ANALYSIS OF HETEROGENEOUS MULTISCALE METHODS FOR
LONG TIME WAVE PROPAGATION PROBLEMS
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Abstract. In this paper, we analyze a multiscale method developed under the heterogeneous
multiscale methods (HMM) framework for numerical approximation of multiscale wave propagation
problems in periodic media. In particular, we are interested in the long time O(¢~2) wave propaga-
tion, where e represents the size of the microscopic variations in the media. In large time scales, the
solutions of multiscale wave equations exhibit O(1) dispersive effects which are not observed in short
time scales. A typical HMM has two main components: a macro model and a micro model. The
macro model is incomplete and lacks a set of local data. In the setting of multiscale PDEs, one has
to solve for the full oscillatory problem over local microscopic domains of size n = O(g) to upscale
the parameter values which are missing in the macroscopic model. In this paper, we prove that if
the micro problems are consistent with the macroscopic solutions, HMM approximates the unknown
parameter values in the macro model up to any desired order of accuracy in terms of /7.
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1. Introduction. A decade ago, E and Engquist, [9], proposed the heteroge-
neous multiscale methods (HMM) as a general framework for treating multiscale and
possibly multiphysics problems. HMM is often useful when we have the full micro-
scopic model which is not affordable to use throughout the entire domain. The basic
idea is that one starts with assuming a macro model in which some missing data are
upscaled from local microscopic simulations, where the micro model is forced to be
consistent with the coarse scale/macroscopic data. The HMM framework has been
successfully applied to many disciplines of sciences. To name a few applications here,
we refer the reader to [2, 10] for homogenization problems, to [13] for applications to
gas dynamics, and to [17] for complex fluids applications. For a more recent update
about the improvements in the HMM based approaches see e.g. [3].

Our main goal in this paper is to mathematically investigate the properties of
a HMM type multi-scale algorithm for approximating the solution of the following
initial boundary value problem modelling long time wave propagation

(1.1) Opus(t,z) = V- (A(x/e)Vus(t,z)) =0, in [0,T°] x Q
’ u®(0,z) =¢q(x), Ows(0,z)==z2(z), on {t=0}xKQ,

where A(y) € R¥? is a 1-periodic, symmetric and uniformly positive definite matrix,
Q C RY with |Q] = 1, ¢ < 1 represents the size of the periodic microstructures
in the media, and T° ~ O(¢~2). We assume that the above equation is equipped
with suitable boundary data. Since e is small, the coefficients A(z/e) varies rapidly,
and hence a direct numerical simulation of the problem (1.1) is infeasible due to the
need to resolve the small scale variations in the media. However, for small ¢ the
multiscale problem (1.1) can be replaced by an effective equation. For short time
scales T¢ = T =~ O(1) , the classical homogenization theory reveals the limiting
behavior of the multi-scale problem. As e — 0, the solution of (1.1) with T = T
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tends to a solution u” which has no dependence on the small scale parameter . In
this setting, the solution u° satisfies

12) Ol (t,2) — V - (AVUO(t,x)) =0, in [0,7]xQ

u(0,z) = q(z), 0ul(0,z) =2(z), on {t=0}xQ,

where the homogenized coefficient A is a constant matrix, the computation of which
involves solving another set of non-oscillatory periodic elliptic problems called cell
problems. For details regarding convergence rate of the homogenized solution u°(t, x)
to the multiscale solution u® (¢, z) and other technical issues about homogenization we
refer the reader to the seminal book by Bensoussan, et. al. [8]. For heterogeneous
multiscale methods based on finite differences and finite elements which approximate
the solution of the short time equation (1.2) see [12] (FD-HMM) and [6] (FE-HMM).
For time scales T¢ = O(e~2), the solution u®(t,z) starts to exhibit O(1) dispersive
effects which are not present in the short time homogenized solution. In the long
time case, Symes and Santosa, [18], derived an effective equation for the multiscale
problem (1.1). In one dimension, the effective equation has the form

(1.3) Ont(t, x) — Oy (&8xﬁ(t,x) + 62ﬂ8xxxﬂ(t,x)) =0, in [0,7°] xQ
. ﬁ(O,IL‘) = Q('Jf), ata((),x) = Z(:]C), on {t = 0} X Q,

where (8 is a complicated functional of A (formula (5.6) in this paper), and a is
the homogenized coefficient in one dimension. The solution (¢, z) of the long time
effective equation (1.3) will then approximate the multiscale solution u® (¢, z) over large
timescales. Note that the problem (1.3) is ill-posed in the sense that high frequency
initial data will result in blow up in the solution.

From a numerical point of view, it is important to develop cheap numerical meth-
ods which approximate the effective solution (¢, x), and hence are able to capture
the long time dispersive effects which do not appear in the homogenized limit u°(¢, ).
In 2011, Engquist et. al., [11], developed a method based on finite difference HMM
(FD-HMM). Their method approximated the solution 4(t, ) of the effective equation
(1.3) in three steps:

Step 1: The macro model and macro solver: The HMM assumes the macro model:

(14) 3ttu(t, I) =V- F,

where the flux F' is the unknown data in the model. In one dimension, for instance,
the macro model can be discretized with the following high order scheme

At?
24N\x

(1.5) up™ = 2uf — T 4 (Firi% —2TF +2TF 4 — in%) :
Step 2: Micro model: To find the flux F™ at a point xg, we solve the full oscillatory
problem

(1.6) Ouus(t,z) = V- (A(z/e)Vus(t,xz)) =0, in [0,7] X Qy 4,
’ u(0,z) = u(z), Ows(0,z) =0, on {t=0}xQ, 4,

where @(z) is a third order polynomial, Q, o, = [0 — Ly, Zo + Ly], Ly, = 0+ T+/|A|co,

where n = O(e) represents the size of the spatial domain and 7 = O(e) stands for

the microscopic final time. The initial data @(z) has the following property: suppose
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that we interpolate the macroscopic data {u}'} (the subscript ! is used to indicate the
discrete macroscopic solutions located around x = x() with a third order interpolant
i(x) around x = xo. Then the initial data @(z) is such that the average of the micro
solution u (¢, z) over the subset [—n+ ¢, n+xo] x (0, 7] of the micro box , », x (0, 7]
agrees with the interpolant @(z) up to high orders in e. The consistent initial data
u(x) for a given macroscopic state 4(z) can be obtained numerically by an algorithm
presented in [14]. Mathematically speaking, we say that @(x) is consistent with @(z)
up to O(e?) if

T n+x
(1.7)/_ /_+ Ko (1), (7 — 2 (1, 2)dtds = i) + O(7), € [—n-+ w0, + o),

where K. (t) and K, (z) are averaging kernels (in time and space respectively) with
compact supports of sizes 7 and 7. Further details about averaging kernels are dis-
cussed in Section 2.3.

Step 3.  Upscaling : The last step of the HMM is to average the local microscopic
flux A(z/e)0,u®(t,x). Using the notation Fyarar(xo) instead of F™(zg), the HMM
flux is then computed by

(1.8) Frnont(z0) = /_ ’ /_ T K (1)K () Al 2) 0o (1, ),

n+xo
where the HMM flux Fyasa (o) approximates the macroscopic flux F defined as
(1.9) F(x0) = adyti(x0) + €2B0pzpti(xo).

We want to mention here that for a wellposed effective model for the long time wave
equation we refer the reader to [16]. Furthermore, for a FE-HMM approximating the
solution of the mentioned well-posed model we refer to [5]. In principle, the accuracy
of the HMM described above depends on the accuracy of the upscaling procedure.
This is because the macro model (1.4) has exactly the same form as the long time
effective equation (1.3), and if, in addition, the upscaling procedure gives the right
macrosopic flux then the HMM is equivalent to a finite dimensional approximation of
the long-time effective equation (1.3). For a preliminary incomplete analysis of the
upscaling error we refer the reader to [14].

In this paper, we give a theoretical foundation of the (FD-HMM) [11], by proving
that HMM indeed computes the correct flux for the long time multiscale wave problem
(1.1). With suitable macroscale discretization parameters, it will therefore capture
the O(1) dispersive effects in (1.3). More precisely, let Fiarar be the flux computed
by HMM when the micro problem (1.6) is given initial data @(z) consistent (up to
O ((e/n)")) with a third order polynomial @(x), then

Frar (o) — F(»’UO)‘ <C ((5/77)q +1n (5/77)(171) ;

where ¢ is a parameter associated with the smoothness of the averaging kernels, which
in principle can be chosen arbitrarily large. Moreover, as a part of our analysis, we
give a surprisingly simple expression for the parameter 5 which was known before to
equal a very complicated functional of A, [18]. We prove that it is simply

B = CAl”XHQL?[o,uv
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where x is the well-known periodic cell solution from homogenization theory. In our
proof we use two new ideas; the first idea is to look at the solutions of periodic
wave equations with a special form of data known as quasi polynomials, where the
polynomial coefficients are replaced by periodic functions. This is useful in unfolding
the spatial structure of the solution as well as expressing the locally periodic solutions
in terms of combination of much simpler purely periodic functions. Next, we look at
the local time averages of solutions of hyperbolic PDEs and provide general statements
which might potentially be applicable to much broader areas. With the help of these
two ideas we are able to fully understand the crucial role consistency plays in HMM
type algorithms. Finally we present numerical results to support our theoretical
statements.

