| log h|)
for a width of ε = O(hα). The proof is based on the concept of low-discrepancy
sequences. Let us first recall some of the necessary tools.

Definition 4.1 The discrepancy of a set P = {x1, . . . , xN } ⊂ R
d is defined by

DN (P) = sup
B∈J

∣∣∣∣ |P ∩ B|
N

− meas(B)

∣∣∣∣

where meas(A) is the Lebesgue measure of A, J is the set of d-dimensional boxes of
the form

∏d
i=1[ai , bi ), 0 ≤ ai < bi ≤ 1.
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The following Theorem 4.2 shows that a set with small discrepancy serves as a quadra-
ture rule of equal weights for functions of bounded variation. This quadrature rule is
also called the quasi-Monte-Carlo method [3, 15, 29, 33], and it outperforms the stan-
dard Monte-Carlo methods in accuracy if {xi }i≥1 is a low-discrepancy sequence [26].

Theorem 4.2 (Koksma-Hlawka Inequality [5]) Let f have bounded variation V ( f ),
then

∣∣∣∣∣
1

N

N∑
i=1

f (xi ) −
∫

[0,1]d
f (x)dx

∣∣∣∣∣ ≤ V ( f )DN (x1, . . . , xN ).

However, the general d-dimensional lattice hZ
d only has a discrepancy of O(h).

Hence, a direct application of the Koksma-Hlawka Inequality to the weight function
θε(x) only implies an error bound of O( h

ε
). We will show below in Theorem 4.3 that

the error can improve if the lattice points are chosen appropriately. To choose such
lattice points, we need the following result.

Lemma 4.1 ([17, Theorem 2.3.3]) Let R ⊂ R
2 be a convex polygon P1P2 . . . Pn,

Pn = P0. Let the slope of side Pi−1Pi be αi and assume that αi can be written in
continued fraction

αi = a0,i + 1/(a1,i + · · · ),

with convergents rk,i
qk,i

, k ∈ N. Then the difference between the lattice point count inside

R and area of R is bounded by
∑n

i=1 ρ(Pi−1Pi ), where ρ(Pi−1Pi ) = ∑k
s=0 as +

|Pi−1Pi |+1
qk,i

, |Pi−1Pi | being the length of the side, and k being the largest integer that
qk,i ≤ |Pi−1Pi | + 1.

This result allows us to show the following.

Corollary 4.1 Let R be a rectangle with side lengths s and t, and the corresponding
slopes α and β. If the terms of continued fraction of α and β are uniformly bounded,
then ||R∩hZ

d |−h−2st | is bounded byO(1)+O(log(h−1s+1))+O(log(h−1t+1)).

Proof For continued fraction of α (and the same for β), the convergents rk/qk satisfy
qk+2 > 2qk . Therefore, k ≤ 2 log(s+1)

log 2 + 1; see [17] for more detailed discussion. The
conclusion then follows directly from Lemma 4.1. A similar conclusion can be found
in [12, Theorem A3]. �

We are now ready to prove the first main result of this section.

Theorem 4.3 LetΓ ⊂ R
2 be a segment with a quadratically irrational slope. Then the

quadrature error of integrating the function f ∈ C(Γ ), with tube width ε = Θ(hα)

(α ∈ [0, 1]), is given as

|I( f ) − Ih( f )| = O(h2−α log(h)),
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where Ih( f ) is defined as

Ih( f ) := h2
∑

z∈(hZ)2∩Tε

f (z)θε(z),

with Tε = {x + tn | (x, t) ∈ Γ × [−ε, ε]} and n being the unit normal vector for the
segment.

