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Normal Multiresolution Approximation of Curves

Ingrid Daubechies, Olof Runborg, and Wim Sweldens

Abstract. A multiresolution analysis of a curve is normal if each wavelet detail vector
with respect to a certain subdivision scheme lies in the local normal direction. In this
paper we study properties such as regularity, convergence, and stability of a normal
multiresolution analysis. In particular, we show that these properties critically depend
on the underlying subdivision scheme and that, in general, the convergence of normal
multiresolution approximations equals the convergence of the underlying subdivision
scheme.

1. Introduction

Subdivision is a powerful mechanism for iteratively creating smooth curves and surfaces.
Combined with wavelets, subdivision can be used to approximate arbitrary functions,
curves, and surfaces. The mathematical properties of wavelets are well understood in the
so-called “functional setting,” i.e., for the approximation of functions of one or more vari-
ables. However, for the case of one-dimensional curves in the plane, or two-dimensional
surfaces in 3-space, much less is known. Typically one takes a parametrization of the
original curve or surface and ends up using wavelet analysis in each of the two or three
components. This means the wavelet coefficients now become 2- or 3-vectors. It is im-
portant to choose an appropriate coordinate frame to describe these wavelet vectors. It
is known that using an absolute coordinate frame for the wavelet or detail vectors leads
to undesirable effects when editing curves; using a local coordinate frame, defined by
the normal, works much better, as shown in [9], [8], [10], [16], [20].

In [11] the notion of normal approximation for curves or surfaces is introduced. A
multiresolution approximation of a curve or surface is normal if all the wavelet vectors
perfectly align with a locally defined normal direction which only depends on the coarser
levels. Note that by the normal direction we mean a normal onto an approximation of
the curve or surface. Given that this normal direction only depends on coarser levels,
only a single scalar coefficient needs to be stored instead of the standard 2- or 3-vector.
This is clearly extremely useful for compression applications, see [14], [13]. In addition,
[11] gives an algorithm to build normal mesh approximations of large complex scanned
geometry.
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Because they depend on the computation of a normal, these approximations lead to
nonlinear representations and very little is known about their mathematical properties.
In this paper we investigate in detail mathematical properties such as convergence,
regularity, and stability of normal multiresolution approximation for curves. In particular,
we show that these properties critically depend on the underlying subdivision scheme
and that, in general, the convergence of the normal approximation of smooth curves
equals the convergence of the subdivision scheme. Our central idea is to study normal
approximation as a perturbation of a linear subdivision scheme.

The organization of this paper is as follows. After the preliminary Section 2, which sets
notation and recalls some basic definitions and properties of subdivision schemes, we
outline our main theorems in Section 3, explaining how they tie in with each other, leading
to our main results. In these initial formulations, we typically state the theorems in a more
readable but slightly less general or technical form than later in the paper. The next three
sections contain the technical part of the paper, with statements of the theorems in full
generality, together with their proofs. Section 4 studies in some detail perturbations of
sequences produced by linear subdivision schemes, and estimates how much applying a
smooth function can perturb subdivided sequences; these results are used in the remainder
of the paper but may have wider applications. In Section 5, we discuss convergence of
the normal multiresolution approximation. Section 6 relates the speed of convergence
and the rate of decay of the wavelet coefficients with the degree of smoothness of the
curve and the approximation order of the underlying subdivision scheme. Section 7 gives
examples and Section 8 outlines several remaining open questions.

2. Notation and Prelimaries

2.1. Normal Multiresolution Analysis

Figure 1 illustrates the main idea from [11] in the case of a normal approximation
based on midpoint subdivision. The original curve I is described by successively finer
approximations, which are organized in different multiresolution layers indexed by j.
We assume that I is a continuous, nonintersecting curve in the plane, whose endpoints
we shall take to be the zeroth level multiresolution points vy ¢ and vy ;. To construct the
vertices at level (j + 1), we first set vj 1 2t = v «; this is what makes the construction
interpolating. We also compute new points vj412+1; €ach vjiy 41 lies in between
the two old points v and v; x41. This is done by first using subdivision to compute
a predicted or base point v, 5. In the case of Figure 1 we use simply midpoint
subdivision given by v, 5 = (Vjk + Vjk+1)/2. We next draw a line from v, | 5,
in the direction orthogonal to the line segment (v; , vj x+1). This line is guaranteed to
cross the curve segment between v; ; and v; x4 at least once and we call one of those
points vj 41 2x+1. As this procedure continues, the polyline I';, i.e., the piecewise linear
curve connecting the points v; x, comes closer and closer to I'. We can now think of this
as a wavelet transformation similar to the notion of lifting [18]. Think of v, 5,  asa
prediction of the real point v 2¢+1 computed based only on coarser information. Then
the difference v;.‘ 12kl — Vil 2k+1 is a wavelet vector. Given that this vector points in
a direction normal to a segment, that again only depends on coarser data, we only need
store the length and one sign bit for this normal component to characterize it completely.
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CurveI'

Fig. 1. Example of the normal mesh algorithm using the mean value of adjacent points as predictor.

We shall be interested in using more general subdivision schemes, which will lead to
higher quality approximation for smooth curves, as we shall see below. As illustrated
in Figure 2, the same basic plan is followed: we still set vj4 1 = vjx, we define
Vit 12k41 Via a subdivision scheme S (see below), and we define vji1,2¢+1 to be an

intersection point between v; ; and vj 41 of I' with the normal through vjik 1.5+ to the

segment (vj x, Vjk+1). We again define the polyline T'; to be the piecewise linear curve

*

Vit 2ot = (X i SV 1)

X et Ykt =YtV 2kr2

510 Yd=ViaVia 2k

Fig. 2. Notation for the normal scheme.
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that connects each vj x4 with its “predecessor” v; x. The construction immediately begs
the following question: How good an approximation to I' is the polyline I';? In other
words, how does the distance between I' and the jth level polyline I'; decay as j
tends to oo? It turns out that the answer is given by the regularity of the subdivision
scheme used in the prediction step of the normal approximation algorithm; the precise
study of this dependence is our main topic. Note that in a normal approximation every
Vj+1,2¢+1 depends in a nonlinear way on the (v; x); these nonlinear aspects complicate the
analysis. Nevertheless, due to the smoothness of I, this nonlinear map can be viewed as
a perturbation of the underlying linear subdivision scheme used for predicting the vf Lk
from the (vj 1); this is the key observation on which our analysis is based.

2.2. Sequences

We let X denote the space of infinite sequences. Sequences will be written in boldface
italic and elements of sequences in text italic, x := (xz); or simply (x;). We define the
difference operator A as

2.1 (AX) = X1 — Xk

Often a sequence itself is indexed by the subdivision level j; then we use the convention
that x; := (x; ). We think of a sequence at level j as associated with the parameters
tjx = k277, Therefore we also define the divided difference operator D; = 2/ A. The
divided differences of a sequence x; then are

[p]

x;” = Dixj, p>0.

We use the usual sup-norm on X, |x|o = sup, |xk|. Scalar functions can be applied
to sequences componentwise, so that (F(x)); = F(x;). We use the special sequence
k = (k), i.e., the sequence of which the kth entry is k itself. The sequence with all entries
equal to O (resp., 1) is 0 (resp., 1).

2.3. Subdivision

A local, stationary subdivision scheme is characterized by a bounded linear operator S
from X to itself, defined by a finite sequence s as follows:

(Sx)e =Y si-aexe.
12

The width B of S is defined by B = 2 max{|k|; sx # 0}. The above sum thus is finite:
for each k there are only terms with [l € I, = [[(k — B)/2)], L(k+ B)/2]]. Given S, we
can apply it iteratively starting from a sequence ag and define, for all j > 0,

a1 = Saj.

The sequence a( can be viewed as a coarse approximation of a function, on the integer
grid; the sequences a; then give successively finer approximations of the function on
grids with spacing 27/. We are interested in the case when this process converges to
a smooth function as j increases. A subdivision scheme is interpolating if sy = &0,
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implying aj,1 2« = a; x for all j, k; in this case the a; ; are interpreted as function values
of f,ajr = f(tjx) = f277k).

The order of a subdivision scheme S is the largest degree for which it leaves the
corresponding space of monic polynomials invariant. More precisely, S is of order P, if
P is the largest integer such that for all p-degree monic polynomials P with0 < p < P,
a p-degree monic polynomial Q exists so that SP(k) = Q(k/2). If S is interpolating,
then SP(k) = P(k/2). We always assume that P is at least one so that S1 = 1. The
derived subdivision schemes are defined as

S=ys, s =2A8" A" p>o.

Note that S'?! is well defined as long as S!”~!! has at least order one, and that the order
of SIP1 is one less than the order of SI?~11, Thus S”! is defined for p < P. Also note that

S[P]Dj — Dj+]S[p_l] and S[P]DJP — D_/P-&-IS'

A special example is the midpoint interpolating subdivision scheme S, where (S2x)2x+1
= (xg +Xxx+1)/2. This scheme is used in Figure 1, has order P = 2, and yields piecewise
linear limit functions. We are now ready to state the main results.

3. Summary of Main Results

In this section we give a summary of the main theorems of this paper. This will help the
reader understand the structure of the remainder of the paper. These theorems are given
without proof and also typically are not necessarily the most general possible. This is
because, in their most general form, the statement of the theorem becomes much more
technical and harder to read. For each less general theorem stated here we refer to the
more general form and its proof later in the text. The less general theorems here typically
omit any polynomial factors in the estimates and corresponding logarithmic factors in
the regularity estimates. Therefore they do not necessarily provide the sharpest bounds
on the fractional regularity.

Before we start with the statements of our results, we recall some technical prelimi-
naries that will be used extensively, and that also set some of the notations used below.

3.1. Technical Preliminaries

The first proposition states some basic estimates about subdivision that will be used later;
for the sake of completeness we include their short proofs.

Proposition 3.1.  For a subdivision scheme S of order P > 1 we have the estimates

(3.1 [(So)e| = Cmax |xe],
Ze[k

3.2) max |x; — (Sx);] < Cmax|(Ax),| < C|AX|o = C2’j|Djx|oo.
Ze]k lE[k

Proof. The first estimate is given by the definition of S,
Sx)i| < Sk—2¢||x¢] < max |x Sk—2¢l.
|(Sx)l = D Iskaellxel < max el D sk

@Elk 5611(
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The second estimate follows from this first one and from S1 =1, since P > 1,

max xg, — (Sx)x] = max |[(S(xe,1—x)e| < C max |xe, — xe,|
Z]EIk f]EIk [1 [76 k
061
= C max Z(Ax)q < CBmax|(Ax)g| |
L2 la=t

The estimate (3.1) states that S is a bounded operator when restricted to £°°, i.e.,

[S]eo := sup [Sx|0 < 00.
X€L® |x|o<1

Next we introduce the function spaces we will be working with. Let C°(1) be the
continuous and bounded functions defined on a (possibly unbounded) interval / < R.
Moreover, for p a positive integer, let C?(I) be constituted by the functions in C°(7)
with a pth derivative that is continuous and bounded on /. Our notation for fractional
regularity is as follows. For f € C°(I), let

Q0 ) = sup LW =IO

wnel o —tl"

For p € Nand 0 < r < 1 we define the class CP*" (I) as the set of functions f € CP(I)
for which Q(r, 7)) is bounded. Similarly, we use the notation f € Lip*(I), with
a=p+r,peN0<r <1, when f e C’(I) and Q(r, f) is bounded. For o & N,
the spaces Lip* (/) and C*([/) coincide; for ¢ € N, however, C*(I) € Lip* (/). Finally,
C* (I) or Lip* (I) stands for

ﬂ c¥(I) = ﬂ Lip® (I).

o' <a o' <a

‘We shall use the notation o~ in more general contexts as well. More precisely, if 7 is a
real number, we shall use the notation »~ wherever we could insert in its place r — ¢ with
& > 0 arbitrarily small. With some abuse of notation we adopt the conventions r~ < r’
ifr <r’andr < r'” if r < r'. It follows that min(r~, r’) equals " if r >/, and r~ if
r<r.

We will often use the version of Taylor’s theorem that says that if f € Lip»™ (1)
and p € N, 0 < r < 1, we can write

f()—zf G0 (¥t RG),

where the rest term R(x) is bounded by

IR(x)| =

Q(r, (p)
#M — xo|P™, Vx,xo€l.
p!
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3.2. Our Results

The first theorem we state here is well known from the literature (a more general version
can be found in [1]); we include it here for comparison with the theorems that follow it.

Theorem 3.2. Let S be a subdivision scheme of order P > 1 and S its pth derived
scheme, with p < 'P. Assume there are positive real numbers C, u such that

ISPV <c2mi, v

Let {x;} be a family of sequences built by subdivision and let ¢;(t) be a piecewise linear
function interpolating the points (x; ) at t = k277 for all j, k. Set

P+k:=p—u, PeN, 0O0<«k<l.

IfP > 0and |xg|e < 00, then there exists a function ¢ € CPH)™(R) such that 0 =@
uniformly exponentially.

The best bound one can get from this theorem is obtained for that combination of p
and p where p — p is maximal. Note that this maximum need not be reached at p = P.

The next theorem concerns sequences x; that are not formed exactly by subdivision,
but that are close in the sense that the difference between x; and Sx;_; goes to zero
exponentially.

Theorem 3.3. Let S be a subdivision scheme of order P > 1 and S'P! its pth derived
scheme, with p < P. Assume there are positive real numbers C, | such that

ISP | < €24, Vj=o0.
Let {x;} be a family of sequences satisfying
Xj41 — Sxjloe < C27Y, Jj =0,

for some real number v and let ;(t) be a piecewise linear function interpolating the
points (x; ) att = k27 for all j, k. Set

P+« :=min(p — u, v), PeN, O<«k<l.

If P > 0and |x|es < 00, then there exists a function ¢ € C'P™)"(R) such that p; — ¢
uniformly exponentially.

This theorem says that the regularity of the limit function of a family of sequences
approximately generated by subdivision is bounded both by the regularity of the subdivi-
sion scheme and the speed of the approximation. The more general form of this theorem
and its proof is given in Theorem 4.4.

Note that this is similar to standard results linking smoothness of functions with the
decay of their wavelet coefficients, where the wavelet coefficients at level j correspond
to the difference between x;, 1 and Sx;; in the wavelet case, the subdivision operator S
is determined by the low-pass filter corresponding to the wavelet basis.
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Next we show that if you apply a smooth, but possibly nonlinear, function F to a family
of subdivision sequences, you get an approximate family of subdivision sequences where
the speed of approximation depends on the regularity of F. This is important because
this typically will happen to the coordinate functionals in a normal scheme.

Theorem 3.4. Let S be a subdivision scheme of order P and let {x;} be generated
by S. Suppose that F € CM*\(R) with M € Nand 1 < M < P; suppose also that
|x5m]|oo <Cforl <m < M and for j > 0. Then

|F(Sx;) — SF(x})]oe < C27/MFD.