This paper is organized as follows. In Section 2, we present quasi-polynomials
and we introduce the general purpose averaging kernels. In Section 3, we present an
energy estimate regarding coupled wave equations. In Section 4, we introduce the
local time averaging of oscillatory solutions of hyperbolic PDEs. Section 5 is devoted
to the analysis and contains the main statement. Finally we conclude our paper by
providing numerical examples to verify our theoretical claims.

2. Preliminaries.

2.1. Notation. In this section we introduce the notation that we use throughout
this paper. We write Y := [0, 1]¢ to denote the d-dimensional unit cube. The notation
f(t,) == [y f(t,y)dy stands for the spatial average of a function f over the unit cube
Y. If f is time independent, we will simply use f := [, f(y)dy. We write

(2.1) A€ M(cy,c2,0),

to mean that A = {aij}szl € (C>=(Q))"* is a smooth, uniformly positive definite,

symmetric and bounded matrix function on 2 s.t
al¢? < ¢TA(@)¢,  |A@)C < 2l¢], V¢ eR?, and Vi € Q.

We will use the notation a instead of A for 1-dimension. We say that a function f
defined on Y is Y-periodic if f(y +e;) = f(y) for all y € Y, where ¢; is the standard
canonical basis in jth direction. For simplicity we will say that a function is periodic
to mean that it is Y-periodic. We will also use the one-dimensional periodic operators:

(2.2) L{w] = 0, (a0,w), Mw] = ad,w + 9, (aw), Nw]= aw.

where a € M(c1,c2,Y) is periodic and w is a smooth, periodic function. The d-
dimensional version of the Y-periodic operator L is defined as L :=V - AV.

2.2. Quasi-polynomials. Given a macroscopic state @(x) = so + s1 + 222 +
5323, the HMM solves the micro-problem (1.6). For the analysis, we assume that the
micro problem is posed over the entire R:

&tug(t X)) =
2. L ) £Z C
(2.3) u(0,z) =u, Owus(0,2) =0,
with a polynomial @ consistent with «.

As equation (2.3) is equipped with a polynomial initial data, we use the notion
of quasi-polynomials from [7] to understand the structure of periodic wave equations
with polynomial initial data. In particular, using the theory from [7] we can prove
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that the solution of the periodic wave problem (2.3) has a special structure known as
quasi-polynomials.

DEFINITION 2.1. A function P(z,y) : R x R — R belongs to the set P, of
quasi-polynomials of degree n if

P(z,y) = po(y) + p1(y)z + p2(y)a® + -+ + pu(y)z™,

where p;(y) are infinitely differentiable 1-periodic functions, named the coefficients
functions of P.

In [7], we proved that the solution of a periodic wave equation with quasi-
polynomial data belongs to the class of quasi-polynomials as well. We present the
one-dimensional version of the theorem from [7].

THEOREM 2.1. Assume that Q,Z, P(t,-,-) € P, and that u(t,z) solves

Ut = L[U] + P(t,l‘,l’),

24 u(0,2) = Q(a2),  u(0,) = Z(x, ),

where the operator L is defined in (2.2). Then there is a family of quasi-polynomial
U(t, ) € P, such that the solution to (2.4) is given as u(t,x) = U(t,z,z). The
coefficient functions of U solve the forced wave equations

Owu; = Llug] +p; + fj,
u;(0,z) =gi(z), Owu;(0,2) = 2;(z),

where p;, q;, z; are the coefficient functions of P, Q, Z, and
0 Jj=mn,

fit,x) = < nM|uy,] j=n-—1,
(J+DMuja] + (G +2)(G + D)Nujra] j<n-—2,

and the operators M and N are given in (2.2).

2.2.1. Splitting. In general u; does not have zero average in space. Here we

split the coefficient function u; into an average zero part ;(t,z) := u;(t, ) — u;(t,-),
where u(t,-) = fol u(t,y)dy, and a space independent part g;(t) := u;(t,-) such that

uj(t7x) = ﬂj(t,ﬂj) + gj(t)'

Then we can rewrite the solution u of (2.4) as
u(t,z) = ijuj(t,x) = ijﬂj(t,x) + ijgj(t).
§=0 j=0 §=0

Now the coefficient functions @; and the space average g; satisfy

Oty = Llug] +p;(t,x) —p;(t,-) + fi(t,z) — f;(t,),
ﬂj(oax) = Qj(x) - Qj(')a atﬂj(ovm) = Zj(x)» 72]’(')7

and

j(tv') +fj(t7')7
9;(0) =¢q;(), g;(0) =z(),
5
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where
0 .7 =n,
filt,x) = ¢ nM[ay,] + ngn(t)as j=n-1,
(J+1) (Mtj1] + gj+1(B)az) + (G +2)(G + 1) (N[tj12] + gj2(t)a) j<n-—2.

0 j=n,
fi(t, ) = < nadyay, j=n-—1,
(7 + Dadsijer + (7 +1)(J +2) (alijr2 + gji2(t)a) j<n-—2.

Now we present a corollary which follows immediately from the above discussions.
The result will give the exact form of the equations for {a; }?:0 when a wave equation
is equipped with polynomial initial data and zero forcing.

COROLLARY 2.1. Suppose that v solves the one dimensional problem

6ttv = L[U],

(2:5) v(0,2) =rog+rmzc+---+rpa”, Ow(0,z)=0.

where r; are constant numbers and 0 < n < 3, then
v(t,z) = 0o(t, z) + 201 (t, ) + - - + 20 (t, ) + go(t) + xg1 () + - - + 2" gn ().

where 0;(t,x)s are 1-periodic with zero spatial average v;(t,-) =0 and satisfy

attﬁnfi - L['[N}nfz] + Pnfi - Pnfi(ta ) + fnfi(tv iE) - fnfi(tv ')7
’l~)n,i(0, 3?) = 8t17n,i(0,:c) =0
ggii(t) = Po_i(t,) + fuzi(t,),  gn—i(0) =1y, gfln,fi(o) =0, +=0,1,---,n,

with

0 1=
P nM [0y,] i=1, n>1,
" Y (0= DM [Bp_1] + n(n — 1)ab, i=2, n>2,
(n—2)M[tp—2o]+ (n—1)(n—2)atp—1 =3, n=
0 1=0
) ngn(t)as =1, n>1,
fomi= (n—1)gn-1(t)az +n(n —1)g,(t)a i=2, n>2,

(n—2)gn—2(t)ay +(n—1)(n—2)gp_1(t)a i=3, n=

2.3. Averaging kernels. The upscaling procedure in HMM requires solving a
multi-scale problem with a fixed € and averaging out the small scale fluctuations to
obtain effective data which are then used in the macroscopic model. Indeed, the ac-
curacy of the HMM is associated with how fast these local averaging converges to the
effective macroscopic data. At this point it is vital to have high-order convergence
rates, in terms of the small scale parameter €, for averages of the oscillatory data in-
volved in the computations. In principle, it is possible to improve the convergence rate
to an arbitrary order using the idea of averaging kernels. We start with introducing
the space of smoothing kernels KP4,

DEFINITION 2.2. A normalized function K is in the space KP4 if
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o K@tY) € BV(R) and K has compact support in [—1,1]
e K has p vanishing moments:

! 1 7r=0
/ K@tdt=1{ "
1 0 0<r<np.

EXAMPLE 2.1. Two examples of kernels K € KPP are xj_11 € Kb, and
%X[,M](l —12) € KYO. In the former, the kernel itself has bounded variation while in
the latter the derivative of the kernel has bounded variation. In HMM, we average
out oscillatory functions in localized domains, sizes of which should be such that the
kernels capture at least a few oscillations of the integrand. The size of these localized
domains are represented by n which in practice is O(e). Therefore, for averaging over
these domains, we use the 7-scaled version of K (t):

K, (t) = %K(%»

Our aim in this section is to apply these scaled kernels to functions of the form f(¢,s) =
t"b(s), where f is multiplicatively seperable in terms of fast and slow variations. We
consider only symmetric kernels and define the convolution as

:/K(t—s)f(s)ds:/K(S*t)f(s)ds
R R

An immediate consequence of the above definition is the following Lemma.
LEMMA 2.1. Suppose f(t) =t" withr € Z* and K € KP? with p > r > 0, then

(K= f)(t) =1t

We also have that
LEMMA 2.2. Suppose that H € BV (R) with suppH C [—1,1]. Let g be a contin-
wous 1-periodic function with g = 0. Then, with 0 < a < 1 we have

(2.6) ‘/ (t/a)H dt‘<3a|gooVar( ),

where Var(H) is the total variation of H.
Proof. Let 1/ae = N +~ where N stands for the integer part and ~ stands for the
fractional part of 1/«. Then

f L9(t/a)H = ozflﬁa H(at)dt

Q) A P

=«a(Ri+Ra+R3).