Proof For simplicity, let Γ be the segment sitting on x-axis and rotate, instead, the
lattice to pv + qv⊥ where v = (v1, v2) is a unit vector and (p, q) ∈ Z

2. We denote
by R := Γ × [−ε, ε] the rectangular tube around Γ . The quadrature becomes

Ih( f ) = h2
∑

(p,q)∈Z2

χΓ f (h(pv + qv⊥) · e1)θε(h(pv + qv⊥) · e2),

where χΓ is the characteristic function on Γ . Let P := R ∩ {h(pv+ qv⊥) | (p, q) ∈
Z
2}, and denote by N = |P|. Then the discrepancy of P (with scaling) is

DN (P) = sup
B∈J

∣∣∣∣ |P ∩ B|
N

meas(R) − meas(B)

∣∣∣∣ , J = {[a1, b1) × [a2, b2) ⊂ R} .

Since the continued fraction of a quadratically irrational number is periodic, it is
uniformly bounded. By Corollary 4.1, N = h−2meas(R)+O(log(h)). We can derive
that

DN (P) ≤ sup
B∈J

∣∣∣∣∣
h−2meas(B) + O(1) + O(log(h−1diam(B) + 1))

N
meas(R) − meas(B)

∣∣∣∣∣

≤
∣∣∣∣∣
h−2meas(R)

N
− 1

∣∣∣∣∣+ sup
B⊂J

∣∣∣∣∣
O(1) + O(log(h−1diam(B) + 1))

N
meas(R)

∣∣∣∣∣
= O(h2 log(h−1))

meas(R)
.

By Lemma 4.1, we have

∣∣∣∣∣
1

N

∑
z∈P

f (z)θε(z) − 1

meas(R)

∫
R
f (x)θε(x)dx

∣∣∣∣∣ ≤ DN (P)VR( f θε), (4.5)

where VR( f θε) = O(ε−1) is the total variation of f θε on R. Multiplying Nh2 to (4.5)
then gives us

∣∣∣∣∣h2
∑
z∈P

f (z)θε(z) − Nh2

meas(R)

∫
R
f (x)θε(x)dx

∣∣∣∣∣ ≤ Nh2DN (P)VR( f θε).
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Using the fact that Nh2 = meas(R)+O(h2 log(h−1)) andmeas(R) = O(ε) = O(hα)

(α ∈ [0, 1]), we obtain the desired error estimate

|Ih( f ) − I( f )| =
∣∣∣∣∣h2

∑
z∈P

f (z)θε(z) −
∫
R
f (x)θε(x)dx

∣∣∣∣∣
≤ Nh2DN (P)VR( f θε) + O

(
h2 log(h−1)

meas(R)

)∫
R
f (x)θε(x)dx

= O(ε−1h2 log h−1).

This completes the proof. �

In Theorem 4.3, the requirement that the line segment has a quadratically irrational
slope is mainly used to get the boundedness of the continued fraction needed in the
proof. This requirement can be replaced with other conditions that would ensure the
boundedness of the continued fraction. In fact, by a slight modification in the proof of
Corollary 4.1 and Theorem 4.3, we can derive the following version of the theorem.

Corollary 4.2 Let Γ ⊂ R
2 be a segment with slope β whose continued fraction is

[b0; b1, b2, · · · ]. If |bk | ≤ Ck p, and tube width ε = Θ(hα) (α ∈ [0, 1]), then the
quadrature error of integrating the function f ∈ C(Γ ) is

|I( f ) − Ih( f )| = O(h2−α logp+1(h)).

The variance of error can be characterized as follows.

Theorem 4.4 Let Γ ⊂ R
2 be a segment of unit length. For any rotation η ∈ SO(2)

and translation ξ ∈ [0, 1]2, we denote by Ih( f ; η, ξ) the implicit boundary integral
with tube width ε = Θ(hα) ( α ∈ [0, 1]) on the transformed segment ηΓ + hξ . We
have

∫
[0,1]2

∫
η∈SO(2)

|Ih( f ; η, ξ) − I( f )|2dηdξ =
{
O(h3−α), α ∈ [0, 2q

2q+1 ),

O(h1+(2q+2)(1−α)), α ∈ [ 2q
2q+1 , 1],

where dη is the normalized Haar measure on SO(2) and q ≥ 0 is the regularity order
of the weight function.