The fully general version of this theorem is given in Theorem 4.7.

We next go into more detail on the construction of a normal multiresolution for a
smooth curve I' in the plane. Even though the normal multiresolution algorithm does not
depend on any parametrization, to formulate the theorems it is convenient to parametrize
I" by one of the x- or y-coordinates.

A piecewise C! curve can always be broken up into adjacent finite length pieces,
possibly overlapping, that can be well parametrized by the x-coordinate or by the y-
coordinate; by restricting ourselves to these different pieces separately, and interchanging
the names of the two coordinates, we may thus assume that the curve I' is parametrized
by its x-coordinate, so that

I={(x,y®); xel},

where y is a smooth function and 7 is a bounded interval. Our theorems are then applied
to each of these pieces individually, yielding results valid for the whole curve. There
is a complication when the number of pieces is infinite, since the assumptions in the
theorems might not hold uniformly, and we do not treat this case. In general, we assume
that y is at least C'(I), but occasionally consider the more general case where y is
Holder continuous with exponent 8 < 1.

Having reduced I' (at least locally) to the graph of a function y (x), we can rephrase
the basic step in the construction of a normal multiresolution given in Figure 2. We start
with a sequence x; on level j and define y; = y(x;). Next we use an interpolating
subdivision scheme S to compute the sequences x}k +1 = Sx; and y}k 41 = Sy;. In general,
Yi+y is not equal to y (x7, ), but as we will see they are close. Next we draw the line
through (x7, | 511, Yii1.2441) that is perpendicular to the line connecting (x;«, ¥j)
and (xj x+1, Yjk+1). Thisline and the piece of I' between (x; &, ¥jx) and (Xj k11, Yjk+1)
have to intersect at least at one point. We choose one of the intersection points to be
the new point (X1 k41, YVj+1,2k+1) = y(xj+1,2k+1).1 Given that Y is always y (x;),
we focus our attention on the convergence of the x; sequences. We will call a family of
sequences {x;} defined by the above procedure, a family of sequences generated by the
(S, y) normal scheme.

! Our results below do not depend on which of these points is selected. For definiteness, we shall assume that
there is a rule established which uniquely picks out one of the solutions, should there be many. For instance,
we could systematically pick the solution closest to the predicted point.
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To have a proper parametrization, we need that all x; sequences are increasing, i.e.,
Ax; > 0. In general, there are very few subdivision schemes that always preserve
increasing sequences. In our case, the x; are obtained by a nonlinear perturbation of
subdivision so the situation is even more complex. Fortunately, there are conditions on
both the subdivision scheme and the initial sequence that guarantee that the x; will be
increasing. The following theorem introduces a nonuniformity measure A/ of a sequence
which is the maximal ratio of the length of two neighboring intervals; it states that if the
nonuniformity of the initial sequence is bounded and the subdivision scheme preserves
this bound, the sequences x; generated by the normal scheme will be increasing and
converge exponentially.

Theorem 3.5. Let S be an interpolating subdivision scheme. Let the nonuniformity
N (x) be defined by

(3.3) N() = Supmax< |(Ax)] |(Ax)k+1|>'
k

[(AxX)r1]” [(Ax)

Suppose there is an R such that for every strictly increasing x with N'(x) < R, Sx is
strictly increasing as well, and satisfies N'(Sx) < N (x).Suppose xy is strictly increasing,
with sufficiently small |Axg|loo and N'(xg) < R. If y € C%(R), then x; is strictly
increasing for all j, with N'(x;) < R for all j, and the x; converge exponentially, i.e.,
there is a § < 1 so that

|AXloe < 8 |AX0loos V).

If S is the midpoint interpolating scheme, for which (Sx;)a+1 = (Xjx + Xjx+1)/2,
the same conclusions follow if y is merely Lipschitz continuous, without the smallness
assumptions on |Axg|e and N (x).

Examples of subdivision schemes that meet the requirements in the theorem are, for
instance, the first Lagrange interpolation schemes introduced in Section 5.1. The theorem
in its full generality, which is more explicit on how small |Ax(|., needs to be, will be
proven in Theorem 5.7.

Combining the results of Theorems 3.4 and 3.5, we can prove that the normal approx-
imation procedure defines a new, smooth parametrization of I' = {(x(¢), y (x(2))); t €
[0, 1]}, where the smoothness of the reparametrization is governed by the smoothness
of y as well as the regularity of the subdivision scheme.

One of the important features of a normal multiresolution is the decay of the offsets
in each of the normal directions. We will refer to these as wavelet coefficients w; which
are defined as

2 2
wik =V (112001 — itk T Q12641 = Yinokg)

The rate of convergence to 0 of the wavelet coefficients is then determined by the order
‘P and regularity of S, and the smoothness of I". The next theorem states these results,
proved in more generality as Theorem 6.3.
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Theorem 3.6. Let S be an interpolating subdivision scheme of order P > 1 and S'7)
its pth derived scheme, with p < P. Assume there are positive real numbers C, | such
that

SV < €24, Vjz0, p<p-l.
Let {x;} be a family of increasing sequences generated by the (S, y) normal scheme, for
which there is a § < 1 so that
|AXj|o < C87.

Let x;(t) be a piecewise linear function interpolating the points x; x art = k2~/ € [0, 1].
Ify € CE(R) with B > 2, then %;(t) converges uniformly exponentially to x(t) and
x € C2 ([0, 11), where Q := min(p — u, B).

In addition, let Q' == min(p — u + 1, B, P). Then for all ¢ > 0 there is a constant
C. for which the wavelet coefficients,

Wik = \/(xj+1,2k+1 — (Sx)2u+1)* + (V (jr1.2641) — (SYE ) 2us1)?,
satisfy
Wjloo < C.277(Q9),
Finally, if Q > 1, let Q" = min(Q — 1, 1). Then, for sufficiently large j and arbitrary
e > 0, there is a constant C, such that

Nxj) —1<C277@9,
with N (x;) defined as in (3.3).

Note that the exponential decay rate of | Ax;|+ needed in this theorem is, for example,
established by Theorem 3.5.

Finally, we look at the stability of normal multiresolution. In particular, we estimate
how errors or round-offs in the wavelet coefficients affect the “reconstruction” of I'. For
pairs of sequences, v = (x, y) € X2, we use the norm

/2 2
[V]2,00 = sUp vV x; + ;.
k

Theorem 3.7. We make the same assumptions as in Theorem 3.6 with the added pro-
vision that if p > 1 we need v < p — 1. Let v; be the vector valued sequences defined
in Figure 2 and let v; be the corresponding sequences obtained when the curve is recon-
structed from vy with the perturbed wavelet coefficients w;. Suppose

|V0 - l~"O|2,oo =< Ef, |wj - wj|oo = Ew27JS7 s > 0.
Then there is a constant C independent of j, Ey, and E,, such that, for j > 0,

Vi = Vjlo,oo < C(Ef + Ey).

The more general version is given in Theorem 6.4. In particular, as shown in the dis-
cussion at the end of this theorem, this makes it possible to threshold wavelet coefficients
and still obtain a high-quality reconstruction.
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4. Perturbing a Linear Subdivision Scheme

Certain linear subdivision schemes produce sequences that converge to smooth functions,
as shown in, e.g., [5], [7], [1], [3], [4], [2]. For instance, starting from an arbitrary x, in
£, the 4-point (interpolating) subdivision scheme of [5], [7] produces sequences x; in
£* such that, for all j,

sup |[f(277k) — x| < C277,
k

where f is a function in C?* depending on x,; many other subdivision schemes have
similar convergence properties. In this section, we shall consider sequences x; that are
“almost” produced by such a linear subdivision process, in the sense that the difference
between x;,; and Sx; is small, and decays exponentially in j as j grows (see (4.1)
below). We shall see that such perturbations still converge to a continuous limit func-
tion; moreover, provided the rate of decay of the perturbation is sufficiently fast, the
smoothness of the limit function is not affected by the perturbation.

4.1. General Assumptions

Let {x;} be a family of sequences and suppose that there is a stationary subdivision
scheme S, and constants v > 0 and a, o > 0 such that

(4.1) %) 11 — SXjloe < a(j + 127", j=0.

The order of the (linear, stationary, local, and bounded) subdivision scheme S will
always be denoted by P; we shall consider only S for which P > 1. We shall be interested
in £%°-bounds on (S91)/. We have, of course, for 0 < g < P,

j .
|17 | < 1171

often we can provide tighter bounds. If the spectral radius g, of Slal in £ is strictly
smaller than |S9)|, then it follows from the well-known identity log o, = lim;_. 1/

jlog |89V |, that we also have

1519 |, < Clo, (1 + &)V,

where ¢ > 0 is arbitrary and C depends on ¢. Estimates of this type will be used
extensively below. In what follows, we shall assume that we pick one particular p with
0 < p < P and a corresponding real number i > 0, such that

4.2) ISPV <c2M, ¥ j>0,

for some ¢ independent of j; we shall derive all our other estimates from (4.2). By
allowing ourselves the freedom to choose p # P, some of the derived estimates may be
tighter than if we picked p = P. If (4.2) is satisfied for the pair (p, 1), then we shall say
that u is p-suitable. We will see that if p is p-suitable, then the Holder regularity of the
limiting functions obtained by applying pure subdivision to arbitrary initial sequences
is at least p — u, up to possible logarithmic factors in the estimates. In the perturbation
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case, both p — u and v play a role (see below). This importance of the quantities p — u
motivates the following definitions. For each p € {1, ..., P}, we define

o, =sup{p — u; pu >0, there exists ¢ > 0 such that (4.2) is satisfied}.

Clearly, all @ > p — o, are p-suitable; p — o, itself may or may not be p-suitable,
depending on p and S. We define the smoothness o to be the maximum of these o,:

o :=max{o,; p=1,...,P}.

The p at which this maximum is achieved is called the optimal p, and (occasionally)
denoted by popy. If there are two different maximizing py, p, for which o, =0, =0,
but for one of them p; — o is p;-suitable, then we pick this p as the optimal one. We
define the smoothness o of the subdivision scheme to be the value of o, for the optimal
p. In some theorem statements, it is useful to use the notation

A O,  Popt — O iS pop-suitable,
o = .
o~, otherwise.

4.2. A Useful Estimate for Geometric Series
For convenience we define the geometric series function
n—1

4.3) Gla,n,a) = Zk“ak
k=0

(where by convention 0° = 1). We will use this function in the subsequent sections,
together with some well-known facts that we summarize in

Proposition 4.1. Fora,a > 0, and n € Z* the function in (4.3) satisfies

C(a)n®a*, a>1,
4.4) G(a,n,a) < {n*tl, a=1,
C(a,a), a<l1,

for some constants C. Moreover, G is increasing in all of its arguments; if a < b, there
is a constant C independent of n such that

4.5) Gla,n,oy) < C(a,b, o, a)G(b, n, o).

Finally, for 0 < ny < ns,

ny—1

(4.6) Do ktdt < (L4 n)%a" (1+Ga, ny —ny, @)).

k=n1



Normal Multiresolution Approximation of Curves

4.3. Estimates and Regularity Results

411

We start by establishing some estimates in preparation for our main goal in this subsec-

tion: Theorem 4.4 below.

Theorem 4.2. Let {x;}, a, a, v, S, P be given as in Section 4.1; pick p € {1, ..

and let u be p-suitable. Set

0 = max(p — v, ).

Then there is a constant C, independent of j, a, and x([)q], such that
@7 15w < CUxg oo + @)1 + j72/ PO
'nqz.i(q—pw)’ >p—gq,
< Cx o+ a) {7 e=rTT 0<q <.
1, e<p—q,
where
0, H>p—v,
1, o=p—q >0,
4.8 ={a+1l, u=p—-v, +
(4.8) Ta 0, otherwise.
a’ /“l’ < p - U,

Proof. Let us start by defining the residual sequences
Fiy1 =X — Sxj, ro = Xo;
observe that
r}’fl = xyjrll - S”’]xj[-p].
By induction on the simple relationship
I o = 27185 o < €21
and (4.1), we get

(4.9) Mo < €277|rjlo < caj®27/0° P ¥ j > 0.

Together (4.9) and (4.2) give us, for j > 0,

2
@10) M = s A = PR s A
; q.1p] J [p]
= D> sl <SP |
qg=0

j—1
+ca Z |Slp]q|oo(j _ q)otzf(/*q)(vfp)
q=0

., P}
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J—1

< 62M|x[p]|oo + CaZZ/Lq(j _ q)az—(j—t])("—ﬂ)
q=0
= 2Mx|oo + Ca2¥GRPTTH j 4 1, )
G+ DD < p—v,
< 2 x4 Ca G+ D2, w=p—v,
21, m>p—v,
< C(x oo +a)(1 + j7290),

which agrees with (4.7), (4.8) when ¢ = p. Suppose now that (4.7), (4.8) holds for some
q < p.Induction will then yield the result if we can prove that this implies (4.7), (4.8)
is also true for ¢ — 1 > 0. To show this, we first fix an index k =: k;, and construct a

sequence of indices {ks}'j::0 such that ks € I ,,. Then

[g—1] [q 1] [g—1] [q 1]
Xiite = Xok T E :( Xl kg — )
and we can estimate
[ l] [q—1] : [g—1] [g—1]
q— q— q— q—
X, < |xg + sup max |x —X
| loo =< | l oo E_O kp e | s+1.k 5.0 [

The desired result then follows from Lemma 4.3 (below) with j; = 0 and noting that
6 oo < 200, m

Lemma 4.3. With the assumptions and notation of Theorem 4.2, if (4.7), (4.8) holds
for some q < p then, for 0 < j; < ja,

Jjo—1 . .
lg lg—
E supmax |xs+1k —Xgp |

S=Ji

= C(|x[q]|oo +a)[2_jl —+ (1 + jl)nt/ZjI(CI—l’—H‘Q)
x (14 (jo — j])’Iq—l2(jz—j1)(q—p—1+g))].

Proof. Since ¢ — 1 < P the order of Sla=1 is at least one, and we can use (3.2) in
Proposition 3.1. Together with (4.9) and the hypothesis that (4.7), (4.8) is true for g, we
then get

J2—1
[g—11 [g—11] 1 1 [*1]
Zsupmax e —x7 < Zsupmaxl(S[q Iyla=11y, — x

s=J1 s=Ji

J—1
[g—1]
+ Y1 s

s=J1
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221 21
<c Z 2_s|x£"] loo + ca Z sY (247l
S=ji S=ji
J—1
< c(lxoo + @) Y| 271 4 527140
5=
=1 :
+ca Z Saz(q—p—lﬂt)s’
s=j1

where we set [t := p — v so that o = max(u, ). We now apply (4.6) in Proposition 4.1,

& lg-11 _ _lg—1]
; SlI:p Tax IXhix = X |
< Cllxg oo + @27 (1L + G (5, 2 = j1, 0)
+ (14 jl)nqz.il(q—p—l+9)(1 + g(zq—p—H—Q’ jr — Jjis ﬂq)
+ (L4 je 20 PR A GRITPTIE o — i, @)
Now, if u < [i, then ¢ = f1 and 1, > o and, by Proposition 4.1,

J2—1
[g—11] [g—11
2 supmax iy — !
S=J1
< C(ng]]loo + )27 + (1 + jy)le2ia—r=1+0)
x (14GQIP%e i — iy na))l.