Since H has compact support it follows that |H |, < Var(H). Hence

‘R1| = < |g|oo|H|oo < |g|oovaT(H)'

N
/ o(t) H (at)dt

—N—v

Similarly |Rs| < |g|eoVar(H). It remains to bound |Rg|. Since g is periodic and g = 0

Ry =[S0 fo 90 H (o (G + ) df

S Jy 9 [H (a4 1) = H(@)] de| < |gloVar(H).
7



This shows (2.6). O

We consider now functions of the form g(t,s) = t" f(s), for a periodic function f
and prove the following Lemma.

LEMMA 2.3. Let f be a 1-periodic continuous function and K € KP9. Then, with

a=¢/n, and f = fol f(s)ds

‘/K f(t/e)dt — f’ < C|f|ooa®t?,

and when r € Z+
q+2,7 <r<
[ <o IS =TS
| floc@?™20" + |fIn" 7> p,

where the constant C' does not depend on €, n, f or s bul may depend on K,p,q,r.
Proof. Let FIO(t) = f(t) — f and

"H] / F[”] / / T)d7ds.

Then F[™(t) is 1-periodic and has zero average for all n. Moreover,

A il — ey F
SR = (1) - 7.

Also |FM|o < 27| f|s. Hence with a = ¢/n,

K, ft/e)dt = o [1 K@) f(t/a)dt

rrl r datt T T
= atthy [C K(t)t WF[””(t/a)ldtJrn fJE@)trdt

= (Cayrarty [ P fa) S (K (et K

Since K(9tY) ¢ BV (R) and K has compact support we have that K(*) € BV (R) for
Ja+1

all 0 < s < ¢. From here it follows that Jpart (K(t)t") € BV(R). Furthermore, by

the fact that F'™ is 1-periodic and has zero average, an application of Lemma 2.2 gives

da+1
’/ Flot(t/a) 2 PSS <K<t>t’“>dt‘ < 30| Flt|  Var((Kt") 1) < O gralfloc-

On the other hand

/_11 K(t)t"dt =

This completes the proof of the Lemma. O
Finally, we present a lemma showing that when we apply K to a quasi-polynomial,
the result is again a quasi-polynomial. This will be used later in Theorem 5.1.
LEMMA 2.4. Suppose that b € P, such that b(z) = Z?:o 2b;(z) € Py, and
K € KP972 with p > n, and ¢ > 2. Then

e (Ky #b(-/2)) (x) = Q° (2, z/¢),

8
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where Q°(xz,y) = Z?:o 27 Q5(x) € P,. Moreover, if p > n and b; =0 then

Qi ()] < Ca®y " b,
r=k

where C' depends only on K,p,q and n. ‘
Proof. We have with ¢, ; = (—1)77"(7)

T

e [ Ky(w — s)b(s/e)ds = " S0, [ Kylw — 5)5b;(2)ds
€ Y0 Yoo erae I [ K(s)sT by (

x — S)ds
) ) =Yr (z/e)
€™ D 27—0 v Cr€ T Yr (2 /€)

n

ko @Y crre Tk (/e)
r=k

e (Ky  b(-/¢)) ()

e

Q5 (x/e)

Note that 1, (y) is 1-periodic since b, (y) is 1-periodic. Therefore, Q(y) is also 1-
periodic. This proves the first part of the Lemma. For proving the second claim, first
using Lemma 2.3 we estimate |9y »(v)]

S Caq |b7"|oo

e ()] = \ [ 5o 0nty — s/21as

since p > n > r — k and E = 0. Next we have the desired estimate as follows

Qi) < CY " i (y)l < Caty e by -

r=k r=k

3. Energy estimates for solutions of coupled wave equations. The main
result of this section is Theorem 3.2 which shows the polynomial time growth of
solutions of coupled wave equations. The equations are coupled in the sense that
starting with a hyperbolic PDE with a smooth forcing term, the solution of this initial
PDE enters as the forcing term in the next equations and new equations are forced
with all other preceding solutions. This coupling introduces a resonance effect leading
to polynomial growth in the solution. We emphasize that some of the results in this
section hold under weaker assumptions on data. However, we assume smoothness to
make the exposition simpler. We start with some intermediate lemmas.

LEMMA 3.1. Let f € H*(Y), f=0and A€ M(ci,c2,Y) be Y-periodic. Then
there exists a unique Y -periodic function u € H*+2" satisfying

(=D)"L"u] = f, w=0,
for any positive integer n. In addition, the following stability estimate holds
lull gresan vy < Ol fll e vy,

where C' depends only on k, the domain Y and the coefficient A.
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Proof. For n = 1 the result is classical. Now suppose that n > 1, then with
U1 = u we write

—Luy =uo, —Lus=wug, -+ ,—Lu, 1 =u,, —Lu,=/F.

Furthermore, note that u;s are Y-periodic and u; = 0,5 = 1,--- ,n. This follows from
the fact that u; is an average zero Y-periodic function and that Lu, is 1-periodic with
zero average. Then we obtain the final result by induction. 0 Now we present a well-
known Theorem which we use later in the analysis.

THEOREM 3.1. Let f € C([0,T] xY), f(t,y) be periodic in y, and f(t,) = 0.
Moreover, let g,h € C®(Y) be 1-periodic functions with g = h = 0. Then there is a
unique solution u € C*([0,T] x Y), with u(t,-) = 0, solving

Opw = Llu] + f(t, ),
U(O, y) =9 8tu(07 y) = h.

Moreover, there exists a constant C independent of t such that

f is time dependent

(31) [ty < CEY2(0) + € Jo 1765 lzzcryds, - f s time
1 fllz2 v f is time independent.

where the energy E,(t) is defined as
1
3 [ lut )P + ATu(e, ) - Vut, )y,
Y

Proof. The existence and uniqueness is classical. The proof of the estimate (3.1)
when f is time dependent follows from the standard energy estimate

t
EY2(1) < EY2(0) + / 1705, M e ds,
0

and the Poincaré inequality. The proof of the estimate for time independent f is
obtained by considering v = u + 1, where L[¢)] = f. O

Now we are ready to state the main result of this section.

THEOREM 3.2. Suppose {uj};-‘:o solve the one-dimensional periodic wave equa-
tions

Owuy = Llug] + Pj(ujp1, ujr2, - un) + f5(t @),
u;(0,2) = Opu;(0,2) = 0.

Here

Pi(ujta,- - un) = 2": @i (M[Ui] —W) + Bji (N[Uz'] - W) :

i=j+1

where L, M, N are defined in (2.2). «;,, 0B are real bounded constants, and f; €
C>([0,T] x Y') with fj(t,-) =0. Then

luo(t, My <C Y (1+77) Jnax, ||fg( Mr2evy,
=0

10



where C' is independent of t but may depend on'Y and a.
Proof. Let {uﬂ}?jjﬂ_l be the solution of the wave equation with the forcing terms

Qj; (M[uz] — M[ul]) + Bj,i (N[ul] — N[u2]> , 7+1<i<n+1
Fj,i =
fj7 1=n + 1,

and zero initial data, then

n+1

uj(t,y) = Z uji(t,y).

i=j+1
Note that by triangle inequality we have

n+1

il vy < Z llw,ill e vy
i=j+1

In addition, since F;; = 0 we have also that u;;(t,-) = 0. We can then employ
Theorem 3.1 and the fact

[M[u] — Mull|2(yvy < Cllullgyy

and
[N[u] = Nu]l|L2vy < Cllull2v)
to see that
i(s,- ifj+1<1<
l[wj,ill vy < Ct max (s, ey 1 J.+ ==
oss<t ||| fi(s, )2y, ifi=n+1.
Therefore for j =0,--- ,n we have

n

loslien <Ot | 32 s lots ) | + o V(o aoon
i=j

From here a simple induction leads to the desired result. O

4. Time averaging of wave equations. The HMM flux is computed by aver-
aging the microscopic flux A(x/£)Vu® in time and space in a domain of size n = O(e).
We introduce the time averaged solution

d®(z) := (K, *u®(-, 7)) (0).
Then the HMM fllux Fyaa can be rewritten as
Frn (o) = (K- * (Ky + a(-/€)0zu(+, ) (z0)) (0)

= (Ky xa(-/€)0 (K- xu”(-,-)) (0)) (20)
= (K * a(-/€)0xd" (")) (xo)-

With the above motivation, we present a theorem which gives an explicit equation for
the time averages of solutions of wave equations.

11



Before stating the result we introduce eigenfunction expansions which will be used
in the proof. Let {)\g, ©j(y)}52, be the eigenvalue eigenfunction pair corresponding
to the operator — L. Then, except for the zero eigenvalue A\3 = 0, all other eigenvalues

are strictly positive such that, [15],
0=X<XM<AN<---.