Proof We denote the rectangular support of QΓ (x) := f (x)θε(x) by Tε. If β is the
angle between the segment Γ and ξ , then

Q̂Γ (ξ) =
∫
Tε

QΓ (x)e−2π iξ ·xdx = f̂ (|ξ | cosβ)θ̂ε(|ξ | sin β).
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The following generic estimates of Fourier transforms can be derived using integration
by parts,

f̂ (|ξ | cosβ) = O
(

1

1 + |ξ || cosβ|
)

,

θ̂ε(|ξ | sin β) = O
((

1

1 + ε|ξ || sin β|
)q+1

)
,

(4.6)

where q is the regularity order of θε. Therefore, there exists a constant C > 0 that

∫
SO(2)

∣∣∣Q̂Γ (η−1ξ)

∣∣∣2 dη = 1

2π

∫ 2π

0

∣∣ f̂ (|ξ | cosβ)θ̂ε(|ξ | sin β)
∣∣2 dβ

≤ C
∫ 2π

0

(
1

1 + |ξ || cosβ|
)2 ( 1

1 + ε|ξ || sin β|
)2(q+1)

dβ

= 4C
∫ π

2

0

(
1

1 + |ξ || cosβ|
)2 ( 1

1 + ε|ξ || sin β|
)2(q+1)

dβ.

We now split the integral into {0 ≤ β ≤ 1
ε|ξ | }, { 1

ε|ξ | ≤ β ≤ π
4 }, {π

4 ≤ β ≤ π
2 − 1

|ξ | },
and {π

2 − 1
|ξ | ≤ β ≤ π

2 } to get
∫ 1

ε|ξ |

0

(
1

1 + |ξ || cosβ|
)2 ( 1

1 + ε|ξ || sin β|
)2(q+1)

dβ = O
(

1

ε|ξ |3
)

,

∫ π
4

1
ε|ξ |

(
1

1 + |ξ || cosβ|
)2 ( 1

1 + ε|ξ || sin β|
)2(q+1)

dβ = O
(

1

ε|ξ |3
)

,

∫ π
2 − 1

|ξ |
π
4

(
1

1 + |ξ || cosβ|
)2 ( 1

1 + ε|ξ || sin β|
)2(q+1)

dβ = O
(

1

ε2q+2|ξ |2q+3

)
,

∫ π
2

π
2 − 1

|ξ |

(
1

1 + |ξ || cosβ|
)2 ( 1

1 + ε|ξ || sin β|
)2(q+1)

dβ = O
(

1

ε2q+2|ξ |2q+3

)
.

Putting these together, we have

∑
ζ∈Z2−{0}

∫
SO(2)

∣∣∣Q̂Γ (η−1h−1ξ)

∣∣∣2 dη = O
(∫

ρ≥1

h3

ερ3
ρdρ

)
+ O

(∫
ρ≥1

h2q+3

ε2q+2ρ2q+3 ρdρ

)
,

which then leads to

∫
SO(2)

∫
[0,1]2

|I( f ; η, ξ) − I( f )|2dξdη =
{
O(h3−α), α ∈ [0, 2q

2q+1 ),

O(h1+(2q+2)(1−α)), α ∈ [ 2q
2q+1 , 1].

This is the desired result. �
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Remark 4.1 It should be noted that if f ∈ C∞
0 (Γ ), then by a slight modification

in (4.6), one can further improve the above estimate. The result can be adapted to
any polytope boundary Γ in high dimensions by combining the techniques in [7, 9,
31]. In our setting, we can use the divergence theorem to reduce the Fourier transform
into faces of lower dimensions plus the volumetric integrals with potentially smaller
magnitudes. The normal vector on each face stays constant, and eventually, the Fourier
transform can be decomposed into finitely many one-dimensional Fourier transforms.

4.3 Numerical experiments

Here are some numerical simulations to verify the quadrature error estimates and the
corresponding variance estimates in Theorems 4.1, 4.3, and 4.4.