Similarly, if © > fi, we have that o = u and, by (4.5) in Proposition 4.1, we get the
same result. Finally, for j > 0,

jﬂqu(q_[’_l+Q)’ 0>p—q+1,

g(2‘1_P‘1+Q,j, 77q) <c jn¢,+17 o=p—q+1,
1, o<p—q-+1,
< c(l +j77q712j(‘1_p_1+9)).

This concludes the proof. [ ]

The estimate in Theorem 4.2 can now be used to prove a theorem about existence and
regularity of the subdivision limit function.

Theorem 4.4. Let {x;}, a, a, v, S, P, p, and p be given as in Section 4.1. Suppose
x; x is defined precisely for those j, k such that t;y = k277 € I, where I is a (possibly
infinite) interval. Let ¢;(t) be a piecewise linear function interpolating the points (x; ;)
at (). Set

4.11) o =max(p —v, u), OQ=p—0=P+«, PeN, 0O0<«k<l.
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If O > 0and |xg|s < 00, then there exists a function ¢ € C2 (I) such that Qi = @
uniformly exponentially, and ¢'P satisfies the Holder inequality

4.12) 1Pt 4+ A1) — P (1)] < c|At]“(1 + |log |At]])", Vi, t+Atel,
where
05 l”(’>p_v’
1, oe€Z",
(4.13) n=3e+1l, p=p—v, 4

0, otherwise.
o, mH<p-v,

Proof. Let <p[q](t) be the piecewise linear function defined on / that interpolates the

points (leqk]) at (¢; ;) for 0 < g < P (extrapolated as a constant at the boundaries when

necessary). By Theorem 4.2 these functions are bounded uniformly for all j. Moreover,
for ji < ja.

J2—1
[q] [q] lq]
i — iMoo = > sup g% (1) — @37 (1)
S=ji
J2—1

= Z sup |§0[4] (kz_(“'])) — ¢£q](k2_(‘v+l))|

S= jl
jo 1

_ lq] 1, 1q]

= Z sup |x?+1’k — E(xv 1k/2] ~|—xv (k/21)|
S= jl

J—1

lg] lq]

< E supmax gt x — Xl
s=j1

Since ¢ < P < p we can use Lemma 4.3 to estimate this,

(4.14) |§0[q] q]loo =< C(|x([)‘1+”|00 + )27 + (1 + jy)r2 P9
X (1 4+ (]2 _ jl)’lqz_(jz_.fl)(’)‘f‘l(—q)]
< CQxgloo + )27 4 (1 + jy)12- 71 PHe=a)
X (1+ (j» — jl)’/qZ*(jz*jl)(PJrKfq))]’
which tends to 0 when j;, j, — oo. Hence {¢]"'} is a Cauchy sequence, and the limit
!4l € CO(I) exists for 0 < g < P. Next, after letting j, — oo in (4.14), we get

) — oo < ¢j"27 TP j>0, 0<q<P.

This shows that the convergence rate is uniformly exponential. Then, taking Af such
that 27/ < |At| < 27/*! with j > 1 and using Theorem 4.2 again,

o1 + a0 — 0P D] < 10+ AD — ¢l N1 + AD) |
+1o! 1+ A = 0! O] + 10171 (1) = P11
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IA

cj"27 + 1ot + A — 9] (1)

IA

j"27 27 < g2

c|At|* [log | At]]".

A

This shows (4.12) for |At| < % Finally, for |At| > %, (4.12) holds by the boundedness of
@1, Tt remains to note that the functions ¢! are related to ¢ as p! pP1(t) = dP¢(t)/dt?

[1], [6]. [ ]

In Theorems 4.2 and 4.4 we let  take an arbitrary p-suitable value. The results are
of course sharper for lower . If we take p = poy, and if p — o is itself p-suitable,
then we can simply replace i by p — o everywhere. If p — o is not p-suitable, then we
can take 4 = p — o + & where ¢ is arbitrarily small. On making these substitutions, we
obtain the following corollary from Theorem 4.4.

Corollary 4.5. The expression (4.11) can be replaced by
(4.15) 0 = min(d, v), Q=P +c«k, PeN, 0<k<Il.

We then have ¢ € C2 (R) and (4.12) holds with this k and the following n:

0, o <v, L oeq 1 -2
s e,...,p—1y, = 2,
416) n={a+1, o=v, + b P
0, otherwise.
o, o>,

Remark. With the notation introduced in Theorem 4.4 and Corollary 4.5, we can
rewrite (4.7), (4.8) as

L, 0<g=<P,

[q] [q]
4.17) ) < e(|xl |m+a>{j,72_,.(1_07 i Pl

This estimate will be used below, in this form.

4.4. Approximate Commutation

In this section we explore the properties of the family of sequences F'(x;), where F is a
smooth function and the x; are produced by subdivision, x; ;1 = Sx;. We shall see that
the F(x;) constitute a family that is “almost” produced by subdivision. More precisely,
we shall show that they satisfy an estimate of type (4.1), i.e.,

(4.18) |F(xj41) — SFG) oo = |F(Sx)) — SFO)]oo < ¢j<277",

with « and v to be determined below. It then follows that all the estimates of Section 4
can be applied to the F (x;), or to any family of sequences (yj) for which |yj+1 — Syj loo
is bounded by (4.18). This fact shall be exploited later. We start by proving a lemma for
a fixed level.
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Lemma 4.6. Let S be an interpolating, stationary, local, linear, and bounded subdivi-
sion scheme of order P. Suppose

(4.19) F € CY*(R), MeN, O0<r<l.
IfM <1land P > 1,

(4.20) |(F(Sx) = SF)x| < C max [(Ax) M < C|Ax| L™
€lg

for all K, where C depends onlyon F and S. If M > 1,P > M, and

4.21) [A"x|00 < 1, l<m<M,

then

(4.22)  |F(Sx) — SF(X)|oo < Cmax(|Ax|[M1 |AMx |2, A|AM x|y, AMTY),
where

A= max |Amx|éém.
l<m<M-1

Proof. Lety = F(Sx) — SF(x). Since F € CM*"(R) we can Taylor expand F(x)
around (Sx)g, with K fixed. By also using the fact that S1 = 1, we get

™S
423 o = (sZ(x—(s ey x””) + SROK
K
F S.
- Z(S(x—(Sxm) P90 | (ke

and the rest term, R, satisfies the estimate |[R(x)| < C|x — (Sx)gx|M*". (Note that
(4.23) is true also for M < 1, with no contribution from the sum.) Using (3.1), (3.2) in
Proposition 3.1 we get

(4.24) |(SR(x))k |

IA

C max |R(xx)| < C max |x; — (Sx) g |M*"
kelg kelk

IA

C max |[(Ax) M < ClAax|Y,
kE[K
which shows (4.20), the case when M < 1.

For the case M > 1 we start by making a special discrete Taylor expansion around
index K,

M—1
(A" Sx)g
(4.25) x= m; Ok —K) 4,

where

(426) Qo =1, Onx)=x(x—1--(x —m+1), m > 0,
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and r is defined as the residual of the expression. (We keep in mind that r also depends
on K but, for simplicity, we do not make it explicit in the notation.) Before continuing,
we derive an estimate for the residual r. The polynomial Q,, in (4.25) corresponds to
x™ in the Taylor expansion for the continuous case. We use it here since the effect of
applying A to Q,, mimics the behavior of the continuous differentiation operator in the
sense that AQ,,(k— K) = mQ,,—(k — K), which is an easy consequence of (4.26) and
(2.1). Induction on this relation gives

m!
—————Q0pnk—K), n<m,
R (m—n-—1)!
A Qm(k_K)z m‘l, n=nm,
0, n>m.

Then, since Q,,(2k — K) is a linear combination of { Q,,, (k) },y<m., clearly AMx = AMr.
For 0 <n < M — 1, we use the fact that S is interpolating of order P > M — 1, and
compute

n X ( lnsx)K n n
A"Sx =) ———A"SQu(2k — K) + A"Sr
— m:

M—1
ArﬂS
Y (%”‘A"Qm(k — K) + A"Sr
— m!

= (A"Sx)x1+ an‘ll %Qm(k — K) + A"Sr.
By taking the Kth element of this sequence we conclude that
(SMA"F) g = 2"(A"Sr)x = 0, n=0,...,M—1.
Then, using (3.2) in Proposition 3.1, we have

max [ (AY )] = max [(AM 7Py — (SMUAY=1) | < Cmax [(AMr)].
kelg kelg kelg

By induction we get the estimate of the residual around the index K,

(4.27) max |ry| < C max |[(AMr)]| = C max [(AMx),| < C|AY x| .
kelg kelg kelg

Going back to (4.23) we take n such that 2 < n < M and consider

M—1 m n
Sx — (Sx)%)" = s(Z BU3€ o, k- K) + )
m!

m=1

m=1

n—1 M—1 m n=s
+ ZI: <’;> s |:ry (Z ICHCLY S me)K 0, (2K — K)) }

m=1

P+ S (Z B30k 6,2k - K))

= T +T*+T1°.
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For the first term T we get, from (4.27),
(4.28) Tl = 1(Sr) k] < Cmax " < ClAM x|, < CIAMX[Z,.
E€lg
Recalling that SU"! is bounded for m < M — 1 we, furthermore, have
(4.29) (A" Sx)k| = 127" (S"™ A" x) k| < | A" X0,

and by also using Proposition 3.1 and (4.27), (4.21) we get, for T>,

n—1 M—1 n=s
(4.30) T3] = € ) max|r] (Z | A" X[ oo | Qun (2K — K)|)
s=1 K m=1
n—s
< CZmax|rk| < max |A x|oo>
S CZ|AMX| |Amx|n s
n—1
< C|AMx| max |A"x|!/™ < CA|AM x| .
o 1<m<M-1
Finally, for the second term T" 2 let B = (Bi1, ..., Bn) denote a multi-index. Then, since

S is interpolating of order P > M and Q,,(0) = 0 form > 1,

( Z 1—[ ((Ame)K> 0,2k — K)ﬁ'”>

|Bl=n = P

T}

S

2|2

M- m B
ﬂ <(A Sx)K) 0,k — K
|Bl=n m=1

M-1
E:m:]mﬂm>ﬂl K

By (4.29) we then have

4.31) ITgl < Cmax Y~ ]_[ |A"x|Pr Q,,(2k — K )Pn

kel
K =

Y

c > ]"[(|A'"x|“’">mﬁm

|1Bl=n
M—1 M
§:m=]mﬁm>
M-1

c Z ]_[ A" < CAMH!

1Bl=n m=1

M—1
> mBu>M

IA

IA
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In conclusion, (4.22) follows from (4.24) and (4.23) together with the bounds (4.28),
(4.30), (4.31). [ |

Theorem 4.7. Let S be an interpolating, stationary, local, linear, and bounded subdi-
vision scheme of order P and let {x;} be generated by S. Suppose

F e CMT(R), MeN, 0<r<l.
IfM < 1,P > 1,and x| < j*27°, then
(4.32) |F(Sx;) — SF(x})]|0o < ¢j*MF =M N U=s),
IfM>1,P>M,and

1, l<m<M,
(4.33) Ixj[_m]|oogc{,a2js y a>0, 0<s<M,
J , m =M,

for j > 0, then

2 (M) O0<s<l—r<M-—1,
(4.34) |F(Sxj) — SF(xj)|oc < ¢ JjeTIMHI=) - 0<l—r<s<M-—1,
j2°‘2_-f(2M_2">, O<M-1<s<M.
Proof. The first result, (4.32), follows directly from Lemma 4.6, since |Ax|, =
277l .
For the second part we note that for 1 <m < M — 1, we have |A"x|o < c27im <1
for sufficiently large j, and

A = max |A’”xj|§x/>”‘ <c¢ max 277/ =¢277.
l<m<M-1 l<m<M-1

Therefore,

M M 2 M M+1
max(|Ax; |20, 1AM x5, AlAY xjle, AMH)
< Cmax(z*.i(Mﬂ')’ j2a272j(Mfs)’ jotzfj(MJrlfs)7 27j(M+1))

— cmax (2T M+ j20=2i(M=s) - jan—j(M+1=s)y

This shows (4.34). |

5. Convergence of Normal Multiresolution Approximation

5.1. Introduction

We are now ready to attack our analysis of normal multiresolution approximation. Let
us first define our setting. To begin with, we are given a smooth curve I' in R?. This
curve can be parametrized in many ways; often we shall assume itis C!, so that we could
parametrize it by arc length. It will be more convenient for us, though, to parametrize it
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by one of the x- or y-coordinates. A piecewise C' curve can always be broken up into
adjacent finite length pieces, possibly overlapping, that can be well parametrized by the
x-coordinate (with, say, |dy/dx| < 2) or by the y-coordinate (with, say, |dx/dy| < 2);
by restricting ourselves to these different pieces separately, and interchanging the names
of the two coordinates, we may thus assume that the curve I' is parametrized by its
x-coordinate, so that

F={0,y(x); xel},

where y is a smooth function and / is an interval, a half-line, or all of R. Our theorems
are shown for this setting. They can be applied to each piece of the curve individually
and yield uniform results for the whole curve if the number of pieces are finite. For
convenience, we always assume that the definition of y is extended to all of R. In many
cases, we shall assume that y is at least C'(J) (corresponding to our remarks above);
occasionally we shall be more general and assume only Holder continuity with a Holder
exponent 8 < 1.