The eigenfunctions ¢; € C° are periodic with zero average ¢;(-) = 0 except for
0o = 1 and they form an orthonormal basis for the space of periodic and L?(Y)
integrable functions such that every periodic function f € L?(Y) can be written as

F) =" fieiy).
=0

THEOREM 4.1. Suppose o = £ where 0 < e < 7. Let f € C>([0,a71],Y) be a

Y -periodic function with f(t,-) =0, and K € KP'? with an even q. Furthermore, let
w be the solution of the problem

Opw = L{w] + f(t,x),

(4.1) w(0,z) = dyw(0,x) = 0.

Then the local time average K, * 028w(- /e, z)(0) satisfies

q/2—1
K, % 0%w(-/e,x)(0) = Z L* + a9Ry(z), k=0,1,---,¢/2 -1,
=k

where 1y is the zero average solution of the problem
L g = — I+ 07 f ()2, 2)(0).
Moreover Ry, is Y -periodic with zero average (Ry = 0) and

||RkHH1(Y) SCmq 71128;)21Hw(8/a,~)”L2(y), L[kal] :Rk, k: ].,2,”' ,q/271.

REMARK 4.1. Later in the main Theorem we will write down equations for the
time averages of solutions of wave equations. To ease the readability later, we note
that the time average d(x) := K, x w(-/e,2)(0) satisfies

q/2—-1
Lid(x) == > LK.« 07" f(-/e,2)(0) + a? Ry ().
£=0

Moreover, later in the analysis the right hand side functions f will be even functions
of t. This implies that the solution w is extended evenly for t < 0. Therefore, we
equivalently write

e [l /o)y = e, s/, )10

Proof. Since f(t,-) = 0, by Theorem 3.1 w(t,-) = 0, and we write

wita) = 3w (t)eye).

12



Now we replace f(t,z) = Z;‘;l fi(®)p;(x) in the equation (4.1) and exploit the or-
thogonality of the eigenfunctions to see that w;(t) satisfies

wf () + Nw;(t) = f;(t), j>0.

Setting a = £, and then using the above ODE we obtain:

/2-1
(=D 1 (D)™ Lom)
w; () = 5wl (t)—i-)\—? mz;o o 2.

Therefore

Koruc/o)0) = JT, Kol o s/e = I Klshuy(s/a)is

O D (sfa)ds + 35 U2 SR [ K ()1 (s/)ds
al a/2 m m

=%LK@ s)wj(s/0)ds + 3 THZ; ”A;J,L Ko x £ (-/2)(0)

But

Ko xw(-fe, @) = Y50, Ko v wy(-/2) (009 (@) = 52, GH 1) K@ (s)wy (s/a)dsp; (@)
P U SR 5 1 /2) (0)s (o),

Now let us define ¥, by

(12) Y 1= - i T K s 1) 0)04(0),
and v by o

(4.3) v(t,x) = i (;;qwj (t)p;(z).

Then i

q/2—1

K xw(-/e,x) = Z wm—i-aq/ K9 (s)v(s/a,z)ds.

Note that v(t,z) in (4.3) is 1-periodic with respect to x, and is an average zero
v(t,-) = 0 solution of the problem

LY%o(t,x) = (~1)1/? ij(t)soj(x) = (-1)?w(t, z).

By Lemma 3.1 we have

v, vy < Cllw(t, )l z2vy
Therefore we obtain

q/2-1

1K 5 w(-/e,2)(0) = > el vy < Crpaa? max Hw(s/a Mr2ev)-
=0
13



Furthermore from (4.2) we have

L7, = =3 Ky f77 (/) (0)s(w) = — Ky % 077 (- /2, 2)(0).

j=1

This proves the Theorem for k£ = 0. To prove the remaining part (k > 0) we first
introduce

Ro(z) := KW xov(-/a,z)(0)
Ri(z) = LF[Ro], k=0,1,---,q/2 1.

Again by precisely the same arguments as above we have

(4.4) 1Bkl = Crpg max flws/o,)lzay).

Now applying the operator K, to (4.1) and using the result of the Theorem for k = 0,
and the fact that L[io] = —K, * f(-/¢,2)(0) we obtain

K, x0?w(-/e,2)(0) = LIK, *xw(-/e,2)(0)] + K, x f(-/¢,2)(0)
=1 Zfo_l Yo+ alRo] + K, x f(-/e,2)(0)
= S LI + 0B (2) + Ko % f(-/2,)(0)
= YT L] + 'Ry (a).
Now assume that the result holds for k = j. We take the 2j-th derivative of equa-

tion (4.1) and apply the kernel and use the fact that LIt [1h;] = —K, x077 f(- /e, 2)(0)
to see

K, 3V w(-/e,2)(0) = LIK, 07w (-/e,2)(0)] + K, % 9P f(-/e,2)(0)
= LI" U2 L] + a9 R;(x)] + K % 07 f(-/e,2)(0)
= Y2 LIt [gy) + a®Ry 14 (@) + K+ 077 f(-/2,2)(0)
= Eifﬁll LI ] + @R (2).

Finally R;4q satisfies (4.4). This finishes the proof of the Theorem. O

5. Main statements. In HMM, the upscaled quantity is the flux Fasas(xo). It
is computed by solving the oscillatory wave equation (1.6) in the microscopic domain
Q) 2 % [0, 7], where Q,, 5, = [-L, + 0, Ly +2z0] and L, = n+7+/|A|ec. One also has
to make the micro-problem consistent with the current macroscopic quantity. This
is done by choosing an appropriate initial data @(z) based on the coarse data and a
suitable boundary condition (ex: u® — @ is 1-periodic) for the micro-problem. In the
context of long time wave propagation one needs to use a third-order interpolant of
the coarse data to capture the O(1) dispersive behaviors appearing in the long time.
From now on we restrict ourselves to one dimension. We represent the interpolant of
the coarse scale solutions by

(5.1) a(z) = 80 + s1(x — o) + s2(x — 10)* + s3(x — 10)>.

Furthermore, let @(z) be a third degree polynomial such that when used as an initial
data for the micro-problem

Opus(t,x) — 0y (a(x/e)0pus(t,z)) =0, in  [0,7] X Q4
u®(0,2) = u(z), Ow(0,2)=0, on {t=0}xQ 4,
14
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the time and space average of the oscillatory solution ¢ is equal to @(z) up to high
orders in « := ¢/n (assume here n = 7)

(5.3) (g ) (0,2) = i) + O (a%), @ € Dy,
where the averaging operator K is defined as follows:
T+t n—i—x B B
(s (t,x) / / K, (T — ) f(t, 2)dZdt.
T4+t n+x

We say that @ is consistent with @ up to O(a?) if (5.3) holds. Finding such an appro-
priate u has already been observed to be essential in approximating the homogenized
flux [11].

The final step of the HMM is to compute the flux by

(5.4) Fraum(zo) = (Krp xa(x/e)0zus(t, 2)) (0, 20).

The aim in this section is to estimate the error between the HMM flux (5.4) and the
effective macroscopic flux

(5.5) F(20) = a0,0(x0) + €2 B0paati(xo),

when the coefficient a is periodic. The coefficient @ is the homogenized coefficient
in one dimension and f is the same coefficient appearing in the formula (1.3). An
explicit representation for 8 was given by Santosa and Symes [18]:

" i / [y / [/ [ ot
// vy — (// i)

Now suppose that we are given the microscopic problem with an initial data
u(x) = ro(e) + ri(e)(x — xo) + ra(e)(x — 20)? + 73(e) (2 — w0)®

consistent (up to O(a?)) with the macro state 4(x) in (5.1). Note that to achieve
this, the coefficients of the polynomial & depend on €. Then the micro-problem reads

Opus (t, ) = Oy (a(z/)0pus),

(5.7) wf(0,2) = u(x), Ow(0,x) = 0.

We decompose the solution u® into four parts:
us(t,x) = soug(t, ) + s1ui(t, x) + squs(t, ) + ssu§(t, x),

where u;, will be chosen such that the initial data of u;, is consistent with ™ up to
O(a?). Then, by linearity the consistent initial data of the microscopic solution u®
will be given by combining the initial data of these solutions. Furthermore, let us
denote the flux contribution of the term uS (¢,z) by

(5.8) FS st (00) = (Ko # alw/2)005) (0, 20).
15



Then the HMM flux (5.4) can be written as
(5.9) Frvm (o) ng 5. (To)-

Our main result is Theorem 5.1 showing that given the third order macro state (5.1),
the HMM flux (5.4) approximates the macroscopic flux (5.5) up to high orders in «.

THEOREM 5.1. Suppose that {us,(t,x)}2_, solve the one dimensional periodic
wave equation

8ttU( ) = 0 (a(z/e)0pus, (t, 1)) ,

(510) (0 1’) ﬂn(x) 8tufl(07 {E) = 0, n= 07 17 27 3;

where the initial data t, (x) is an n-th order polynomial. Then (K; ., * us) (0,x) € Py,
is a quasi-polynomial and we assume that

(5.11) (Krp*us) (0,2) = 2" + oTE°(x,x/e),
where E°(x,y) € Py, is a quasi-polynomial with coefficients E} uniformly bounded in

e. Suppose that o = % and K € K972 with p,q > 3 and T = 1. Furthermore, let
F(x0) and Frara(zo) be given by (5.5) and (5.9) respectively. Then

(5.12) Frn(z0) — F(xo)| < ijax |s;] (a? +nat™t),

where C' is independent of xg, e, and n but may depend on a,p,q, and n.
To prove Theorem 5.1 we first prove below in Theorem 5.2 that 5 = d||X||%2(Y),
where x solves

L[x] = —0za(z),

(5.13) X is 1-periodic, X =0.