4.3.1 Semicircle

We verify the estimates in Theorem 4.1 with a semi-circle. The quadrature on a semi-
circle can be fulfilled by setting the integrand function as zero on half of the circle.
Let the circle be

(x − x0)2

r2
+ (y − y0)2

r2
= 1

with r = 3
4 and (x0, y0) is a randomly sampled point. We take the integrand as

f (x, y) =
{
cos(x2 − y) sin(y2 − x3) if y ≥ y0,

0 if y < y0.

Theweight function θΔ
ε ∈ W1 andwe sample the random rigid transformation 64 times

independently. The variance of quadrature error has an upper bound in Theorem 4.1
as O(h3−2α). As we can see in Fig. 16, for α = 1

2 and α = 0, the estimated error
bounds O(h2) and O(h3) appears consistent with the numerical results. However,
for α = 1, the theoretical estimate is O(h) while we observed a transition of decay
rate from quadratic to linear. This discrepancy likely happened because in the proof of

Theorem 4.1, we applied directly the uniform boundG(x, s) = O(|ζ |− 1
2 ), while there

are cases where a smaller bound G(x, s) = Θ(|ζ |−1) can occur. Then, the variance
will consist of two components with decay rates O(h) and O(h2), respectively, and
the quadratic decay rate dominates when the grid size is relatively large.

4.3.2 Segment with quadratically irrational slope

In this experiment, we verify the result in Theorem 4.3 on the segment of unit length

from the line y = γ x with choices of γ are
√
2 and 1+√

5
2 , with continued fraction

[1; 2, 2, 2, · · · ] and [1; 1, 1, 1, · · · ], respectively. Both slopes have uniformly bounded
terms. The test integrand and the weight function are f (x) = |x|2 and θcosε ∈ W2,
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Fig. 16 Variance of quadrature error with weight function θΔ
ε . Left: ε = 2h. Middle: ε = 2h

1
2 . Right:

ε = 0.1

Fig. 17 The error decay for different tube widths and γ = √
2. Left: ε = 2h. Middle: ε = 2h

1
2 . Right:

ε = 0.1

Fig. 18 The error decay for different tube widths and γ =
√
5+1
2 . Left: ε = 2h. Middle: ε = 2h

1
2 . Right:

ε = 0.1

respectively. While the fluctuations are large, the upper bound of the quadrature error
decays roughly O(h2−α) for various choices of ε = Θ(hα), α ∈ [0, 1]; see Figs. 17
and 18.

4.3.3 Segment under random rotations

To verify numerically the variance for the quadrature error on a unit segment with
random rigid transformations, we choose the integrand function f (x) = |x|2. The
weight function is θcosε ∈ W2. Each experiment is performed with 32 random rigid
transformations independently. A decay rate ofO(h3−α) has been observed in Fig. 19
for different tube widths ε = Θ(hα). In particular, for α = 0 and α = 1

2 , the decay
rates match the prediction of Theorem 4.4. However, Theorem 4.4 seems to provide
an overestimate for the case of α = 1.
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Fig. 19 Variance of quadrature error with weight function θcosε . Left: ε = 2h. Middle: ε = 2h
1
2 . Right:

ε = 0.1

Fig. 20 Capsule shape boundary
(solid red line) consists of two
segments of unit length and two
semicircle boundaries with
radius r = 0.2

4.3.4 Capsule shape

The estimates in Theorems 4.1 and 4.4 imply that, under random rigid transfor-
mations, the implicit boundary integral produces a variance of quadrature error of
O(hmin(3−α,1+2(q+1)(1−α),3−2α) for a boundary made of strongly convex curves and
segments in two dimensions. This can be verified by considering the capsule shape
boundary with random rigid transformations; see Fig. 20.

The integrand function is chosen as

f (x, y) = cos(x2 − y) sin(y2 − x3).

The weight function θΔ
ε ∈ W1. Each experiment is performed independently with 32

random rigid transformations. The variance of quadrature error is shown in Fig. 21.
The error matches the theoretical estimate O(hmin(3−α,5−4α,3−2α)) = O(h3−2α).