Given a (possibly finite) sequence x; in /, we define y; = y(x;). For every j we
compute the two predictor sequences x7,; and y7,, using an interpolating stationary
linear subdivision scheme S,

* *

xXj, = Sxj, Vi1 =S5y
Tbese are in general not related via the fun(ftion y, 1.e., y;‘ i F y(x}k 1) put, as we
will see, the sequences y}k 41 and y(x;.‘ 1) will be close. In a normal multiresolution
we first determine, for every k, the line through the point (x7, | 5.1y, Y74y 2k41) that is
perpendicular to the line connecting (xj ., ;%) and (xj 1, Yji+1); the intersection
point of this normal line and the curve I' gives the new point (Xj41 2k+1, Yj+1,2k+1)-
(This is illustrated in Figure 3.) The x-coordinate of this new odd-indexed point thus
satisfies

G- Ot = Xy apr ) AX)Dk + D 2641 — Vg 1) (DAY = 0;

the even-indexed points are just taken over from the previous level, x; 12t = x; .. We
let the whole procedure be described by the application of the nonlinear operator N; to
the original sequence,

Xjy1 = ijj‘

‘We shall always start out with a strictly increasing sequence x, i.e., Axg > 0; in order to
avoid messy difficulties with the definition of polyline approximation below we would
like to have Ax; > Oforall j. In general, (5.1) does not always have solutions such that
this is true, however. (We shall derive conditions on S, x¢, and I to ensure this.) In any
case, we shall apply the operators N; only to sequences x; for which Ax; > 0. We should
also remark that (5.1) may have several solutions for which Ax; > 0. Our results below
do not depend on which of these solutions is selected. For definiteness we shall assume
that there is a rule established which uniquely picks out one of the solutions, should
there be many. The rule could for instance be to pick the solution closest to (or furthest
away from) the predicted point. When we say that the points on the next finer level are
“well defined,” we mean that there exist solutions x;, | with Ax;,; > 0 satisfying (5.1)
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and, if there are many such solutions, we implicitly assume that the rule decides which
of them to select.

In order to define the convergence we wish to establish, we introduce auxiliary func-
tions y;. Each y; interpolates linearly the values y; i at the x; ;; if x; is strictly increasing,
this is a well-defined function. Without restriction, we also assume [ is the smallest in-
terval containing all points x; x, so that y; is defined on the whole of /. The graph of y;,
the (piecewise linear) curve I';, is the normal multiresolution approximation at level j.
(Note that I'; depends on I', xg, and S as well as on j.) We will then say that the normal
multiresolution approximation I'; converges to I' if

ly — villLoy = sup [y (x) — y; (X)l,
xel

converges to 0 as j — oo. Now, if y € C# and 8 = min(8, 1) > 0, then

sup [y (x) =y (x)]

Xjk SXSXj k1

X — )Cj,k
= sup |—[y(x) —y ()]
Xjk<X=xjpq1 | Xjk+1 — Xjk

Xjkt1 — X

+ . [y (X k41) — ¥y ()]

Xjk+1 — X,

< s @) —ya)] < Q@ yax)L

[x"—x"|<(Ax;)k
so that

ly = yillzeay < Clax;|2..

The normal multiresolution approximation therefore converges to the desired limit if x;
remains strictly increasing for all j and if [Ax;|,, — Oas j — oo.

To prove stability and good decay estimates for the “differences,”
Vi(x ;— x}“)2 +0; - y;‘)z, we will in fact need exponential convergence to 0 of |Ax;|
as j — o00; see below. We shall see that the rate of convergence to O of the differences
is determined by the order P of S, its optimal p, u, and the smoothness of I".

We shall occasionally single out one particular family of interpolating subdivision
schemes for use in the prediction step: the so-called Lagrange interpolation subdivision
schemes, in which the new odd-indexed points are given the values taken by a polynomial
determined by several neighboring old points. For instance, in the two-point scheme,
Ujy1,2k+1 1s given the value at t = % of the linear polynomial that takes the values u; x
att = 0and u;j ;4 att = 1; in other words,

i
Ujr12k+1 = 5 Uk + Ujg1)-

In the four-point scheme, u; 1 2¢+1 is given the value at t = % of the cubic that takes the
values uj j_1, ujk, Uj k1, and u;j ;40 att = —1, 0, 1, 2, respectively, leading to

9 1
Ujr12k+1 = 16 Wik +ujr1) — 76U k-1 + Uj k42)-
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In general, the 2¢-point scheme gives u 1 ox+1, the value att = % of the (2¢ — 1)-degree
polynomial that takes the values u; s, att = m where m = —¢ + 1, ..., £. We shall
denote the 2¢-point scheme by S,,. In particular, the two- and four-point schemes will
be denoted by S, and Sy:

1
(S2uj)ok+1 = 5k + ujk+1),

9 1
(Sauj)orr = 1oUjk +ujrr1) — 15 Wjp—1 + Ujk42).

Since these are all interpolating schemes we have, of course, (Sauj)or = (Ssu;)n =
(S2euj)on = ujg.
When the prediction step is computed by means of S5, i.e.,

_ } x
X1 = Szxja Yjit1 = Szyj,

it turns out that the analysis of normal multiresolution approximation is especially simple.
We shall see below that we always have convergence if the function y is in C#(R), with
B > 0, without any restrictions on the initial data other than Axy, > 0. For other
prediction subdivision schemes S, however, even for § = S, with £ > 1, convergence
is not as automatic; in general, we need to impose restrictions on both xy and on S. The
special property that simplifies the analysis for S = S, is the monotonicity of S,: if
Au > 0, then AS,u > 0. In general, linear subdivision schemes do not map arbitrary
increasing sequences to increasing sequences. For instance, Sy is not monotone: ifu, = £
for £ < 1,uy = 11+ £ for £ > 2, then (Squ); = —1c < (Sam)o = uo = 0. In this
example, there is a sudden large jump in the ratio (Au); /(Au)y as k crosses fromOto 1,
which causes S;u to be no longer increasing. We shall keep track of such nonuniformity
by means of the nonuniformity measure N° [15]. The general topic of monotonicity-
preserving interpolating subdivision schemes is studied in [15], where several nonlinear
monotonicity-preserving schemes are introduced. For a given sequence x we define the
function NV as

N(x) 1= sup max ( |(Ax)k| |(Ax)k+1|) .
k

[(AX)r1]” [(AX)]

It turns out [19] that if one restricts oneself to strictly increasing sequences with A'(x) <
3+ Zﬁ, then Syx is strictly increasing again; moreover, N'(Syx) < 3+ 2\/5, so that all
S;u will be strictly increasing. This leads us to define the notion of weak monotonicity:

Definition 5.1. We call a subdivision scheme weakly monotone with bound R if, for
every strictly increasing x with

N(x) <R,

Sx is strictly increasing as well, and satisfies
(5.2) N(Sx) < R.

In fact, Sy has the stronger property that if A'(x) < 3 + Zﬁ, then NV (S3x) <
N (x) [19]. For completeness we include a proof of this as outlined to us by Ruud van
Damme in Appendix A. We shall give this stronger property a special name as well.
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Definition 5.2. We call a subdivision scheme weakly contractive with bound R if, for
every strictly increasing x with

N(x) <R,

Sx is strictly increasing as well, and satisfies
(5.3) N(Sx) < N(x).

In our proofs, we will require this stronger notion of weak contractivity. In fact, Sg
and Sg are also weakly contractive, see [17].

The main goal of this section is to show that if S is weakly contractive, if both | Ax¢|xo
and V (xg) are sufficiently small, andif y € C P(R) with 8 > 1, then |Axj|s converges
to zero exponentially. Before proving this main result, Theorem 5.7 in Section 5.3 below,
we prove several technical lemmas, bundled together in Section 5.2.

We assume S is a linear, bounded, local, and interpolating subdivision scheme. As
before, P > 1 denotes the order of S; we pick p € {1, ..., P} optimal for S, and © > 0
to be p-suitable. (See Section 4.1.) We denote by B the width of S, as given in Section 2.
Throughout this section 8 will be the Hlder exponent of the function y,i.e., y € C#(R).

5.2. Preliminary Lemmas

These lemmas will only concern one refinement step in the normal multiresolution
scheme. We denote the initial level by x and the next level by x; with this notation (5.1)
becomes

5.4 (Xok1 — X5y DAX); + (¥ Roks1) — Yoy (A = 0.

Mostly we leave out the index k& when it is understood anyway; we shall also use the
shorthand notation

(5.5) Ax

(Ax)e, Ay =(Ay), X" = (SX)2x+1,
V5= (St = Sy ())aks1, X = Foxpa
We also define the help sequences €*, €”, and « as
e*Ax + e’ Ay
(Ax)2 + (Ay)?

The divergence of the predictor S from the two-point scheme S, is measured by €* and
€”, while the magnitude of o determines whether the normal scheme will pierce the
curve in between points from the preceding level, hence whether monotonocity of x will
be preserved by X. (See Figure 3.) For simplicity, we set

(5.6) & = ((S — S$2)X)2k+1, & = ((S — S2)¥)aut1, a=2

P as

« Yk Vi
3 ) _,

5.7 Y=g =
6.7 e & =X >

y oY —
& =¢g =y o = .

Lemma 5.3.  Suppose x is a strictly increasing sequence and B > 0. If

(5.8) laloo < b < 1,



424 1. Daubechies, O. Runborg, and W. Sweldens

(<, ¥) = (SX)y, 11 (S, 1)

(Xk+1 ! yk+1)

—_— )

REERRNNEAE =ak [(AX)2+(Ay)2]/2

Fig. 3. The help sequences ¢*, ¢”, and « introduced in Section 5.2.

then X is well defined and strictly increasing. If B > 1 there is a constant § independent
of k,

(59 §=1- (ﬁ) . ¢, =Q(ry), r=min-1,1),
3<8<1,

such that

(5.10) max((Ax)a, (AX)au+1) < 8(Ax), Vk.

If0 < B <17, we obtain

1/
1-b
(5.11)  max((AX)o, (AX)+1) < (AX)k<1 - (—,31> ) vk,
2+ ¢, (Ax);

where ¢, = Q(B, y).

Proof. We fix the index k and use the shorthand notation of (5.5), (5.7). Then we

introduce the function

(tAx + xp — x)Ax + (Y (tAx + xi) — Y*) Ay
(Ax)* + (Ay)?

which is well defined since x is well defined and strictly increasing. Equation (5.4)

for X,

e cflo, 1],

f@) =

(X —=xHAx + (y(X) —yHAy =0,
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can then be recast as

(5.12) 7 (igxxk> 0.

Moreover,

l4a  1-b l—a 1-b
0) =— ——— <o, 1) = — o0
f(0) 5 = 7 < S s Z 5 >

by continuity there is a root to f in the interval (0, 1), so we can indeed take X €
(xx, xg+1). This shows that X is strictly increasing. Set s = min(3, 1). By (5.12),

(5.13) £ O)] < ¢ (f_x") . If(D <¢ (M) ,

A

Ax AXx
¢y = max(1, Q(s, f)).

Therefore, if

(5.14) < 5o (=0
. C Coos = —_ ,
f=te 2¢00
for some constant c,, we have
1/s 1/s = =
5.15) 1-45 < (“r_“ O i mn -k
2¢00 cr Ax Ax

Q)

cf

< 1=

1/s 1 -« 1/s .
<1-— <4,
- 200 -

from which it follows that

X — Xk Xgg1 — X

(5.16)  max((A¥)x, (A¥)xs1) = Ax max (— ) < SAx.
Ax Ax

Assume now that 8 > 1. Then s = 1 and ¢; = max(1, | f'|«). Since y € C'(R) there
isa& € [xg, xgy1] such that y'(§) = Ay/Ax and, therefore,

(Ax)? +y'(tAx + xp) AyAx L A+ x) — ' E) Ay Ax
(Ax)? + (Ay)? B (Ax)? + (Ay)?

fl( =

Consequently, with ¢/, = Q(r, y'),

¢ = max(l, f ) = sup 1+ ltAx +x¢ — 6 —oHor
0<t<l1 4 (Ax)z + (AY)Z

IA

C/
1+ (Ax)’?y < 1+ 3¢, |Ax[.
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This estimate shows that (5.14) is satisfied with § = § and (5.9) follows from (5.15),
(5.16). Suppose now that 0 < 8 < 1—so that s = . Then

|(fo — 1) (AX)* + (y (o Ax + xi) — y (11 Ax + x0)) Ay

Q@s, f) = su
/ 0<n <€)§1 [(Ax)? + (Ay)2|to — 11 |P
_ =l AN e, (A0fayl _ (Ax)?
- (Ax)? + (Ay)? T (Ax)? + (Ay)?
cy A1 2Ax|Ay|
YA =7
T A Ay
< 14 2.
2
Therefore, ¢y < 1+ (cj,/2)(Ax)’3’1 and (5.16) gives (5.11). |

Next we show that upper bounds on o, needed to apply Lemma 5.3, can be derived
from the data:

Lemma 5.4. Let x be a strictly increasing sequence. Suppose that B > 1 and that there

is a constant ) such that
X

&
5.17 o AL
(5.17) Ayl =4 =

Then there is a constant c that only depends on y and on S, such that

(5.18) |l <20+ cN @B |AXL,,  r=min(8—1,1).

Proof. We fix k and, as in Lemma 5.3, we use the shorthands (5.5), (5.7). Then

. L (Ay)? v Ay
(5.19) |al —2'8XAx+8yAy'—28Ax+g SR
' T (A2 (Ay)? (Ax)? + (Ay)?

2|Ay|

Ay

& A
< 2+ > .
(Ax)? + (Ay)

Moreover,

y_ B g s <Ay
& —¢& A_x = (Sy(x) = SHyx)u+1 — € A_x
= Sy @) — y(Sx))as1 + (Y (S2x) — Soy (X)) 2k41
Ay

+ (Y (8x) — y($2X)) 2541 — SXA—-
X

By Lemma 4.6, with M = 1, the first two terms can be bounded by

¢ max |[(Ax)|'"" < cN(x)BAx|Ax|,.
eyt
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For the last terms we resort to Taylor expansion around (S>x)74+1. Since y € C 147 there
isa& € [x, xx+1] and R such that
Ay

(¥ (8x) — vy (S2X))2k41 — ng—
X

(Sx — $2%) 2117 ($2X) 2611 + R(X) kg1 — €7y (§)

=" (Y (x) =y () + R(®)wu+1,
where
[(R(x))2k+1] < C(Sx — Sax)o1 ' = Cle¥|'*".