Then we prove (5.12) by showing that
Fraa(zo) — a0z 0(xg) — 52&\|X||2L2(y)azmﬂ(l’o) < C’mjax |s;j| (@9 +na?™t).

Replacing 8 = &”XH?Y(Y) in (5.5), one can see that this inequality is the same as
(5.12). Throughout the analysis we will use the fact that in the one-dimensional case
the homogenized coefficient a is explicitely given by

a= (/01 al(y)dy)

5.1. Equivalence with Santosa and Symes’s formula. In 1991 Santosa and
Symes, [18], derived a rather complicated formula (see (5.6)) for the coefficient § in
the effective flux (5.5). We prove that this can be expressed simply as 8 = d||x||%2(y).

THEOREM 5.2. Let 8 be given as in (5.6), and x be the zero average cell solution
solving (5.13). Then

-1

1
:/0 a(y) + a(y)x' (y)dy.

B = d||X||%2(Y)7

where Y = [0,1], and a is the homogenized coefficient in 1-dimension.
16



Proof. To simplify the proof we define,

voa _
by:/ ——ds — vy, /bydy:b.
=[5 K
Then b(y) is periodic with b(0) = b(1) = 0 and

We consider first ||X||2L2(Y)7

IxlI72 vy = / b(y)? — 2b(y)b + b>dy = / b(y)? — b*dy.
Y Y

For the integrals in the expression for 3 we get

“/Y/Oy a(lr)drdy:/Y/Oy[b'(r)+1]drdy:L[b(y)+y]dy:b+;,

nd
Yy S 1 Yy S 1
a// / —drdsdy—i—dQ// / ———drdsdy
v Jo Jo a(s) vy Jo Jo a(y)a(r)

Y JO 0

a;

- /Y/Oy s(b'(s) +1) + (V' (y) + 1)(b(s) + s)dsdy
= [ [ bty -+ 2 ) [6) -+ sl
Y JO 0

= /be(y) +y? = b(y)(b(y) +y)dy

1
Y
Hence, from (5.6),
e Y R R 2—/b< 2y — % = ||}
153 Yy Y 5 5 —Yy Y = IXllL2(v)-

5.2. Proof of Theorem 5.1. Without loss of generality we will assume that
x9 = 0. For xg # 0, we can replace a(x/¢) with a((zo+ x)/e) and use the same initial
data as we used for o = 0. The analysis will be the same and the constant C' will be
independent of x( since a is periodic. We prove this Theorem in five steps:

1. Rescale the solution and write it as a quasi-polynomial.

2. Reformulate the consistency condition (5.11) in terms of the rescaled variable.

3. Find the energy of the coefficient functions of the solution.

4. Write down equations for time averages of the coefficient functions.

5. Find the fluxes for every 0 < n < 3.

17



Step 1. The solution g oscillates at a wavelength O(e). To bring these oscilla-
tions back to O(1) we introduce the scaled solution ™v(t/e, z/e) = ué (t,z). Then v
satisfies

Opv(t,x) = 0y (a(x)0yv(t,x)),
v(0, x) =g0(0)+ 1 (0)z + -+ + gn(0)z™, Jw(0,2) =0.

The choice of the notation g; for initial data is due to the fact that by theory of
quasi-polynomials we can write

v(t, x) o(t, x) + xvi(t, )

ot ) + go(t) + x

s 2", (6, )

= +
=0 (01t 2) +91(1) + -+ + 2" (0n(t, 2) + gn (1)) ,

where {7;}s are enforced with zero initial data and are 1-periodic with zero average
in space. We note here that the functions v, ?;, g; also depend on n. We consider a
fixed n and drop it in the notation to improve the readability. By Corollary 2.1, the
coefficient functions {o,_;(t, z)}", are 1-periodic with zero spatial average and they

satisfy

attf)nfi(t, {E) = L[f}nfz] + Pnfi + f‘nfia

(5.14) B 1(0. 2) = Dyii_s(0, 2) = 0,
where
0, 7=
Foi = ngn(t)az, i=1, n>1,
e (n—=1)gn-1t)az +n(n—1)g,(t)(a — a), 1=2, n>2,
(n—2)gn—2(t)az + (n—1)(n - 2)gn—1(t)(a —a), i=3, n=
and
ﬁn—i = Pn—i - ﬁn—i-
where
0, 1=0
P nM|[v,], i=1, n>1,
" Y (= DM [Bp_1] + n(n — 1)aby, i=2, n>2,

(n—2)M[0p—2] + (n —1)(n — 2)ad,_1, i=3, n=3.

Furthermore, the functions {g,—;}7_, solve

0, i=
") = nady Uy, i=1, n>1
In—i (n — 1)ad,0p—1 + n(n — 1) (ad, + gn(t)a) , i=2, n>

(n —2)ad,0p—2 + (n — 1)(n — 2) (alp—1 + gn-1(t)a), i=3, n=S3,

together with some initial data ¢,—;(0) = r,—;, and ¢/,_,(0) = 0. In the above
equations, the operators L, M are defined in (2.2). We will later choose the initial
data r; of g; such that the consistency condition (5.11) is satisfied.

Before proceeding with the remaining steps we simplify the above hierarchy of
equations. Throughout the analysis we refer the reader to the simplified equations
given below.

18



Simplifications:
e 7, = 0 since P, = fn = 0, and that 9,, has zero initial data.
e g,(t) =y, is constant since g/ (t) = 0, g,(0) = r,,, and g,,(0) =
® g, 1(t) = r,_1 is constant since g/(t) = nv, = 0, gn_1(0)
g'(0) =0.
Employing these simplifications the above equations can be rewritten as

0.
= r,_1, and

0, i =
f ) nrpag, 1=1, n>1,
" Y (n = Drpeiag 4+ n(n — )rp(a — a), i=2, n>2,
(n—2)gn—2(t)ay + (n—1)(n — 2)r,—1(a — a), 1=3, n=
and
0, i=0
S ~ i=1, n>1,
(n—1)M[0,-1], 1=2, n>2
(n—2)M[0,—2] + (n—1)(n — 2)ad,_1, i=3, n=
Moreover,
(5.15)
0, i
g// (t) = 0, 1=1, n>1
e — 1)M[0yp-1] + n(n — 1)r,a, i=2, n>2

(n
(n—2)M[op—2] + (n —1)(n —2) (alp—1 + rp_1a), i=3, n=3,
Step 2. In this step we show how the consistency condition (5.11) gives an estimate
of K, x gi(-/e). For k =n and k = n — 1 we will use the fact that g, (t) = r, and
gn—1(t) = 7,1 are constants by the simplifications made in step 1. In this step, we
will prove that
(5.16)

lrn, — 1] < Cad

‘Tn_1| S Cé‘floﬂ 1+ 501%13%(1 ||'ﬁn—1(5/01, )||H1(Y)) y 1 S n.

n—1
‘KT * Gk (/5) (0)| < Ce—kq (1 + Z e rorgax ||UT(S/OL )lHl(y)> , 2<k<n.

r=n—=k

Expanding v as in the previous step, and using the fact that v,, = 0, the consistency
condition (5.11) can be rewritten as

n—1 j n j
e | Kyr* Z %f}j(t/g,x/s) (0,z) e Z % (t/e) | (0,x) = 2" +alE® (z, x/¢).
j=0 7=0

Furthermore, putting ¢(z) = Z?:_Ol 2K, x9;(-/e,2)(0), and using Lemma 2.1 since
p > n, we can rewrite the above equation as

(517) " (K, *q(-/¢)) Z K % 9;(-/)(0) | = 2™ + B (x, x/¢).
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By Lemma 2.4 we know that " (K, * ¢(-/¢)) (z) = Q°(x, x/e), where Q° € P,,_; is a
quasi-polynomial with

n—1 n—1
518) 1G5 < Cat Y " larl < Cat 3 e g s/ )
r= r=

since QT(y) = K, * 77T('/€ay)(0) =K x ’(77,('/01,:(/)(0)-
Next to prove (5.16) we equate the equal powers of in equation (5.17). First
equating the coefficients in front of 2™ and using g, (t) = r, we have

n—k

K:sr,=1+alE;(z/e).
Furthermore, by the boundedness of E and since r, is constant we have
|rn — 1| = | K xr, — 1] < Cal.
Next we equate the coefficients of z"~* in (5.17) and obtain

Qn—k(@/e) + e Kr % gnr(-/€)(0) = a® By, _(/e).

n—1
" . € < Cat n—r 5 M srt .
By estimate (5.18) we know that |Qn7k| < Ca Zke Jnax, 107 (s/c, )| &1 (v

Hence, from the boundedness of ES_, and by the fact that g,—1(t) = r,—1 the last
two estimates in (5.16) follows.