5 Conclusion

This work analyzes the approximation of the numerical quadrature of the implicit
boundary integral method under different assumptions on the shape and regularity of
the boundary. We show that the quadrature error gains an additional order of d−1

2 for
a smooth, strongly convex boundary. For a general smooth convex boundary in 2D
with finitely many points of vanishing curvatures, the average quadrature error has an
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Fig. 21 Variance of quadrature error with weight function θΔ
ε . Left: ε = 2h. Middle: ε = 2h

1
2 . Right:

ε = 0.1

additional order of 1
2 under random rigid transformations. The variance of quadrature

error estimate is also extended to open curves instead of closed boundaries in 2D. For

generic piecewise smooth curves with vanishing curvatures that κ ∈ [2, 3+√
5

2 ) (see

Sect. 3.1), the average quadrature error is O(h
1
κ
+ 1

κ−1 (1−α)). If the curve is a segment,

the average quadrature error will become O(hmin( 3−α
2 , 12+(1−α)(q+1))) instead. Error

estimates for general curves with larger κ , as well as high-dimensional quadrature
error estimates for general smooth surfaces and polytopes, will be studied in future
works.

A Proof of Lemma 2.2

Proof For any x ∈ Tε, one can write it as x = x′ + dΓ (x)n(x′), where x′ = PΓ x. The
operator PΓ is the projection onto Γ and dΓ is the signed distance function to Γ . Take
a partition of unity {φ j }Nj=1 on Γ that φ j ∈ C∞

0 (Γ ). On suppφ j , we set a point y j as
the origin. Then locally Γ can be represented by

Γ = {(y′, yd) ∈ B | yd = ρ j (y′)}

where B is a ball centered at the origin. One can arrange ρ j such that ρ j (0) = 0,
∇y′ρ j (y′)|y′=0 = 0 and |∇y′ρ j (0)| = 1 on Γ . Next, we extend the definition of φ j to
Tε without losing regularity by setting

φ̃ j (x) := φ j (PΓ x).

Under the above setup, the Fourier transform of Qφ̃ j can be written as

̂Qφ̃ j (ζ ) =
∫
Rd

e−2π i(x·ζ )Q(x)φ̃ j (x)dx

=
∫

Γ

∫ ε

−ε

f (x′)φ̃ j (x′)e−2π i(x′+sn(x′))·ζ θε(s)dsdσ

=
∫

Γ

f (x′)φ̃ j (x′)e−2π ix′·ζ
∫ ε

−ε

e−2π isn(x′)·ζ θε(s)dsdσ (A.1)
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where σ is the Lebesgue measure on Γ . Using the local frame (y′, yd) to replace
x′ ∈ Γ and writing ζ = (ζ ′, ζd), we define

ψ(y′, ζ ′, ζd , s) := y′ · ζ ′ + ρ j (y′)ζd + sn(y′, ρ j (y′)) · ζ .

Let c = supx′∈suppφ j
|∇y′ρ j | with ∇y′n being the shape operator (hence κ =

supx′∈suppφ j
|∇y′n| is bounded by the principal curvature). Suppose the tube width

ε is small enough that εκ < 1 and the smallest eigenvalue of ∇2
y′ρ j is larger than

ε
√
1 + τ 2‖∇2

y′n‖L(Rd �→Rd×Rd ) for τ = c
1−εκ

.
Case I. If |ζ ′| > c

1−εκ
|ζd |, we find that

|∇y′(y′ · ζ ′ + ρ j (y′)ζd + sn(y′) · ζ )| = |ζ ′ + ∇y′ρ jζd + s∇y′n(y′) · ζ |
≥ |ζ ′|(1 − sκ) − |ζd ||∇y′ρ j | > 0.

Using Fubini’s theorem, we can represent the integral (A.1) as

̂Qφ̃ j (ζ ) =
∫ ε

−ε
θε(s)

∫
Γ

f (x′)φ̃ j (x
′)e−2π i(x′+sn(x′))·ζ dσds

=
∫ ε

−ε
θε(s)

∫
Rd−1

e−2π iψ(y′,ζ ′,ζd ,s) f (y′, yd )φ̃ j (y
′, yd )

[
1 + |∇y′ρ j |2

] 1
2 dy′ds.