Entering these estimates into (5.19) gives

n 2|Ay|[eN ()P Ax|AxL, + 1e¥]ly' (%) = ¥/ (©)] + Cle* ']

o] < 24 TEREUNTE
(Ax)* + (Ay)
2|Ay|Ax
< 24+ [eN@B|AX], +AQ(r, y)|x* —&" + CA | Ax) | —————
< 20+ [N ()P Ax], +2Q(, y)x* — ] A R T A
< 20+ cN(x)®|Ax],. ]

It easily follows from Lemmas 5.3 and 5.4 that if |[e¥/AX| < A < %, and if
N(x)B|Ax|7, is sufficiently small, then ¥ is well defined and strictly increasing. We
shall assume the existence and monotonicity X in the two lemmas that follow. Note that
N (x) plays arole in the bound (5.18) on c. In order to iterate these estimates over more
than one level, we will therefore need to bound N (%) as well. We start by an estimate

on |X — Sx|s:
Lemma 5.5. Let S, P, y, and B be as prescribed at the end of Section 5.1. If x and X
are both strictly increasing and if
(5.20) B > 1 and y' is uniformly continuous,
then, for sufficiently small | AX|oo,
| = Sx)ok1] = [(Sy (x) — ¥ (Sx))2k41 Vk,
and
(5.21) X — Sxloo =[Sy (x) — ¥ (S%)|cc-
In particular, if B > 1 and r = min(g — 1, 1), then (5.21) holds if
(5.22) |Axloe < 12|02, )]V CTY
where C is the constant of Proposition 3.1.
Proof. Since S is interpolating, the second estimate (5.21) follows trivially from the

first. We fix k and, as before, introduce the shorthand (5.5). Since y € C 1 there is a
&) € [min(x, x*), max(x, x*)] such that

y(e) = LDV
X —X
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Moreover, by the construction of the normal scheme, we can find &, satisfying

Y1) —y () X —x*
Xjr1 — Xk y*—y(X)

Y€)=

and & € [xg, xx+1] since x is increasing. Then,

F—x = (@ —y@N)G —y@) + G —xHO* =y (&) — ¥'(E))
= (Y@ -y —y@) + O0F —y@)Y E)G &) — v ED).
We furthermore note that X is increasing, x; < X < xx11, and that P > 1, so

€1 — &| < max(|X — xgl, X — x|, 16" = xil, X — x|

IA

max (|Ax|00a nax |xe — (Sx)2k+l|> < C|Ax|wo,
€

2k+1

by (3.2) in Proposition 3.1. Then, since y’(x) is uniformly continuous,

V' @) () — ¥ EN < 1Y Ily'(62) — ¥'€)] < 3,

for | Ax| small enough. In particular, if 8 > 1, and (5.22) is satisfied, then

¥ looly' &) = ¥/ (ED] < Q(r, ¥)I&E = &1l lY Ioo < Qr, Y NCTIAXIL Y 100 < 3

Hence,
F—x" < () -y —y@) + w
= (@ -y -y + LTON PO YD)
= JO" =y
This proves the lemma. [ ]

We now use this to derive a bound on N (X):

Lemma 5.6. Let x, Sx, and X all be strictly increasing sequences and suppose 8 > 1.
Then, if (5.22) is satisfied with r = min(8 — 1, 1), and if

(5.23) CN (SN (x)®|Axl;, < 1,
where C is the constant in (4.20) in Lemma 4.6, then

(5.24) N &) < N(Sx)(1 +8CN (Sx)N (x)?|Ax|).

Proof. Since S and the normal scheme are both interpolating, Xo; = (Sx) and, with
£=0,1,

[(AX — ASX)oktel = 1X2p41 — (SX) 26111
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By our assumptions we can use Lemma 5.5 and then Lemma 4.6 with M = 1 to get
(5.25)  [(Ax — ASx)2pel = [(Sy(x) — ¥ (SX))2pe41] = Cerer}if. |(Ax)e|""

< CN@P(Ax)i|Axl,.

Moreover, since ASx > 0,

(ASX)ok + (ASX)2k1 (Ax)
(5.26) (ASX)ok+0 > AN SH) = NG

Using (5.25), (5.26) we then get

[(AX — ASX)opyel

B r
(ASX)re < 2CN(Sx)N (x) |Ax|’, .

Since this quantity is smaller than % we have now, with £ = +1,

(AX)  (ASx) + (AX — ASx);
(AX)ere  (ASX)iye + (A — ASx)ipe
(ASx)e (14 2CN(Sx)N (x)B|Ax|,
= (ASX)ie (1 —2CN(Sx)N (x)B|Ax|go>

T (ASX)i4e (1 4+ 8CN (Sx)N (x)7|Ax|L,),

where we have used (1 +2¢)/(1 —2¢) <148t for0 <t < }1. This proves (5.24). ®H

Remark. One could also replace N'(x)? in these last two lemmas by the possibly
smaller quantity,

Np(x) :=sup {max( [(Ax)i| |(Ax)k+z|> ce=1,..., B} )
k

[(AX)irel” 1(AX)]

Nowhere in this subsection have we assumed weak monotonicity or weak contractivity
for S. In the next subsection, we shall introduce this assumption to set up iterative
estimation. In summary, we will have the following argument:

e Start with x strictly increasing, with A/(x) < R.

e Assume S is weakly contractive with bound R, so that Sx is also strictly increasing,
with A (Sx) < N (x) < R.

o If|e¥/Ax|oo <A < % and if N'(x)B+!|Ax|", is sufficiently small, we have |a|o <
b < 1byLemma5.4,sothat, by Lemma 5.3, x is well defined and strictly increasing.

e By Lemma 5.6, we have a bound on A/ (X) which will allow us to start on the next
step, as we shall see in more detail in the next subsection.



430 1. Daubechies, O. Runborg, and W. Sweldens

5.3. Convergence Theorems

In this section, we return to the iterated normal multiresolution approximation: we con-
sider successively refined x; again, and the corresponding y;, x7, and y; as defined in
Section 5.1. For every level j, we again use the notation x; | for the result of the normal
refinement of x;, corresponding to the refinement x — X in the preceding subsection. We
start by proving exponential convergence of |Ax; |, thereby establishing convergence
of the normal multiresolution approximation.

Theorem 5.7. Let S be a weakly contractive, linear, bounded, local, and interpolating,
subdivision scheme with bound R and of order P > 1. Suppose that y € CP(R) with
B > 1, that x is strictly increasing, and that

(5.27) N(xo) < R.

Putr = min(B — 1, 1) and pick § so that

(5.28) R+1<8<1

If

(5.29) RBY Axol", is sufficiently small,
then x; is strictly increasing for all j > 0,

(5.30) N(x;) <R, Vj=>0,
and

(5.31) |AXjloo < 8/|AXoloo, Y j 2 0.

Proof. For simplicity of notation we set v; = N(x;). We also let n and b be real
numbers satisfying

R—-1
<b<25—1,

5.32 8" 1 d
( ) <n< an R+

and assume that RE+! |Axol., < &, with & > 0 to be determined in the proof. The proof
works by induction. At every induction step we shall prove that

(5.33) x; is strictly increasing,
(5.34) v; < R,

(5.35) |AXj 0o < 8/|AX0ls,
(5.36) v Ax L, < en’.

For j = 0, (5.33), (5.34), (5.35), (5.36) are all satisfied. We shall now prove that if (5.33),
(5.34), (5.35), (5.36) are satisfied for j = 0,...,n — 1, then they must also hold for
j=n.
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First of all, since x,_; is strictly increasing, and v,—; < R, then Sx,_; is strictly
increasing as well and N'(Sx,_1) < v,_1 < R. In order to invoke Lemma 5.3 to
derive monotonicity for x,,, we first need an appropriate bound on ¢, 1, the c-sequence
corresponding to x,_;. To obtain this bound, we shall use Lemma 5.4. Set ¢, , , =

Xn—1

g,""', with the right-hand side defined by (5.6). Since S is interpolating, (Ax,_;);y =
(ASx,—1)2k + (ASx,—1)2k+1- Set, just for the next few lines,

my = min[(ASx, 1), (ASx, 1)1, My = max[(ASx,—1)au, (ASxu—1)2u+1]-
Then,

l&n_1 L (ASXu—1D)ok+1 — (ASx,—1) 2]
sup ——=— = sup -
£ (Ax,—k £ 2 (ASx s + (ASxX, 1)

1Mk/mk—1_1vn_1—1<1R—l

< sup — = — ,
= M mi+1 2u 41 -2 R+1

where we have used in the last step that (x — 1)/(x + 1) is increasing on [1, c0). It then
follows from Lemma 5.4 that

lox <R__1 CivB A r
n—1|oo_ R+1+ lvn_1| xn—1|oo,

where the constant C; depends only on y and S. Since, by the induction hypothesis
(5.36), and the fact that A'(u) > 1 for all sequences u,

(5.37) i | Ax, by < v AX, L < en ! <
we therefore have

R—-1
lot—tloe < —— + Cie.

R+1
If
R—1
5.38 <c ' (b2,
(5-38) &= 1< R+1>

which we shall assume henceforth, we thus have |a,—1|~ < b < 1. Note that the right-
hand side of (5.38) is positive by (5.32). By Lemma 5.3, we conclude that x,, is well
defined and strictly increasing, establishing (5.33) for j = n. We now proceed to prove
(5.34). By (5.37),

&
|Ax, L, < —— <&
Vi1

If we name C, the constant in Lemma 4.6 for M = 1 and F = y, then, similarly,
(539)  CON(Sxu_)ve | |Ax, 11l < Covit | Ax, i[5, < Coen™™' < Cae:

n—1

it follows that both (5.22) and (5.23) will be satisfied for x = x,,_; provided

1
(5.40) e <min| —, 2|y |cQ(@r, yNC;" |,
4C2 :
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where C3 is the constant of Proposition 3.1. We shall assume that (5.40) is satisfied in
the remainder of the proof. We now apply Lemma 5.6 to x,_; and conclude

(541) vy S N(Sx— D1+ 8CoN (Sx,— )V [ |AX,-1150] < vuoi[1 + 8Caen™ '],

where we have used the same arguments as in (5.39) including, for the first time, the
effect of n < 1 as well. For ¢ satisfying (5.38), (5.40) we can likewise conclude

vy <vii[l+8Cen’™'],  j=0,...,n—1

It follows that

n—1

n—1
< v [ 11 +8Caen] < vo [ [ exp(8Caen’)

Vn <
Jj=0 j=0
n—1 )
= Vo eXp <8C28 Z nj) < UOgBCZE/(I*ﬂ) < R,
Jj=0
provided
1— R
(5.42) sz R
2 Vo

as will be assumed henceforth. Again, note that ¢ can be chosen greater than zero because
of (5.27), (5.32). This proves (5.34) for j = n.
By Lemma 5.3, we also have

|Axn|oo = Sup max((Axn)Zka (Axn)ZkJrl) < 8}1 Sup(Axn—l)k, = 5n|Axn71|00s
k k

where
{ 1-b
2+ C;len_] |z>o ’

n —

By using (5.35) we obtain

1—b 1—b 1+b+c, R P e
8}1 = - =< 1 - =
2+ ¢}, |Axolr, 2+c§,R*B*18 2+C;R*B*18
1+b o
= T+§ ;,R B-lg <6,
provided
(5.43) £ < ()" R* 28 — 1 —b),

where the right-hand side is positive by (5.32). Assuming (5.43) is satisfied, we have

thus
[AX, oo < 8|AX,—1]o0,

which proves (5.35) for j = n. Finally, by also using (5.41), (5.36), we find

B+1 B+1. B+1 B+1
VI Ax, L < (14 8Cel® P Hls | Ax,i Ly < Pt Ax, 115 < en®

n—1
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provided
1
5.44 e < —[(sHVED — 17
(5.44) <3G, [((m3™") ]
since n > 6" by (5.32), we can pick ¢ > 0. This completes the proof of (5.36), the last

induction step, for j = n. It thus suffices to choose ¢ > 0 so that (5.38), (5.40), (5.42),
(5.43), (5.44) are satisfied to derive all the results in the theorem. |

Theorem 5.7 relied strongly on 8 > 1, since this assumption is needed for Lemmas 5.4
and 5.6. For the special case S = S,, we can prove similar results for all 8 > 0, without
even imposing bounds on | Axg) .

Theorem 5.8. Suppose S = S,, B > 0, and x, is strictly increasing. Then x; is strictly
increasing forall j > 0.Ify € CP(R) with0 < B < 1, there is a C such that

(5.45) |Ax; Vj>0.

lo < —%777%

=1+ jB/=H) =
Ify € CA(R) with B > 1 or y € Lip'(R), there is a 8 < 1 such that
(5.46) |AX)loo < 87| AXploc, ¥ j 2 0.

Ify € CP(R) with B > 1 and N (x,) < oo the quantity N (x;) remains bounded for all
J and it satisfies the estimate

2
(547)  N(xj)) < N(xo)exp (M) , 20 = Q(r, ¥)|Axol,
r=min(g — 1, 1).

Proof. When S = S, the help sequences €*, €”, and « are trivially zero, so we can
take b = 0 in Lemma 5.3. It follows directly that x; is strictly increasing for all j since
X is strictly increasing. Furthermore, if 8 > 1,

1

(548) & =1—-— <
I 24 ¢ |Ax;lr,

1, c;, =Q(@,y), r=min(8-1,1),

and
(5.49) [AXj 11l = supmax((Axjy1)ok, (AXjr1)ox1) < sup 8 (Ax;)i
k k
= §jlAxjlo, V.

This shows that |Ax;|. is decreasing and, by (5.48), §; < & for all j. We can hence
replace §; by 8o < 1 in (5.49), which proves (5.46). Suppose now that 0 < 8 < 1, and
introduce the function

1
f(-x) ::-X(l_ 1/}3)’ C}/:Q(ﬂ’y)v

(2 + c},/xlfﬂ)
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so that by Lemma 5.3 we have

(5.50) sup max((Ax; 1)k, (Axj1)au+1) < f((AX)i).
k
If y € Lip' (and, in particular, if y € C'), (5.50) gives

1
Ax, Ax: < (Ax; l— —
sup Max((Ax; 1)zt (AXji1)241) = ( xf”( <2+cy)>’

with the same constant for all j, and we can take § = 1 — 1/(2 + ¢,) in (5.46). When
B < 1 we can write f(x) = f(x'~#) where

f)i=xYTPA - g0, gx) =

2x +cy, ’
and we claim that

(5.51) f'(x) >0, Vx> 0.

Since (1 +x)? <1+ Bx for0 < B < 1 we have

fl(x) = xP0=H <1 _18_(xﬂ)l/ﬂ _ %g(x)(l—ﬂ)/ﬁg(x)/>

xB/(=B) ( —ﬂ)xg’(x))ﬂ]l/ﬁ>
= 1— 1+ —
=5 < [g(x)< T B

xB/(0=B)
1-B

IV

(1 —[gx) + (1 = Pxg (0)]1'P).

But

X - Bxc, - 2x n xcy
2x+c¢, @x+¢)? " x+c¢,  (2x+c¢))?

1 cy 2
= —-(1- < 1.
2 X +cy

This shows (5.51); it immediately follows that likewise f’(x) > 0 for all x > 0. Then,
by (5.50),

gx)+ (- pxg'(x) =

(5.52) |Axj41leo < sup F((Axp) = f (SI;P (ij)k> = f(1AXj]o0), vVj=0.