Step 3. In the inequalities (5.16), we need to estimate |0, ;|| 1(yy in order to
give an upperbound in terms of € and 7 only. By Theorem 3.2, we can get this estimate
by bounding || fn_ZH L2(v)- In this step, we prove the following precise statement

LEMMA 5.1. Suppose o = = < 1 and that the assumptions of Theorem 5.1 hold,
Ui
then

(5.19)
1, i=1, n>1,
~ . . 1 < -2 —1 q,l - >
Jnax, [On—i(s/c, Mar(v)y < Ca?+ela i=2, n>2,
a3 4207 4710172, 1=3, n=

where C' is independent of €, and « but may depend on p,q, K, and a. Moreover we
have

(5.20) [rn_1] < Cale™, n>1,
and

ale 2, =2, n>2
(5.21) | K % gn—i(-/2)(0)] < C’{ a3

ale™, =3, n=3.

1.i=1,n>1: We know that f, 1 = nrpa,. Moreover, using the first
estimate in (5.16) it follows that

| Fn1(t:)lz2vy < C(1+0a?) < C.
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Next since P,_; = 0, and fn_l is time independent, Theorem 3.1 gives that

(5.22) [Bn-1(t, Mz )y < Cllfazr(t, )2y < C.

This shows (5.19) for ¢ = 1. Using the second estimate in (5.16) and the inequality
(5.22) we have

1| < Celad (1 +e aax [|5a-1(s/a, -)||H1<y>) < Ca%e™.

This proves (5.20).
2. 1 =2,n > 2: We know that

fn—?(tv ’JI) = (Tl - 1)rn—laz =+ n(n - 1)T.n (a - d) :

Therefore, fn_g is time independent. Moreover, using the first inequality in (5.16),
and (5.20) we can bound the L? norm of f,, o(t, ).

|| fa—2(t, Mrzry <C (14+e7"a9).

Next by Theorem 3.2 we have

[on—2(t, Mary) <C ((1 +1) nax, I Faa(s, M2y + (1 + ) Juax, | Fna(s, ')||L2(Y)>
<C((1+t)(T4+ea?) + (1+¢2) (1+a%).
Then putting ¢t = 1/a we obtain

~ —2 _—1_g—1
(5.23) Jnax, [On—2(s/c, vy < C (e +e ta?h).

This proves (5.19) for i = 2. The estimates (5.16), (5.23), (5.22) gives
(5.24)

n—1

Ko % gaa(/)(0)] < Ce2af <1+ 225"—3@13%||@T<s/a,)||m(y)>gcg—Qaq.

Now we want to bound the term |g,—_2(t)| since we will need this in the upcoming
case. In (5.15), we are given that

gr_o(t) = (n—1)M[v,_1] + n(n — 1)r,a.

Using the initial data g},_5(0) = 0 and (5.22) we can write

902 < Jy |gfo()|ds < € (fy [ MTEuma(s, ]| ds +¢)
< € (i o105 i vyds + 1) < Ct

Next we integrate again to have an estimate for |g,_2(t)| as follows:

t
920 < 19a-20) + [ g -o(5)|ds < Iros] + C22
0
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since gn—2(0) = rp—2. It remains to bound |r,_s|. To do this, we write the exact
formula for g,,—o(t)

n—1
In—2(t) =rp_o+(n—1) / / / Oz Up—1(8 x)dxdsd(—k%ﬁdrn.

The term r,_o can then be obtained from inequality (5.24)). For this we apply the
averaging kernel K with p > 2 in the last equation and see that

rngzl (n—-1)K / // )0 0p—1(8, x)dxdsdC + K, x gn—2(-/2) | (0).

From (5.22) we get ‘fo fo )0y 0p—1(8, dwds‘ < C¢, and

rual < C [, 1Kt (8)] [/ cd¢dt + Ce=2an
—C[' K1) |ft/a CdCdt + Ce2a9 < C (a2 +e72a9) .

Hence,
|gn—2(t)] < |rp_a| + Ct* < C (a2 + 7% + 7).

3.i=3,n=3: Wehave f,, 3= (n—2)gn_2(t)az+ (n—1)(n—2)rn_1(a—a).
Therefore,
[Fas®llzsr) < C (gn-2(®)] +270%) < C (a2 +2 %t +12).
Next employing Theorem 3.2 we bound the norm [T, _3(t)||z1(y) as follows
[Tn—s(t, My < C e (1+#+) maxocosy | fasis(s, )|z
< C(A+t) (a2 +e 2004+ 12) + (141%) (L+ea?) + (1+1¢%)).

Putting t = 1/a, we complete the proof of (5.19) for ¢ = 3. Finally the proof of (5.21)
for i = 3,n = 3 follows readily from (5.16) and the last estimate in (5.19).

Step 4. In this step we derive equations for the time averages of the coefficient
functions ¥,,—;. We denote the time averages by

dip(x) == K, % 0 (- /2, )(0).

Clearly {cik}‘zzo have zero average since Uk (t,-) = 0. Furthermore, let us define the
operator

(5.25) Mu] = Mu] — Mu].

In this step we will show that {d,,_;}3_, satisfy

(5.26) Lldp_i] = i+ Zn_;
where
0 i=0
—Nag t=1n>1
Pn—i(x) = —(n—1) (M[d,_ ]+n(a—a)) 1=2,n2>2
—(n—2) (M[d,_s] + (n —1) (ad'n_l - aczn_1>) taln—Dax(z) i=3n=
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and {Z;}3_, are 1-periodic functions with Z; = 0 such that Z,, = 0 and
1Zn-1llmiyy <C, NZn-allmoy <C (et +a™?), [Znsllmy) <C(e?+a™?).
To simplify the notation we introduce

W9 @) = K 0 (P4 ) (/2,2)(0), diY (@) i= K« 055 /2,2)(0).

Note that J}O} is equal to Jj. Then by Theorem 4.1 we have

2—1
(5.27) Lld;) = - q/Z: LY + atR;,,
£=0
and
q/2-1
(5.28) AP (@)=~ Y LR @)+ atR L (2),
{=m

where {Rj,m}f,{ial are 1-periodic and have zero average. Moreover, they satisfy the
relation L™[R; o] = R; ., and all are bounded as follows
(5.29)

1Bl vy < € s 13 (s/0 ) agry < €

,2aq71 + sflaq72’ ] — 3’

where we used (5.19) for the second inequality. In order to deal with O(1) quantities
we will also use the first estimate in (5.16) and the estimate (5.20) and write

(5.30) rp=140a96,, rh_1=c 'a%6,_1, where |5,|<C,|0p_1]<C.

1. 4 = 0: Clearly d,, = 0 since #, = 0. Hence [:[d}] =0.
2. i=1,n > 1: It follows from (5.30) that P,_1 + fn—1 = nrpa, = na, +
ald,na,. Since F,_1 is time independent we have

+ ald,na m=20
h{2m} _ nay nNlg,
n—1 (33) 07 m>1.

Then by (5.27)
(5.31) Lld,_1)(z) = —na, — a%,na, + a9R, 1 1(x) = —na, + a?Z, 1 (z),

where Z,,_1 := —d,na, + R,_1,1. The boundedness of Z,,_; follows from (5.29). The
proof of (5.26) for d,_1 is completed. We finish this step by giving an expression for
the time averages of the derivatives of the coefficient function o,,_1. This result will
be used in the upcoming case and follows from (5.28).

(5.32) Jff_n}} () =a'Ry_1,m(x), m>1
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3. © = 2,mn > 2: The right hand side reads

pn—2 + f~n—2

(n—1) (M[@n_l] - m) Fnln— ) (a—a) + (n— 1)rn_1ag
:(n—1) (M[ﬁn,l] +n(a— &)) + ale™15, _o(x).

Here we define 6,,_o(x) by

On—a(xz) == (n—1) (endp(a — @) + dp_1az) -
Clearly 0,,_5 = 0. Furthermore,
(5.33) 0n—2ll vy < C.

Now applying the time averaging kernel to Py_o+ fn,g and using (5.32) we obtain

BEm () — {(" - 1) (M[J J4n(a=a)) +ate1d, o), m=0
al(n —1)M[Ry—1,m], 1<m<gq/2-1.

Then by (5.27) we get

Lldy—s](x)

~hy (@) = ST L (@) + 0t R (@)
= —(n—1) (M[dnp-1] +7n(a—a)) +a%e 0, _2(z) + aL[Ry—2,]
a) ) + alZ,_o(z),

= —(n—1) (M[dp_1] +n(a—

where we used the fact that L[R,,—2 ] = R,—21 and defined Rn,gyo(x) as

q/2-1
Ry o) =(n—1) Y L"M[Ry 1]+ Rn_20(x).
(=1

Zn—2(x) is also defined as
Zn,Q(I') = 5_157172(33) + L[Rn72’0].