Since there is no stationary point in the phase ψ , this integral decays asO(|ζ |−N ) for
any fixed N .
Case II. If |ζ ′| ≤ c

1−εκ
|ζd |, the choice of ε makes ∇2

y′ψ = ∇2
y′ρ jζd + s∇2n · ζ

positive-definite. Define

Φ(x′, ζ ) :=
∫ ε

−ε

e−2π isn(x′)·ζ θε(s)ds.

Because θε ∈ Wq , we can apply integration by parts q times for Φ to obtain

Φ(x′, ζ ) :=
∫ ε

−ε

e−2π isn(x′)·ζ θε(s)ds

=
(

1

2π in(x′) · ζ

)q L∑
l=1

∫ sl+1

sl
e−2π isn(x′)·ζ dq

dsq
θε(s)ds,

where [sl , sl+1] denotes the support of the l-th piece C1 component of dq
dsq θε(s). By

applying integration by parts again on each support [sl , sl+1], we have that
∫ sl+1

sl
e−2π isn(x′)·ζ dq

dsq
θε(s)ds

= − 1

2π in(x′) · ζ
e−2π isn(x′)·ζ dq

dsq
θε(s)

∣∣∣sl+1

sl
+ 1

2π in(x′) · ζ

∫ sl+1

sl
e−2π isn(x′)·ζ dq+1

dsq+1 θε(s)ds.
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Therefore (A.1) becomes

̂Qφ̃ j (ζ ) =
∫
Rd

e−2π i(x·ζ )Q(x)φ̃ j (x)dx

= − 1

|ζ |q+1

L∑
l=1

(
dq

dsq
θε

∣∣∣s
−
l

s+l

)∫
Γ

⎛
⎝ 1

2π in(x′) · ζ
|ζ |

⎞
⎠
q+1

f (x′)φ̃ j (x
′)e−2π i(x′+sln(x′))·ζ dσ

+ 1

|ζ |q+1

L∑
l=1

∫ sl+1

sl

dq+1

dsq+1 θε(s)
∫
Γ

f (x′)

⎛
⎝ 1

2π in(x′) · ζ
|ζ |

⎞
⎠
q+1

φ̃ j (x
′)e−2π i(x′+sn(x′))·ζ dσds.

The main task is now to estimate the integral

∫
Γ

(
1

2π in(x′) · ζ
|ζ |

)q+1

f (x′)φ̃ j (x′)e−2π i(x′+sn(x′))·ζdσ

=
∫
Rd−1

e−2π iφ(y′,ζ ′,ζd )

(
1

2π in(x′) · ζ
|ζ |

)q+1

f (y′, yd)φ̃ j (y′, yd)

[
1 + |∇y′ρ j |2

] 1
2
dy′.

(A.2)

Since for all x′ ∈ suppφ j we have |n(x′) · ζ
|ζ | | > c′ for certain c′ > 0, we can easily

deduce from (A.2) that |Q̂(ζ )| = O(RεPε|ζ |−(q+1)), where

Rε := ‖θ(q)
ε ‖L∞[−ε,ε] + ε‖θ(q+1)

ε ‖L∞[−ε,ε] = O(ε−q−1),

Pε := sup
s∈[−ε,ε]

∫
Γ

(
1

2π in(x′) · ζ
|ζ |

)q+1

f (x′)φ̃ j (x′)e−2π i(x′+sn(x′))·ζdσ.

In the final step, we apply the standard stationary phase approximation toPε. This pro-
duces a factor of |ζ |−(d−1)/2. Therefore,wehave |Q̂(ζ )| = O(ε−q−1|ζ |−(d−1)/2−(q+1)).
This finishes the proof. �

Remark A.1 It is clear from the proof that we can relax the regularity assumption on
the boundary from C∞ to Ck with k = d+5

2 + max( d−1
2 , q).