Proving (5.45) thus reduces to a simple statement about iterating a function from R*
to itself: if we define

ho = |Axo|eo, hy = f(hu—1),
then (5.45) will follow from (5.52) if we can prove that

(5.53) hy < C( +n) #/0=P,



Normal Multiresolution Approximation of Curves 435

We shall establish (5.53) by induction. Suppose (5.53) holds forn < N — 1. We then
have, with the shorthand u := 8/(1 — ),

(5.54) hy = f(hy-1) < fF(CN*) < CN"H[1 — (24 ¢,C-IANFY=V/AY,
To prove that this is bounded above by C (1 + N)™#, it suffices to show that
1+ N N1 — 2+, C =P NFYTI/A

is bounded above by 1. This is equivalent to

1 !
(5.55) Nﬁ{ [1 — (1 — N—+1) } - 2} <C'Pe,,

provided the quantity between the curly brackets is positive; the latter is the case if
N > Ny = [[1 — (1 —27Pl/r=1y,

Since the left-hand side of (5.55) is uniformly bounded for N > N, the inequality (5.55)
is clearly satisfied, uniformly in N > N, for all C exceeding some threshold value C.
For n < Ny, we have h, < h, hence

(5.56) hy < ho(1 +n)""(1 + No)*.

Set now C = max[ho(1 + No)*, é]. Then h,, satisfies (5.53) for n < Ny by (5.56),
and for n > Ny by our induction argument, starting from the initial inequality h,, <
C(1 + Npy)~*. Since (5.53) thus holds for all n, we have proved (5.45).

For the statement about N (x ;) we observe that, by (5.10) in Lemma 5.3,

Ax; 8§ (AXx;
(557)  Na) = sup —oX)sen (A
‘ k (ij+l)2k+€1+€2 k (1 — 8j)(AXj)k+g
0=0,1 (=—1.0.1
lh==%1
Ji
< .
=7z SjN(xj)’

where §; is given by (5.48). For simplicity, set z; = c; |Ax;|7,. Then, by the result (5.46)

above, {z;} is an exponentially decreasing sequence such that z; < zOéér. Moreover,
induction on (5.57) gives

5 n—1 n—1 .
o :J\f(xo)jlz([)(l—i-zj) SN(xo)jl:([)(l‘l'ZO‘sé)

J

n—1
N@) = Nao ]
=0

n—1
< N(xo)exp (Z zO83’> < N(xo) exp (1 - 5,)
j=0 — %

< N(xo)exp (Z"(Zr—”“) ,



436 1. Daubechies, O. Runborg, and W. Sweldens

where the last step follows from

-8 1\~ r
S Gy
20

This proves (5.47). |

1 1 <2+Zo.

Remark. Combining the two theorems with some results shown later on in the paper
suggests the following normal multiresolution procedure for all curves I', with y € C#,
B > 1. Let S, be the hybrid scheme S, = wSs + (1 — w)$, with 0 < w < 1.
In Appendix 8 it is shown that this scheme is weakly contractive with bound R, €
[3 4 24/2, 00). Starting with an initial strictly increasing sequence x, for which both
| Axo|oo and N (xg) may be large, we use S, until, for some w € (0, 1],

N(xj) < Ry and RSH |Ax;|7, is sufficiently small for S,,.

Since N (x;) remains bounded when S, is used, by (5.47), and lim,,_,o R,, = 00, these
conditions will be satisfied after a finite number of refinement levels. By Theorem 5.7
one can then use S, and obtain convergence. Moreover, by (6.23) in Theorem 6.3 the
nonuniformity A (x ) will converge to one, since o > 1 for S, as shown in Section 7.
Therefore, both A/ (x;) and | Ax;|~ can be made as small as we like, and after yet another
finite number of steps, we can finish off the construction with a weakly contractive scheme
of our choice.

6. Regularity, Approximation Quality, and Stability

In this section we will consider the regularity of the parametrization, the decay of wavelet
coefficients, and the stability of the scheme.

Normal multiresolution induces a parametrization of the curve I', as exemplified in
Figure 4. Analytically, this parametrization is described as follows: we define, at every
level j,x; : [0, 1] > Rtobe the piecewise affine map with breakpoints at the #; , = 27k,
k=0,...,2/, and for which xj(tj k) = Xj, see Figure 5. If |Ax;j|o — O for j — oo,
then the x; converge uniformly to a function x(¢). The parametrization of the curve
I' induced by the normal multiresolution then maps ¢ € [0, 1] to (x(¢), y (x(?))); we
shall call this the normal parametrization of the curve I', and denote it by I" as well,
(1) := (x(1), y (x(2))). More generally, x; : [0, N — 1] — R if we start with N points
at level 0. The domain of x; will be denoted I.

As we discussed in Section 5.1, in general the curve I' is broken up in several pieces,
for some of which the x-coordinate is used as the “basic coordinate,” while others use
the y-coordinate in this capacity (one then has to make the obvious changes to define
the parametrization I'(¢)). In this case, the parametrizations knit together naturally—
they describe the geometric construction of the normal multiresolution, independent of
the break-ups we use to prove our theorems. For simplicity, we shall always implicitly
assume that we work within one of these pieces; this situation is always attained locally
after a finite number of refinement steps. Note that the normal parametrization need not
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I(1/2)

(3/4)
r(1/4)

Fig. 4. Example of how the normal multiresolution induces a parametrization, here with § = S,.

be smooth, evenif I" is. For instance, consider the normal multiresolution as applied to the
curve in Figure 6, which consists of a 180° circle arc and a straight, tangent line segment
with length equal to the diameter of the circle; for the prediction subdivision scheme
we take § = §,. At level zero, we have (xg 9, ¥0,0) = (0, 1) = I'(0) and (xo.1, ¥0,1) =
(1,0) = I'(1). Because of the special construction of I', the first inserted point (x; 1, y1.1)
coincides with the origin, (0,0) = F(%). After that, the normal multiresolution will
induce a parametrization that corresponds to arc length for both the right and left pieces
of the curve:

L(—sinQ2tm), 1 4 cos(2t7)),
(2t - 15 0)’

o
IA

re =

—_ Nl

1=
IA
IN A

t

Fig. 5. The relationship between I'(¢), I'; (¢), and x;(¢), exemplified for j = 3. I" is the same curve as in
Figure 4.
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1 1
-05 0 0.5 1

Fig. 6. Example of a curve with nonsmooth parametrization for the two-point scheme.

However, the two pieces have different lengths, so the parametrization must have a
discontinuity in its gradient, indeed

‘dra)
dt

{n, 0<t<i,

- 1

In this case the curve I' is C>~, yet its normal parametrization is only Lipschitz. This
is because the regularity of the parametrization turns out to be limited not only by the
smoothness of the curve, but also by the smoothness of the subdivision scheme, as shown
by the following argument. Let I'(¢) be the normal parametrization obtained with the
two-point scheme as predictor, of a very smooth curve I". We then have, by definition,

(@ +h) =T —h)) - (T@+h) =200 + T —h) =0,
at odd dyadic points (t = (2k 4+ 1)27/, h = 27/), where “ - ” stands for the R? inner

product, (u, v) - (u’, v') = uu’ + vv’. Now if the parametrization were C*e withe > 0,
then we could Taylor expand I' (¢ & /&) around ¢ and obtain

2

) = 0(h",

2+h2 d3
12 \ds3

at dyadic points; if I'(¢) € C***, then this equation extends to all ¢, h. By letting 4 — 0
we see that we must have |I"'| = ¢ and |I'”’| = ¢ for this to hold, i.e., the curve I' must

d*T (1)
dr?

d
dt

dr ()
dt

dr ()
dt

2 d
dt
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be either a straight line or a circle segment, which is obviously not the case for general
smooth curves I'.

The example in Figure 6 also illustrates an interesting point concerning the link be-
tween the decay of the wavelet coefficients and the regularity of the normal parametriza-
tion. Although the normal parametrization of the curve in Figure 6 is only Lipschitz
where the circle and line segment meet, an application of Theorem 6.3 below shows that
the wavelet coefficients w; x decay uniformly as 2~ ")/; this shows that one cannot hope
to derive the wavelet coefficient decay simply by applying Taylor expansion arguments
to the normal parametrization.

6.1. General Assumptions

We are going to assume that there is a set of strictly increasing sequences {x;} generated
by the normal scheme described above, such that x;. 1 = N;x;. We let S denote the
interpolating predictor operator used in the scheme. As in Section 4.1, we assume it is a
linear, stationary, local, and bounded subdivision operator. Also, S is characterized by its
order P, its smoothness o, and the integer p = pop. We will strengthen our assumptions
in this section and assume that

6.1 6> 1.

(Note that this implies that ¢ is pop-suitable if o = 1.) As usual, we assume that the
curve ¥ (x) has a certain Holder smoothness, given by the parameter S,

y € CP(R).

Also, let T C R be a bounded interval of the form [0, N — 1] with N > 1 an integer; T
is the domain of x(t).

6.2. Preliminary Lemmas

We start out with some technical lemmas, which will allow us to improve upon the
[AXjloo =< c8/ estimate by “bootstrapping.” The basic idea is the following: by
Lemma 5.5 we can use the smoothness of y to bound the difference between x;; and
the “predicted” Sx; by the difference between Sy (x;) and y (Sx;); next we can use our
commutation estimates from Section 4.4: Theorem 4.7 uses the smoothness of y again to
transform exponential decay of | Ax;| into exponential decay of [Sy (x;) — ¥ (Sx;)|cc,
hence of |x;11 — Sxj|, showing that the x; are “almost” generated by the subdivi-
sion S, in the sense of Section 4; finally, Theorem 4.2 converts this into a new estimate
on |Ax;|x. The miracle is that in going through these steps, the decay rate of |Ax; |
improves.

Lemma 6.1. Let {x;}, S, P, p,o,y,and 8 be given as in Section 6.1. Suppose the first
differences of x; converge exponentially to zero,

(6.2) |AX;]oo < C8/, 0<8<1,

and

B> 1.
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Then

j, o=1, p>1,
6.3 e <e
6.3) 1) oo = 1, otherwise.

Proof. When § < % the result is trivial. Consider therefore % < 8 < 1 and set

r=min(f —1,1) > 0. Let ¢y = c and let k9 = 1 4 log, 6 + a where a > 0 is chosen
such that 0 < k9 < 1 and (1 4-r)"*(log, § 4+ a) # —o for all n. Then

(6.4) oo < co27%.

Furthermore, we define the strictly decreasing sequence {«,,} by x,, = 1—(14r)" (1 —«p).
We claim that if k, > —o + 1, there is a constant ¢,, for which

(6.5) o < 2, V.

By (6.1) and (6.4) this holds for n = 0. Assume that (6.5) is true for n = £. Since 8 > 1
we can use Lemma 5.5 and, subsequently, Theorem 4.7 with M = 1, ¢ = 0, and s = «;
to get

[Xj 41 = SXjloo < ISy (X)) = ¥ (Sx))|oo < 27/ HHDUT0 = o=/,
This holds for j > jy. Set

no__ j(1—=keq1)
¢, =c¢p+ max 27V 7 x4 — Sxj|oo.
0=<j=<jo

Then
[Xj41 — Sxjloo < cj27 /Uy j >0,
If kg+1 > —o + 1 we can pick a p-suitable w so that p — (1 — «¢4;) > p. Theorem 4.2

with v = 1 — k4| and o = 0 then applies, yielding

< C(|x([)l]|oo + CQ/)zj[maX(P—v,M)H—p] = cpp 20K,

1
x|

where we note that |x£,1]|oo = |AXgleo < C by (6.2). The claim follows by induction.
Now let n > 0 be the first index such that x, < —o + 1 < 0. (The case x, = —o + 1 1is
excluded by the choice of a above.) We still have

Xj 11— Sxjloo < ¢/ 27 170, Vj>0.
Pick a p-suitable p so thatk, < 4 1 — p. We can again apply Theorem 4.2 and obtain

1} oo < (g oo + € DIL 4 j 12/ 0PH0) < L jr2/ ),

If o > 1, then we can choose a p-suitable w sothat ]l — p+u=1—0 +¢ < 0, and
we obtain |xJ[,1]|Oo <c.If 0 =1, then (6.1) allows us to pick u = p — 1. Since k, < 0
we have v = 1 — k,, > 1 implying u > p — v. By Theorem 4.2 we then have n; = 1 if
p > 1land n; = 0if p = 1. This proves (6.3). [ ]
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Remarks.

(1) The result of Lemma 6.1 is quite remarkable: even though we started from (6.2)
with no other restriction on § other than § < 1, the simple restriction (6.1) allows us to
“transform” this possibly quite low decay rate into |Ax;|o < C 2~/ (with an extra factor
polynomial in j if p > 1 and 0 = 1).

(2) If 0 < 1, a similar argument proves that the decay |Ax;j|o < C 8/, with27° <
8 < 1, implies the stronger decay |Ax;j|o < C27/ foralle > 0.

The next lemma shows that a similar bootstrapping works for higher-order divided
differences. If A equals either a real number r or a “generalized number” r~, we shall
use the convention that A~ = r~. The notation r~ used here was defined in Section 3.1.

Lemma 6.2. Ler{x;}, S, P, p,o,6,y,and B be given as in Section 6.1. Suppose we
have the following bounds on the first q divided differences of x;,

m] I, l<m<gq, |
(6.6) X" oo <€ . Jj>0.
: j“ m=gq,
If
(6.7) 2<p=<P, 1 < g <min(G, B) =: Q,

then we get bounds of the first g + 1 divided differences of x;,

1, l1<m<gq+1,

[m]
(6.8) |xj loo < ¢ {jnzj(lk), m=gq+1,

where k and n are given by

(6.9) «k =min(l, B —¢q, 6 —q) = min(l, Q — q),
0, k=0 —gq,
(6.10) n= { / 1
n', otherwise,
with
1, o =min(B,q +1), 1, k=1, p>qg+1,
0, otherwise, 0, otherwise.

Proof. Since 8 > 1, by (6.7), we can apply Lemma 5.5, which gives
lxj+1 — SXjloo < c|SyY (X)) — ¥ (5%))|oc-

(Strictly speaking Lemma 5.5 gives |x; | —Sxj|o < [Sy (x;)—¥(5X;)|o for j exceeding

some jo; by adjusting the constant we obtain the inequality for all j.) By Theorem 4.7
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(withM =g, r =min(8 — ¢, 1) > 0, s = 0, and the same «),

(6.12) 1Sy (x;) — y(Sx))]e0 < cj¥ 277,
alg+r), qg=1,
o =10, O0<l—-r<gqg-—1,
o, r=1,qg > 1.