Clearly Z,,_ is 1-periodic and has zero average. Before proceeding further, we present
an expression for the time averages of the higher order derivatives of ¥,_o. The
following result will be employed in the next case and is a consequence of (5.28): for
m>1

Gy E@ ==t =)D L L Ry + 00 Ryn(2)
= aan72,m(x)~

It remains to estimate Z,,_5. To do this estimation first we note that {R,,_o m}q/2 !

are l-periodic and have zero average. Then we use the inequality (5.33), elliptic
regularity Lemma 3.1, and the estimate (5.29) to see that
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1Zn—2llrrr vy < €M 0nallar vy + IL[Ra—2,0]l 51 (v)
q/2—1
<e'CH+C Y LT MRy il vy + I Bn—2alla vy
=1
q/2-1
<Cle '+ ) IMRuy 1l +o 2 +e ot
=1
q/2—1
<Cle'+ Z ||Rn_17g||H1(y) +a 24 tar!
=1

<Ce'+l4+a?+e ™) <O (e +a7?).

This proves the statement for ¢ = 2,n > 2. Before continuing with the last case
we give an estimate for the remainder term R,,_3,,, for m = 0,---,¢/2 which we

will need in the next case. First we note that Rn_z)m = 0. Next using the elliptic
regularity Lemma 3.1, and the estimate (5.29) we readily obtain:

(5.35) |Ry—2mllmyy <C (@ 2+ %), m=0,1,---,q/2-1
4. 1 = 3,n = 3: Using (5.30) we have

Po+fo = ]\:4[171] +2 (at2 — aty) + g1(t)a, + 122 (a —a)
= M) +2 (af)g — aﬁg) +g1(t)as + e tal092 (a — a),

where |d3] < C. To simplify the exposition we introduce
Gl = K, 9" g1(-/€)(0).

Then from (5.21) we have that G{% = oiqs*2(§1 where |41] < 1.
Now we apply the averaging kernel to Py + fp and the higher derivatives of it, and
use (5.32) and (5.34) to see that

héQ,n}(x) _ M[(il] + 2 (ad2~— ?72) +ale7261a, +ale 52 (a—a), m=0
G a, + a9M[Ry ] + a2 (R, — aRa ) m > 1.

Now first we note from (5.31) that dy(z) = 3x(x) + a?s(z), where L[s] = Z,. This is
because

L[d2]) = 3L[x] + a?L[s] = —3a, + a?Z5(x).
Furthermore, ||s|g1(v) < || Z2|2(vy < C. Then we use (5.30) and get
G2 = 240,dy + 6a + aldészba = 6a + a1C,

where (7 is a constant independent of € and 7. Furthermore, for the higher derivatives
we use (5.32) and obtain

Gizmt = 2a8mci§2(m71)} = a%2a0,Rom—1, 2<m<gq/2-1
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Then by (5.27) and since x(x) = —L™'a, we have
Lldo) = —h{"(x) = L0 (2) — 35 L3 (x) + a%Ro 1 ()
= —M][dy] -2 (G/CZQ - adg) +6ax(x) + a?Zy(z),
where
Zo(z) = —e7201a, — e 1692(a —a) — L7t (M[Rll] +2 (aRo — m))
+Cix — ng{l L=* (2maz + (M[Ru] +2 (aRgy, — WM))) + Ro 1.

Note that Ry ; is 1-periodic and have zero average. From this it follows that Z is also
1-periodic with zero average. The boundedness of || Zy|| follows by using the elliptic
regularity Lemma 3.1, and the estimates(5.29) and (5.35):

q/2-1
| Zollmiyy <C [e 2+t +1+ Z Ry ellzr vy + |1 Reell 1 vy + 1Roa (v
=1
<CE?+(a P+ al™ )41+ (aP +e?a? +e7Ta?7?))
<C(e?+a?).

This finishes the proof of the case i = 3,n = 3, and that of the statement of step 4.
Step 5. In this step we will prove our main estimate (5.12). Remember that by
(5.9), the HMM flux can be written as

3
Frumm(0) = Z snFy marar(0)
n=0

where F° ;0 is the flux corresponding to the initial data i, consistent with the

macro state z”. Moreover, F is as given in (5.5) and by Theorem 5.2 it can be
redefined as

F(0) = a0, i(0) + £%al x[|72 (v Ora(0),

where 4 is given in (5.1). To prove the main estimate (5.12) we will equivalently show
that
(5.36)

F§ garne(0) =0, |Ff asar(0) —al < Cad, |F5 pgp(0)] < C (af +eai7?),

1F5 iaiar(0) — 6€%al|x (|72 | € O (@ +2a972).
These estimates imply the main estimate (5.12) since 0,4(0) = s1, Ogpz@(0) = 653,

and ead™2 = na?~l.
Remember that since v,, =0

n—1 n
v(t,x) = Z z70;(t,z) + ijgj(t).
=0 =0

Moreover, let us introduce

d(z) == K; xv(-/e,x)(0), G;:=K;x*g;(-/¢)(0).
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Then by the fact that ¢, (t) = r, and g,—1(t) = r,_1, the equality (5.30) and the
estimate (5.21), there exist constants {d;}}_, uniformly bounded in € and 7 such that

n—1 n n—1 n
(5.37) d(z) = Z zid;(x) + Z G = Z 2idj(z) + 2" + o chjej*"éj.
Jj=0 Jj=0 Jj=0 Jj=0

We furthermore note that F; ;5 can be written in terms of d as follows

Fr i (0) i= € (Ky x a(-/€)0,d(-/¢)) (0).

Before proceeding with the flux calculation we present two utility lemmas.
LEMMA 5.2. Let

(5.38) d(z) = x"+7§: 2l d;(x)+a? zn: xIel "5, F€ ="K, xa(-/€)0,d(-/£)(0),
j=0 j=0

where {dj}?;ol are smooth, 1-periodic with zero average such that d;(-) = 0, K, €
KP9=2 with p,q > n — 1, and a is a 1-periodic smooth function. Then, with o = £,

3 7
we have

FE=0, ifn=0,
|F€ —a(l+4dy)| < Cal, ifn=1,
|Fe —enta(d) +dy)| < Cal if n > 1.

Proof of Lemma 5.2 is given at the end of section 5.

LEMMA 5.3. Suppose that a is a 1-periodic smooth, bounded and positive function.
Let x(x) be the solution of the cell problem (5.13), then for any smooth and 1-periodic
function u we have

/01 X(2)0y (au) (x)dx = /01 audzr — au,

where & is the homogenized coefficient.
Proof. The cell solution satisfies 9,x = —1+ aa~*(z). Putting this into the given
L? inner product and integrating by part we obtain the desired equality. O
We note first that by (5.37) the time average d(x) will have the form in (5.38),
and we can therefore use Lemma 5.2 for all n with d; = ch.
1. n = 0: From (5.37) we have d(z) = 1+ a9d, and therefore, F§ ;,,0s = 0 by
Lemma 5.2. /
2. n = 1: By step 4, dy satisfies

(5.39) Lldo] = —az + a'Z(z), [ Zo()mv) <C,

and Zy(z) is 1-periodic and has zero average. Furthermore, by Lemma 5.2 we know
that

(5.40) FE g —a (1 + azcio) < Cat,
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Moreover, since by (5.39) we have 9, (a@xdo + a) = a?Zjy, an application of Lemma
5.3 gives
= a’ [{x, Zo)| < | ZollL2(v)lIx |l L2 (v) < Cal.

(.0, (ad,do +a))| = W—a

Hence using the last inequality and the estimate (5.40) we get the desired result

Ff g — CAl| < < Cal.

a (816%4-1) —a

3. n = 2: From step 4, dy and d; satisfy

(5.41) Lldy] = —2a, + a?Z;(z)
(5.42) Lldo] = = ((MId] = MIdi]) +2(a - @) + a'Zo(a),
where

1Zilmoy <C N Zollmiy <C (e +a7?).

By Lemma 5.2 we know that
(5.43) IFS s (0) — ea ((%JO n Jl) | < Carl.

Furthermore, taking the derivative of equation (5.42) and exploiting the relation (5.41)
we obtain

(5.44) o2 (aaxdo (z) + acil(:r)) = 0% (9, Z0(z) + Z1(2)),

Now we define h(z) := fom X(s)ds (which is periodic since ¥ = 0), and take the
innerproduct of the left hand side with A and apply Lemma 5.3 to see that

‘<h76§ (aaacdo + acﬁ))‘ = ‘—(X,ﬁx (a@xdo + aczl)>’ = ‘(1<3$J0_|_J1>
=l [(Zy + 0:Zo, )| < % Zy + 0u Zol| L2 v 1Bl L2 vy < C (7 a? +ad72).

Using the last inequality and the estimate (5.43) we obtain

|F2€,HMM(0)| < \F3 uvm —€a (axdo + J1> +ela (C%cjo + Ci1>
< Cal+Ce (e tal+ at7?) < C (o +eal™?)