Remark A.2 We also observe from the proof that the result, in a modified form, can
hold for general convex surfaces with at least one positive principal curvature. Indeed,
since the stationary phase approximation directly depends on the number of positive
principal curvatures of Γ , we can replace the dimensionality constant d in the above
proof (and therefore in Lemma 2.2) with Λ + 1 (Λ being the number of positive
principal curvatures). The result remains true.
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B Proof of Lemma 2.3

Proof Using Lemma 2.2, we have

|Q̂(h−1n)ψ̂(δn)| = O(ε−(q+1)h
d+1
2 +q |n|− d+1

2 −q)|ψ̂(δn)|.

We separate the summation
∑

|n|�=0 Q̂(h−1n)ψ̂(δn) into two groups: {n ∈ Z
d | 1 ≤

|n| ≤ δ−β} and {n ∈ Z
d | |n| > δ−β}. The parameter β > 0 is a constant to balance

the summation between the two groups. Using the uniform boundedness of |ψ̂(δn)|,
the first group can be estimated as

∑
1≤|n|≤δ−β

|Q̂(h−1n)ψ̂(δn)| =
∑

1≤|n|≤δ−β

O(ε−q−1h
d+1
2 +q |n|− d+1

2 −q)

= O(ε−q−1h
d+1
2 +q)

∫ δ−β

1
r− d+1

2 −qrd−1dr

= O(ε−q−1h
d+1
2 +q)

∫ δ−β

1
r

d−3
2 −qdr

=

⎧⎪⎨
⎪⎩
O(ε−q−1h

d+1
2 +qδ−β( d−1

2 −q)) d−1
2 > q,

O(ε−q−1h
d+1
2 +q | log δ|) d−1

2 = q,

O(ε−q−1h
d+1
2 +q) d−1

2 < q.

(B.1)

For the second group, we use that fact that |ψ̂(δn)| = O(|nδ|−ν) for any fixed ν > 0.
In particular, we take ν = d+1

2 to have

∑
|n|>δ−β

|Q̂(h−1n)ψ̂(δn)| = O
(
ε−q−1h

d+1
2 +q

) ∫ ∞

δ−β

r− d+1
2 −q |rδ|−νrd−1dr

= O(ε−q−1h
d+1
2 +qδβ(q+1)−ν).

(B.2)

Next, we choose β to balance the contributions from (B.1) and (B.2). This is split into
three different cases as follows.

1. When d−1
2 > q, we take β = 1. This leads to

∑
|n|�=0

|Q̂(h−1n)ψ̂(δn)| = O(ε−q−1h
d+1
2 +qδ−( d−1

2 −q)).

2. When d−1
2 = q, we can take an arbitrary β > 1 to get

∑
|n|�=0

|Q̂(h−1n)ψ̂(δn)| = O(ε−q−1h
d+1
2 +q | log δ|).

123



BIT Numerical Mathematics (2025) 65 :8 Page 37 of 40 8

3. When d−1
2 < q, the contribution from (B.2) is negligible.Wemay take an arbitrary

β ≥ 1. This leads to

∑
|n|�=0

|Q̂(h−1n)ψ̂(δn)| = O(ε−q−1h
d+1
2 +q).

The proof is complete. �

C The van der Corput Lemma

We now prove a special version of the van der Corput Lemma that we used in Sect. 3.
Let us first recall the standard van der Corput Lemma. The proof of the lemma can be
found in [30].

Lemma C.1 (van der Corput Lemma [30]) Let φ : R �→ R be a C2 function on
interval J . (i) If |φ′(x)| > c > 0 for all x ∈ J and φ′′(x) does not change its sign,
then for any f ∈ C1(J ),

∫
J
eiλφ(x) f (x)dx = O

(‖ f ‖C1

λc

)
.

(ii) If |φ′′(x)| > c > 0 for all x ∈ J , then for any f ∈ C2(J ),

∫
J
eiλφ(x) f (x)dx = O

(
‖ f ‖C1

√
1

λc

)
. (C.1)

Note that we do not need f to be compactly supported on J in the van der Corput
Lemma. Using the above lemma, we can prove the following result.