Pick u to be p-suitable, u = p — o + ¢ with ¢ > 0; if p — o is p-suitable we can pick
& = 0. Theorem 4.2 can now be applied to the sequences x; withv = g +r,a = o', and

¢ =max(p—g—r,pu)=p—qg+max(-r,q —0o +¢)
=p—q-—mn(l,f-qg,0-—gq—¢)=p—q—AX
We get

6.13) 1%}

A

Cllxg" oo + ) (1 + j72I =)

IA

Cl(|x([)l]|00 + DA+ j'lmzj(m—q—?»)) <C'(1+ jnmzj(m—q—k)),

for 0 < m < p.By (6.7), we can choose ¢ so that > > 0. For 1 < m < g, it follows that
the second term in (6.13) decays to zero as j — 00, so that |x_£«'"]|oo <cforl <m <g.
This means we get (6.6) with « = 0 and we can bootstrap the arguments used so far to
obtain o’ = 0 in (6.12). We have ¢ + 1 < p because of (6.7) and o < p; (6.8), (6.10)
follows from (6.13) and (4.8) withm = g + 1. |

Remark. Lemma 6.1 showed that we could bound |x}]]|w polynomially in j;
Lemma 6.2 can then be used to prove by induction that for all m < min(o, 8), we
have |xj[4m]|Oo < c; moreover, for m = [min(o, 8)], we obtain |xj[.m]|oo < ¢jn2id=0,
with n and « given in (6.9), (6.10). In particular, we have bootstrapped a polynomial
bound for |x5” |0 into a constant bound, since under our assumptions, min(o, 8) > 1.

6.3. Main Result

Before stating the main result we introduce the “wavelet” coefficients of the normal
mesh. At level j, the sequence w; is defined by

(6.14) wik = (@01 = %)% + O = Y701 Dakrn

Note that the even-indexed elements of (x;1; — xj’f +1)2 + (y i1~ y;‘ +1)2 are zero. The
sequence w; measures the quality of the normal multiresolution approximation, in the
sense that it compares the “true” curve I' with the auxiliary curve I'! that would be
constructed using only the sequence (x;, ¥ (x;)) followed by subdivision using S. Good
decay for w; thus means that the normal multiresolution produces high-quality approxi-
mation. From another point of view, w;, combined with a sequence of sign bits, contains
the information necessary to obtain x;;; from x;. If we wish to compress the total infor-
mation contained in x;, or, equivalently, in the sequences x;,, Wj,, Wj +1, - - - , Wj,—1 (Where
Jo < j1), then we can try to do this by setting small w; ; to zero. (In order to justify this,
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we also have to discuss the stability of such a procedure—see below.) If the [w; |, decay
rapidly for smooth curves, then we expect that for piecewise smooth curves, the w; x
pertaining to smooth pieces will be very small for large j, holding promise for effective
compression in these regions. All this motivates the following theorem, which estimates
the decay of w; in terms of the smoothness g of the curve as well as the smoothness o of
the subdivision scheme. It also shows the existence of the limiting parametrization and
its Holder regularity.

Theorem 6.3. Let{x;},S,P, p,o,y,B,and I be given as in Section 6.1. Furthermore,
let x;(t) be a piecewise linear function interpolating the points {x; ;} at t = k277 e 1.
Set

(6.15) QO := min(7g, B), OQ=P+kx, PeN, 0<«k<l,

If the first differences of x; converge exponentially to zero,

(6.16) |AX;]00 < C8/, 0<8<1,
and
(6.17) B>1,

then the parametrization x;(t) converges uniformly exponentially to x(t) € C< (1) and
<P (1) satisfies the Holder estimate

(6.18) |xP(t + A1) — xP (1) < c|Ar]“(1 + [log | At]])", Vi, t+ At €T,

where
0’ = 7’
(6.19) 7= { Q=0
n*, otherwise,
with
1, = min(P, dP >1,
(6.20) R
0, otherwise,

{1, Oefl,....,p—1}, p>2,

0, otherwise.
When P = 0, the related wavelet coefficients in (6.14) satisfy
(6.21) Wjloo < ¢jmin(B.2)p—j min(f.2),

and, for P > 1,

(6.22)  |Wjlog < ¢j7 27 mMN@FLAT) gy —

0, min(P, B) < Q +1,
n, min(P,B) > Q + 1.

If O > 1, then, for sufficiently large j,
(6.23) N@xj) <1+c277, 6 =min(Q~ — 1, 1).
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If O > 1 orS = S,, then, for sufficiently large j,

(6.24) sup Xjr12ket — Xk L) it 0 min(Q~ —1,1), Q0>1,
K| Xjrrl — Xjk - ’ min(8 — 1, 1), §=25.
Remarks.

(1) This is the same regularity that we get for the limit function of the predictor
subdivision scheme when we use the same method of proof. If we take the very special
case y(x) = 1 for all x, then the normal multiresolution scheme gives x;;; = Sx;. In
this case w; = 0, and we no longer have a curve approximation problem. However, we
can define x; () as before, and the convergence of x; () and its derivatives still holds, as
a special case of this theorem. Theorem 6.3 can thus be viewed as an extension, without
loss in the strength of the estimates, of standard convergence results for linear subdivision
such as Theorem 3.2, see, e.g., [1], [3].

(2) In some cases, we obtain x(¢) € Lip?, which is slightly stronger than stated in the
theorem. This happens, e.g., if either 6 = o or B < o, so that Q = min(o, B) and if,
in addition, Q ¢ Z, P > 1, and P > o # f; under these conditions 7, as defined by
(6.19), (6.20), equals zero. We leave the details of the other cases, where x(¢) € Lin,
to the reader.

(3) The statement of Theorem 6.3 may seem overly complicated because of all the
different cases, depending on the relative values of &, 8, and P. By looking at a few
extreme cases, we can get some insight in what is happening. Suppose the curve I is very
smooth (i.e., B large), whereas S is a reasonable but not very fancy subdivision scheme, so
that & < pop < P < B, implying Q = 6. We then obtain x € C? , i.e., the smoothness
of the normal parametrization is that of the subdivision scheme. If P > & + 1, then the
decay of the wavelet coefficients is given by |w;|o < Cj"27/@+D je. we have a “gain
of 1” in this decay rate, when compared to the smoothness of S (but we do not get the
full decay rate P if P > & + 1, unlike standard linear wavelet transforms). If we look
at the other extreme case, where P and o are strictly larger than 8, i.e., the subdivision
scheme is “smoother” than I', then Q = 8, x € C? ,and Wiloo < C27 7P the decay rate
of [w;|« and the smoothness of x(#) match and are completely set by the smoothness
of I'.

Proof of Theorem 6.3. We divide this proof into three parts. In the first part of the
proof we show the regularity of x(¢z) and (6.18), (6.19), (6.20). In the second part we
show the decay estimates for the wavelet coefficients, (6.21), (6.22), and in the last part
we show the remaining statements (6.23), (6.24).

Before starting, we establish the simple inequalities

(6.25) P<Q=P+1=<p=P, 1 <0 =<8,

which follow directly from the definition of these quantities in (6.15) and from (6.1),
(6.17). These inequalities will be used extensively below.

Part 1: Regularity of x(t). The strategy for this part is to show that the sequences x;
are approximately generated by the predictor subdivision scheme S itself, hence that an
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estimate of the type (4.1) holds for large enough v. Theorem 4.4 can then be applied to
prove convergence and regularity of the limiting function x(#).
Now by (6.16), (6.17) we get from Lemma 5.5 that

(6.26) 1Xj41 = SXjloo < [Sy (X)) — ¥ (5X))]oo,

for sufficiently large j. We thus only need to bound [Sy (x;) — ¥ (S5x;)|c to obtain the
(4.1) estimate. Such bounds are given by Theorem 4.7, provided we can control the
divided differences of x;. We therefore start by showing that

6.27) "o < ¢

1, l<m=<P,
jU2I0=0 g = P 41,

for some integer «” > 0 and « as in (6.15).
The assumptions (6.16), (6.17) are stronger than those of Lemma 6.1, which gives

, 1, o=1, p>1,
(6.28) e <o, o = P
0, otherwise.

J
This shows (6.27) when P = 0. If P > 1, then we shall prove (6.27) by induction and
(6.28) will be our initial step. For our induction step we suppose we have, for some g
with 1 < ¢ < Q — 1, that, for some &,

1, 1<m<ag,
(6.29) Wl < ¢ { i

j&, m=gq.

The inequality (6.28) shows that this holds forg = 1. We then want to derive that the same
is true when we replace ¢ by ¢ + 1. By Lemma 6.2, thisis trueforg < P -1 < Q — 1,
since for these ¢ we have min(1, Q —¢g) = 1. The induction process thus proves (6.29) for
q = P. We can now apply Lemma 6.2 one more time, since P < Q, which establishes
(6.27).

We now proceed to apply Theorem 4.7 to the bound (6.27) and then use Theorem 4.4
to show (6.18), (6.19), (6.20). We divide the arguments into two cases: one where we
canuse M = P + 1 in Theorem 4.7 and one where we have to make do with M = P:

Case 1. P =0 or min(P, 8) > P + 1.

This case is chosen such that Theorem 4.7 can be used with M = P + 1. The other
parameters in Theorem 4.7 are r = min(8 — M, 1) = min(8 — P —1,1) > 0, = o”,
and s = 1 — «, as given in (6.27). We get

(6.30) [y (Sx;) — Sy (x))]eo < ¢j* 274 (PFlHminGer))
o"A+r), P=0,

o” =10, P>0,r <k,

o, P>0,r>«,

where we used the fact that « = Q — P = 1 for P = 0 by (6.25). Finally, we combine
(6.26) and (6.30) and apply Theorem 4.4 with v = P 4+ 1 4+ min(x, 7) and @ = .
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We note that in this case 8 > P + 1, so by (6.25) we have 8 > Q and, consequently,
Q =6.Sincev > P+ 1> Q+ 1, we thus have v > o. Therefore Q, P, and « in
(4.15) coincide with (6.15). Let {X;} be the (finite) subsequences of {x;} containing only
elements ¥, ; for which k277 € I. Clearly |¥o| is bounded. Corollary 4.5 applied to
{x;} then shows that x € co (1) = C2 (1). Moreover, (6.18) is given by (4.12) with «
asin (6.15) and n as in (4.13), i.e.,

1, ef{l,...,p—1}, p>2,
631) _ 0 {' p—1}p
0, otherwise.

‘What is more, when P > 1,

min(P,8) > P+1>Q =2,
s0, if O = o, the first term in (6.20) is zero and (6.31) agrees with (6.19), (6.20).
Case2. P > 1 and min(P, 8) < P + 1.

In this case we will apply Theorem 4.7 with M = P. This is allowed since, by (6.25),
we have M = P < Q < min(P, B). We use only the first P bounds in (6.27), i.e.,

" <c. 1=m=<P.

Theorem 4.7, with r = min(8 — M, 1) = min(B — P, 1) and « = s = 0, then gives
(6.32) [y (Sx;) — Sy (x))]eo < c271FF) = =i minB.PHD),
We can now apply Corollary 4.5 with « = 0 and v = min(8, P + 1). We have, by (6.25),

min(6, v) = min(, B, P + 1) = min(Q, P + 1) = Q,
so (4.15) agrees with (6.15). Therefore we obtain again, as in the first case, x € C2 (I).
Finally, (4.16) gives

I, o =min(B, P +1), I, Qefl,....p—1}, p>2,

6.33 = .
633) 0, o #min(8, P+ 1), + 0, otherwise,

and (6.19), (6.20) follows from the restrictions on P, P, and $ for this case and (6.25),
since

(6.34) min(B, P + 1) = min(B, P + 1, P) = min(B, P).
This completes the first part of the theorem.

Part 2: Decay of the wavelet coefficients. In this second part of the theorem we estimate
the wavelet coefficients w; and show (6.21), (6.22). Again, it is the difference | Sy (x;) —
¥ (Sx;j)| that plays the most important role. Indeed, by using Lemma 5.5 we get

(6.35) Witiloo < I8X; — Xjs1loo + 1SV (X)) — ¥ (Xj+1) oo

< USx; — Xjqiloo ISy (X)) — v (Sxj)]oo + 1Y (Sx)) — ¥ (Xj11) |0
< I8x; — Xjt1loe + 1SY (X)) — ¥ (SX))|oc + 1V |00 SXj — Xj 41100
<

c|Sy (xj) = ¥ (5%j)oo-
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As in the first part we divide the proof into (the same) two cases, and use the estimates
(6.30), (6.32) which were already derived in that part, to bound | Sy (x;) — ¥ (SX;) | and
hence [w;i1]c-

Case 1. P =0or min(P, 8) > P + 1.

In this case we start from the estimate (6.30) and note that by (4.17) we can in fact take
«” = nin (6.27) and, consequently, also in (6.30). Suppose first that P = 0. Then, as
noted in Part 1 of the proof, Q = « = 1. Therefore, still with r = min(8 — P — 1, 1),

P+ 1+4+min(k,r)=1+min(l,r) =1+r=1+minB — 1, 1) = min(B, 2),

and (6.21) follows from (6.30), (6.35). Assume now instead that P > 1. Then, by the
second restriction in this case (on P, 8, and P) and (6.25), we must have

OQ<P+1<mnP,p)<P = Q+1<P+2=<P.
Hence,
min(Q+1,8,P) = min(Q+1,8) =min(P +1+«,8, P+2)
= P+ 1+mink,8—P—1,1)= P+ 1+ min(k, r).
Furthermore,
r=min(—P—1,1)=min(B—Q0 —1,1—«) +«.

Recalling that 0 < « < 1, this implies that r < « if and only if 8 < Q + 1. But, since
0+ 1 <P,infact, r < k if and only if min(8, P) < Q + 1. Therefore, (6.22) follows
from (6.30), (6.35).

Case2. P > 1 and min(P, 8) < P + 1.
By (6.34), (6.25),

min(Q + 1, B, P) = min(Q + 1, P + 1, ) = min(P + 1, B),

in this case. Also, by the restrictions on P, P, and $ in this case, min(P, 8) < P+ 1 <
O + 1. Therefore, n” = 0 in (6.22), so that (6.22) follows from (6.32), (6.35).

Part 3: Limiting uniformity. For the remaining statements, suppose first that O > 1.
Set At =277/ and r = kAt. Then,

(Axj)y
(Axj)r-1

<c(Ar)’

x(t + A —x(1) ‘ - ‘ c(AHH?
x(t) — x(t — At) T | At (t) — (AP

if At is sufficiently small or, equivalently, if j is sufficiently large. It follows that the
quantities a; ; defined by

(Axj)i (ij)kJrl)

aj ; = max < ,
(Axjie1 (Axji
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satisfy the inequality

c(At)?,

0
|Clj,k — 1| < max (C(A[) , m

) <dn’;

now (6.23) follows since N (x;) = sup, a; ;. The same argument proves (6.24) for this
case, since

)

Xjt12k+1 — Xjk l' 1

o )
aj 1‘< c(Ar)?, < dan’.