4. m = 3: By step 4, dy, di, and d» satisfy

(5.45) L[ds] = —3a, + a?Z3(x)

(5.46)  Lidi] = — (2(MIds] - M[d3]) + 6 (a - ) +a'2 ()
(5.47)  Lldo] = — ((MIdi] = M[&]) +2 (ads — ady) ) + 6x(x) + a'Zo(a),
where

1Zallr vy <C, N Zillmay <C (e +a™) N Zollmy) <C (e +a7?).
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First by Lemma 5.2 we know that

(5.48) IFS arar (0) — £%a (axdo v d‘l) | < Cad.

Taking the derivative of equation (5.47) we obtain

(5.49) 82 (aaxdo + acZ1> = 6ad,x(z) — s (a@xdl + Qadg) + 019, %,

Furthermore, taking the derivative of (5.46) and exploiting the relation (5.45) we have
0?2 (a@xczl + 2ac?2) = a4 (Zy + 0, Z1). Moreover, by Poincaré inequality

||0z (aﬁxczl + 20,(22) ||L2(Y) S C||8§ (a@maNll + QCLCZQ) ||L2(Y)
(5.50) = CaqHZQ + 89;Z1HL2(Y) < Caf (E_l + 04_2) .

Now we define h(z) := [; x(s)ds as before and take the innerproduct of the left hand
side of (5.49) with h and apply Lemma 5.3 to see that

<h, 85 (a&xdo + ac%)) = —<X, Oy (a@xdo + aa?1)> = —a (837620 + dl)
But from equation (5.49) we have
a (8150 —+ Jl) = 7<h, 82 <aazéi0 + acil)>
= —6a(h, dyx) + (9 (a@mczl + 2aJ2) (R — a?(dy Zo, )
= 6X|22y) + (O (aDody + 2ad3) , B} — a9(0: 20, ).

Hence using (5.50) and (5.47) we get

0 (0udo+dv) = 6alxIZay| < Wl (100 (adads +2ad)) 20y + a%l10s Zoll 2y )

<Ca?((et+a?)+ (e24a7?)) <C (e 29 +ai73).

Moreover, using the last inequality and the estimate (5.48) we get

’Fg,HMM - 526&“9(”%2()/)‘ B ‘F?,E,HMM —c’a (amJO + dl) + |e%a (amdo + dl) - 526&”)(“%2(1/)
< Cal+C (af +£%173) < C (al 4 2a473).
This completes the proof of Theorem 5.1.

5.3. Proof of Lemma 5.2. First let n = 0, then we have d(z) = 1 4+ a9§p, and
since d is constant we get

F® =K, xa(-/e)0,d(-/€)(0) = 0.

Now assume that n > 1 then d(z) = 2™ + Z;:(} wldj(x) +at Y7 ale? 6. To
simplify the notation let us introduce d,,(z) =1, and for 1 < j<n -1

Fo(y) = a(y) (do(y) + di(y)) . Fj(x,y) = 27aly) (d5(y) + (G + Ddj41(y)) -
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From this we can write

n—1 n
a(y)oyd(y) = Fo(y) + Z Fi(y,y) + af Zyj_lej_”éj.
Jj=1 j=1

Then

Fe ="K, xa(x/e)0yd(x/e) = e K, x Fy(-/2)(0) + ™! Z;le eI K, * F;(-,-/2)(0)
+at 371 0 Ky + 2™ a(x/2)(0).

By Lemma 2.3 we get
| Ky * Fo(-/2)(0) — Fy| < Ca.
Moreover, for the remaining terms we again employ Lemma 2.3 with p > n to obtain
| K, * F(-,-/€)(0)] < Cat, ‘Kn * xja(x/a)(0)| <Cal, j>1.
This gives then

’FE — gn—1ﬁ0| < gn—1 ’K,, * FO(./g)_ — ?0’ 4 en—1 Zgzll e—J |K7I % Fj(~, Je)|
+Caf 2?21 |Ky x 27 a(x/e)(0)] < O (e" ol 4+ a? + a??) < Cal.

6. Numerical results.

(i) Convergence of the HMM flux: In this section we present some numer-
ical results to validate our theoretical arguments. We test the theoretical argument
made in Theorem 5.1. We solve the periodic wave equation (1.6) over the microscopic
domain €, o, with A(y) = 1.1+ sin(27y +2). We use consistent initial data obtained
via the algorithm in [14]. We are interested in the difference between the HMM flux
Frrara(20) given in (5.4) and the macroscopic flux F(zo) given in (5.5) at zo = 0.
We let our macro state @ be as

(r) =z + 2.

Then with K € KP*4~2 where p = 3 and ¢ = 9, the left plot in Figure 1 shows O(a¥)
convergence rate for the HMM flux as predicted by Theorem 5.1. In the right plot we
illustrate the consistency error (K, x u®) (0, 2) —@(z). The consistency error decreases
to zero with the same rate,i. e., O(a?).

(ii) Correction terms in the consistent initial data: We want to under-
stand the problem: if we are given a macro state @(x) = 2 what would be exact
scaling of the coeflicients of the consistent initial data wu(x)? For this we use the
algorithm from [14] to find a consistent initial data 4 of the form

a(z) = ro(e) + r1(e)x + ro(e)x? + r3(e)x® + 23

Then again with K € KP972 where p = 3 and ¢ = 9, Figure 2 shows that 7y =
rg = r3 = O(a?), and r; = O(e?). Therefore, the consistent initial data for x? is
2% + 22, This result illustrates the fact that, in general, the consistent initial data is
not the same as the macroscopic state, and that one needs to add a correction term
of order O(g?) to the macroscopic state in order to obtain an initial data with which
the microscopic problem captures the correct homogenized quantities.
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REMARK 6.1. The total error E in the full HMM approzimation is
E= E’macro + Emicro + EHM]\/17

where Epaero and Epiero are the discretization errors in micro and macro levels, and
Exgn is the upscaling error. Assuming that the computational cost of solving a wave
equation in d-dimensions is proportional to the number of degrees of freedom, and that
we have s1 and se orders of accuracy in micro and macro levels, the micro and the
macro stepsizes h and H should be refined simultaneously as

H= (/)™ h=(e/n)""
to reach a total accuracy of O ((e/n)?) over a fized time interval. Moreover, with

T =1, and assuming that the micro problems are solved only once, the computational
cost to achieve this accuracy becomes

N N
Computational Cost = O (7) T gty (7> v
€

9

The overall cost can be substantially reduced by using high order methods in macro
and the micro levels. See [4], for an example of using a pseudo-spectral method for
an elliptic micro problem to obtain an almost linear computational complexity in the
number of degrees of freedom of macro discretization. We refer also the reader to [1]
for an example of efficient high-order discretization of the macro problem.

7. Conclusion. In this paper, we have analyzed a multiscale method based
on the HMM methodology for approximation of effective solutions of long time wave
propagation problems in periodic media. In [12], it was shown that the HMM captures
the homogenized /macroscopic fluxes in short time wave propagation problems. Here,
we have proved that the HMM also captures the long time dispersive behaviors of the
waves if the microscopic simulations are provided with appropriate initial data. The
ideas used in the analysis are new and general in terms of dimension, although the
final result is one-dimensional. To the best knowledge of the authors, this is the first
paper which deals with the complete analysis of the upscaling error of an HMM based
method for long time wave propagation problems. We believe that the ideas here will
be useful also in understanding the behavior of the HMM based numerical methods
for time dependent problems in locally periodic media where the media has fast and
slow variations at the same time.

We want to emphasize that since the homogenized equation (1.3) is ill-posed, it
does not make sense to carry out a convergence study of the full HMM solution wg sz
to the homogenized solution @. The convergence analysis of the solution requires a
regularized homogenized equation. It is, however, known that if H/e is sufficiently
large then the HMM gives a stable solution, see theoretical arguments and numerical
evidences in [11]. Another problem, even with a regularized equation, is the possible
accumulation of the upscaling error over large time scales. This error should grow
at most polynomially in time in order to maintain high order approximation of the
homogenized quantities. This is the topic of current interest which will be addressed
in upcoming papers.
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| Periodic problem with p= 3,g=9,n = 0.01
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Fic. 1. The error between the HMM fluxz and the homogenized fluz (left plot), the consistency
error between the time filtered microscopic solution and the macroscopic state 4(x) = x + x> (right
plot). In this simulation we have chosen A(y) = 1.1 +sin(2ry +2) and K € KP9~2 with p = 3 and
q=9. We clearly observe O(a?) convergence rate for the fluz and the filtered solution.

Periodic problem with p=3,g=9,n =0.01
10° . 107 -
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15 ~O(em)h)
10 Ul s
10 10

-2

F1G. 2. This result shows that the macro state 4(x) = x> gives a consistent initial data of the
form a(z) = x2 + 2x. We let @ = ro(e) + r1(e)x + ra(e)a? + r3(e)z® + x3, then with a kernel
K € K972 where p = 3 and g = 9, the plots illustrate the rate at which the coefficients decrease to
zero as € — 0.
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