Lemma C.2 Let η > 2 be given and g(x) = |x |ηh(x) with h ∈ C2[−1, 1] and
h(x) �= 0 on [−1, 1]. Let r < 1 be sufficiently small that

r ≤ η(η − 1)|h(0)|
2(‖h′′‖∞ + η(η + 1)‖h′‖∞)

.

If f ∈ C2[−r , r ], then for any ζ = (ζ1, ζ2) ∈ R
2 such that |ζ2| > β|ζ1| for some

β > 0, we have

∫ r

−r
e−2π i(ζ1x+ζ2g(x)) f (x)dx = O(|ζ |1/η). (C.2)

Proof Let us first remark that the assumption that ζ = (ζ1, ζ2) satisfy |ζ2| > β|ζ1| for
some β > 0 is necessary as otherwise there are no stationary points near the origin
(in the small interval [−r , r ]).
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We use the classical dyadic decomposition of the interval (−r , r) to rewrite the
integral in (C.2) into

∫ r

−r
e−2π i(ζ1x+ζ2g(x)) f (x)dx =

∞∑
�=0

J�,

where

J� :=
∫ − r

2�+1

− r
2�

e−2π i(ζ1x+ζ2g(x)) f (x)dx +
∫ r

2�

r
2�+1

e−2π i(ζ1x+ζ2g(x)) f (x)dx

= 1

2�

∫ −r/2

−r
e−2π i(ζ12−�z+ζ2h(2−�z)2−�η|z|η) f (2−�z)dz

+ 1

2�

∫ r

r/2
e−2π i(ζ12−l z+ζ2h(2−�z)2−�η|z|η) f (2−�z)dz.

When � is sufficiently large, |2−�ηζ2| < 1. We can conclude straightforwardly that

|J�| ≤ 2−�‖ f ‖∞ = O(1), (C.3)

since the integrating interval length is r < 1. Otherwise, let φ(z) := ζ12−�z +
ζ2h(2−�z)2−�η|z|η. We then observe that

|φ′′(z)| ≥ |ζ2|2−�η|z|η−2
(
η(η − 1)|h(2−�z)| − 2−2�|h′′(2−�z)||z|2 − 2η2−�|h′(2−�z)||z|

)

≥ |ζ2|2−�η|z|η−2
(

η(η − 1) inf
(−r ,r)

|h| − ‖h′′‖∞r2 − 2η‖h′‖∞r

)
(since r2 < r)

≥ |ζ2|2−�η|z|η−2 (η(η − 1)
(|h(0)| − r‖h′‖∞

)− ‖h′′‖∞r − 2η‖h′‖∞r
)

≥ |ζ2|2−�η|z|η−2 (η(η − 1)|h(0)| − r
(
η(η + 1)‖h′‖∞ + ‖h′′‖∞

))

≥ 1

2
|ζ2|2−�η|z|η−2η(η − 1)|h(0)| (since |z| ≥ r

2
)

≥ 1

2
|ζ2|2−�η

∣∣∣ r
2

∣∣∣η−2
η(η − 1)|h(0)|.

The second part of the van der Corput Lemma, that is, the estimate in (C.1), then gives
us that

|J�| = O
(
2−�

√
1

|ζ2|2−�η

)
. (C.4)

We now combine (C.3) and (C.4) to conclude that

|J�| = O
(

2−�

(1 + |ζ2|2−�η)1/2

)
.
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Taking the summation over J�, we find that

|
∞∑

�=0

J�| ≤
∞∑

�=0

2−�

(1 + |ζ2|2−�η)1/2
≤

∑
2�η<|ζ2|

2−�

√
1

|ζ2|2−�η
+

∑
2�η≥|ζ2|

2−�

≤ |ζ2|−1/2
∑

2�η<|ζ2|
2�(η/2−1) + 2|ζ2|−1/η

= O(|ζ2|−1/η).

This, together with the fact that |ζ2| > β|ζ1|, gives the desired result in (C.2). �
Remark C.1 It is straightforward to see that the above proof also works for the case
where g(x) = sgn(x)|x |ηh(x).
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