Xjk+1 — Xjk 2 aj k +1| 71— C(Al‘)(9 -

Suppose finally that S = S,. For this case Q = 0 = 1 and pop = 1 (see below). The
first part of the theorem then shows that x(7) € Lipl. Moreover, we can take b = 0 in
Lemma 5.3 and with c;, =QB—1,y),

Xjp12%4+1 — Xjk 1‘ _ max((Axj Do, (Axjp)ugr) 1 <5 — 1
Xjk+1 — Xjk 2 (ij)k 2~ I 2
C;lejLG)o

= EC/|Ax'|0 .
224 |Ax|0) — T

We get (6.24) for this case by noting that [Ax;|. < ¢ 27/ since x(t) is Lipschitz. |

Remark. We can weaken the assumptions on the predictor subdivision scheme further.
It is enough that we use a, possibly nonlinear, interpolating scheme S such that there
exists a linear subdivision scheme S with the characteristics stated in the theorem, for
which

|Sx; — ij|oo <27/,
with X large enough (A > P + 1+ min(k, r) in Case 1 and A > min(8, P+ 1) in Case 2).
Then, (4.1) will still hold for all the cases we care about (v < A), since

)41 = SXjloo < 1Xj 11 — S¥jloo + 274 < 27,

and similarly with Lemma 5.5 and (6.35).

6.4. Stability

In the preceding subsection we established, under certain conditions, a rate of decay
for the wavelet coefficients, in the expectation that fast decay will be associated with
significant compression without great loss of accuracy. In standard (linear) wavelet de-
compositions, compression can be achieved by thresholding, which simply discards
coefficients along those basis directions that give only small contributions. In the case
of (inherently nonlinear) normal multiresolution approximation, it is much less clear a
priori that the effect of thresholding (or any other approximation) of the wavelet coeffi-
cients can be kept under control. This motivates the stability analysis below, where we
investigate the effects of inaccuracies in the initial, coarse scale data and/or the wavelet
coefficients on the reconstruction of the curve.
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In order to analyze the stability of the normal scheme we set f; = (x;,y;) € X 2. For
anelementr = (x,y) € X 2 we define

Irl; = Vx2 4+ y? € X.
Then,
Sitr2+1 = (Sf D2kt + (Sjwin;)y, fitt26 = fis

where n; € X2, g; € X({—1, 1}) are the sequences of normal vectors (resp., signs)
defined by

Afj _ (-Ay;, Ax)
Al IASl2
Gik = signl(fit1.2k41 — (SFut1) - (=Ay;, Axj)].

nj: i

Introduce the perturbed sequences w; and }j = (¥}, y;) constructed from }0 by the rule

Sit1.2601 = (Sf k41 + (S, Sfit126 = fins

and, similarly,

~J_ - -
Af; (=AY, AX)

nj = = . =
|Afl2 |Afil2

We want to show that if f, is close to f, and if [w; — ;| is small, then the resulting
sequence f; remains close to f; for all j.

Theorem 6.4. Let {x;}, S, P, p, o, y, and B be given as in Section 6.1. Suppose
1fo = folo.oo < Ey, Wi —Wjloo < Ey277, s > 0.

If the first differences of x; converge exponentially to zero,

|AX;]o0 < C8/, 0<8<1,
and
o>1, > 1,
(6.36) B>1,  sup N(x) < oo, { b
j c=1, p=1,

then there is a constant C independent of j, Er, and E,, such that, for j > 0,

6.37) fj = Filaoe < C(Ey + Eu)j". n:{
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Proof. We fix the indices j, k and use the shorthand notation Af = (A f j)k, n=nj,
w = Wjx, ¢ = gjk and, similarly, with a tilde added for the perturbed sequences. Also
sete; = f; — f;. For odd points we get

(6.38) ej+1,2+1 = (S€j)o41 + cw(n — ) + ¢(w — w)A.

‘We can estimate

N Af Af
6.39 - = - =
(639) In il = | 2 a7,
_ |AfIASL = AFIAfI + AFIAfl2 — AFIAfL
IAfl2 IAf] ,
- IAf — Afl+ 1A fl2 — |Af] - 2IAf — Afl _ Hejlo
- IAf T AR T A

Before continuing, we derive a basic estimate for |e; | — Se;j|o. Setr = min(8 — 1, 1).
Asin (6.35),

lw| < c|(Sy(x;) — ¥ (Sx;)) 241l
and, clearly, |r2|, = 1. Together with (6.36), (6.38), (6.39), and Lemma 4.6 we then get

€il2
RS

[(Ax;)i]

[(Ax))e|™H
< clej|y,00 max s
tebe [(AX;)k]

lejr1.2k41 — (Sej)ur1l2 < cl(Sy(x;) — vy (Sx;))2x41l w|

+|w_w|oo

B —Js
< clejla.coN (X)) |AX; |, + Ep277°
. »

< 27 lejlaco + Ew2 7 .

Since fji1,¢ = fjx and fj+1,2k = f;.k we, furthermore, have e; 1 = e;;. From
Lemma 6.1 and (6.36) it then follows that

(6.40) lej+1 — Sejlroo < 127" |ejla,00 + Eu27", vVj=0.

The proof will now continue through three steps. In the first step we show that the
error ¢; can grow at most exponentially with j. In the second step we prove that this in
fact implies that e; grows at most polynomially and, finally, in the last step, we show
that the polynomial growth actually implies (6.37).

Step 1: Exponential growth of |ej|2 . From (6.40) we have

|ej+1 |2,oo =< |Sej|2,oo + C127]r|ej|2,oo + E277°

(ISloc +c1)l€jl2,00 + Ew = dlejl2,00 + Eu,

IA
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and we assume without loss of generality that d > 2. By induction, for all j,

J
A’ E;+E, Yy d*=d"""E; + E,GW. j +1,0)
k=0

Codj+1 (Ef + Ey).

(6.41)  lej11l200

IA

IA

This shows that e; cannot grow faster than exponentially. It is not a sharp estimate, and
we will use it only as a stepping stone to show the more precise estimate (6.37).

Step 2: Polynomial growth of |ej|2 .. We now proceed to show that the error can in
fact only grow polynomially with j. As an intermediate result, we will show that e; is
approximately produced by S from ey: the sequences e; satisfy an estimate of the type
(4.1), at least for j < J with J finite. We can then apply Theorem 4.2 and bound the
growth of the sequences e; for j < J.

Let v = min(r, 5)/2 < 1. By (6.40) we get, for0 < j < J,

(6.42) lej+1 — Sejlaco < 271277V ej|2.00 + Eu2 7 ¢V

27 max [c;27% ™ |ex | 00 + En27F 0] =0 a,27Y.
0<k=<J

IA

Consider now another family of sequences, éjj, such that éjj =e¢jfor0 < j < Jand
éij = Séjj_1 for j > J. Then, by construction,

|~J+1 ~J+1

€ oo < ay27", Vj=0,

and we can apply Theorem 4.2 to both elements of éj”l € X? witha = ay,q = 0 and
v as above. Since we can choose a p-suitable p for whichu < p — 1 < p — v, we have
0 = p —v < p.Moreover, v = 0 only when s = 0. There is hence a constant ¢, > 1,
independent of E; and a;, such that

643) ¢/ 200 < 218 e +an)j" < 2(Ep +ap)j?, Y j I >0,
with 7 given as in (6.37). Taking j = J + 1 in (6.43) yields

(6.44) l€j 1200 = 18] oo < C2(Ef +a;_)j",  Vj=0.

Let K and K’ be two positive integers such that 1 < K < K’ and

(6.45) c1e2 K= <, k2 k=R < k> K.
Then, for j > K’, using (6.41), (6.45),

aj < max| max c12’k(””)|ek|2m+E,,,2’k(57”),
0<k<K'—1

1
— max C]C22 K(r— U)2 (k—K)(r— U)lek|200+E 2~ k(s— U))
Cy) K'<k<j

IA

1
max< max c0c1(2 (r=v) )k (Ef+ Ey), — max 27 k=K Vlegla. )
0<k< ) K'<k<j

+ Ey.
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But, since c; > 1 and d > 2,

max  coc1 27V = coe; 7 TVDK T < coe1e 27V )X
0<k<K'—1

C16227K(r7U)CQdK ,

IA

and, by (6.45),

, 1
(6.46) a; < max <c0dK (Ef + E,), — max 2<"K><”>|ek|2,oo> + E,,
Cy K'<k<j

4 |ek|200
6.47 < ma d¥X(E +FE,), max —— |+ E,,
©647) < x<co (B + Ey). max S0

for j > K’. We claim that (6.41), (6.44), (6.47) yields the polynomial bound on the
growth of e; given by

(6.48) lejl2.00 < c2(Ey + Ep)j"[j — K' 4 cod® 1,

for j > K'. This is clearly true for j = K’ by (6.41)and ¢, > 1, K’ > 1. Suppose (6.48)
holds for j with K’ < j < n. We then have, from (6.44), (6.47), (6.48), and (6.45),

lensilro0 < 2(Ef +ay)(n+1)" < co(Ef + Ey)(n+1)"

4 |ek|2 00
d5(E Ey), klz,00
+ max <C2C() (Ef + Ey) KI/I;%); %

)(n+1)"

IA

c(Ey + Ey)(n+1)"
+ c2(Ef + Ey)(n 4+ 1)" max <cod’(/, nax [k — K + codK/])

= )(Ey+ Ep)(n+ D"[n 41— K’ + cod¥'1.
This shows (6.48) for all j > K'.
Step 3: Conclusion. It is now rather easy to see that (6.48) implies (6.37). We note first
that there is a constant ¢z such that
k=K== — K'Y < 3, Vk> K’
It then follows from (6.45), (6.46), (6.48) that, for j > K’,

aj < max <c0d’<’(Ef + Ey), max 2k (B, + EKk — K+ codK’]>
'<k<j

+ £,
< (Ef + Ey)max(cod® . ¢3+ cod®) + E, < C(Ey + Ey).
On the other hand, for 0 < j < K’, we get, from (6.42) and (6.41),

a; < max [coe12 7 TdH(Ep + Ey) + E,27F07)
0<k<K’

< coe12 KA (Ep + Ey) + Ey < C(Ef + E,).
The stability (6.37) then follows from (6.44). |
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Remarks.

(1) The result in Theorem 6.4 shows that setting wavelet coefficients w; ; to zero,
beyond a certain level, leads to a stable compression scheme. For example, suppose that
the wavelet coefficients decay as

(6.49) Wilo <277, A >0,

and that we set

Wj= 0 .
, j>J.

) :w,-, 0<j<J

as well as fo = f,. This corresponds to doing the reconstruction of the curve exactly in
the first J levels, and using only the pure subdivision scheme for further refinement of
the curve. Theorem 6.4 can then be applied at level J with E; = 0, E,, = ¢27/*, and
s = A, so that

(6.50) If; = Filhoo <C277%, Vj=>0.

If we are in the setting described in Theorems 5.7 and 5.8 we know from (5.30) that the
nonuniformity is controlled at level J, hence N'(x;) < R, where R is the bound for the
weakly contractive scheme S. (R = oo for § = S,). When we proceed beyond J, using
only § for refinement, ¥; remains strictly increasing and A (¥;) < R trivially, since §
is weakly contractive. In particular, we can define the perturbed function )7]/ (x) as the
piecewise linear interpolant of }j = (%;, y;) forall j and denote by 77 (x) the limiting
function obtained when j — oo. It then follows from (6.50) that

ly =77l < 2774,
(2) One can also consider a thresholding scheme. Let us again assume (6.49) and set

- Wik, |wikl = &,

Wik =
0, lwj k| < &.

We then have |wj ; — W) x| < & forall j, k, as well as |w; x — W; x| < |wjx| < 27 It

follows that, for 0 <k < 1,

lwjx — Wjxl <e'¥cK 27,
If fo = ]”0 and « > 0, then we obtain from Theorem 6.4 that
6.51) )= Fiboo SC'¢e'™, k>0,

where C’ depends on the product Ak.

In this setting we cannot be sure that X; remains strictly increasing for all j, and we
cannot define the functions y;(x) as above. The normal parametrization of the perturbed
curve remains well defined however, and we let %;(¢) and v;(t) be the piecewise linear
interpolants of 277k, X;) and 27k, y ;), respectively. We denote the limits as j — oo
by x(¢) and v (¢) and also set [(t) := (X(1), v(¢)). Then (6.51) shows that

sup [T (1) — T ()] = sup ||x(t) — %> + [y (1) — 7O *|"* < C'c*e' .
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7. Examples

We conclude this paper with several examples. We first look at the class of Lagrangean
interpolating subdivision predictors S,;. The predictor Sy uses order 2/ — 1 Lagrange
interpolation. The simplest case, [ = 1, corresponds to the midpoint rule; for [ = 2 one
obtains the well-known four-point scheme; we also consider [ = 3 and [ = 4 here. The
width of the scheme increases with / (B = 41 — 2), as well as the regularity of the limit
function. This therefore provides a nice test family to check the dependence on o of the
decay of the normal wavelet coefficients or the smoothness of the parametrization. We
also consider one hybrid case from [7]. Finally, we study an example to test some of the
restrictions imposed in the theorems. In particular, we often require that the function y
be C# with 8 > 1. We introduce a curve in Section 7.2 that is merely Lipschitz (8 = 1),
for which many of the conclusions of our theorems do not hold, showing that 8 > 1 is
necessary.

7.1. The Lagrange Interpolation Prediction Schemes Sy

7.1.1. Two-Point Scheme. In the linear case we simply have

155 oo = 1)
Hence i = 0 is p-suitable for p = 1,506 > 1. If y € C?> we have Q > 1 in
Theorem 6.3. The worst case is Q = 1, for which P = 0, x = 1, and n = 0. Then
x(t) € Lip!, which is optimal. Theorem 6.3 also predicts that the wavelet coefficients
decay as 0Q27%),
7.1.2. Four-Point Scheme. For the cubic case we start from the estimate

3]..[3 3
1555 oo < 21w

Hence i = 1 is p-suitable for p = 3,s0 6 > 2. If y € C?, Theorem 6.3 gives Q = 2
and x(1) € C*, which again is optimal. If y € C*** we get Q > 2 and Theorem 6.3
predicts that the wavelet coefficients decay as O(j2~%).

7.1.3. The 2—4 Hybrid Scheme. Let
Sw =0 —w)S + wsSy, O<w<1.
This convex combination of S, and Sy is of order two and |S1[u2]|00 = 2, hence ¢ >
2 —log, 2 = 1, which is not sufficient to prove that x(t) € C I However, we can also
use the fact that
(S5 |0 = 4 — w.

This means that 6 > 2 — %log2(4 —w) > 1forw > 0, so x(¢) € C' by Theorem 6.3
when y € C2.
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7.1.4. Six-Point Scheme. For the six-point scheme we start from the estimate
51,15 5
1S9 o < 4,750

Hence = log, 4.75 is p-suitable for p = 5,506 > 5 —log,4.75 ~ 2.75. If y € C?,
Theorem 6.3 gives Q > 5 —log, 4.75 &~ 2.75 and x(¢) € C*7>, which is not optimal. If
y € C*, Theorem 6.3 predicts that the wavelet coefficients decay as O(2737%),

One can show that the six-point scheme actually has a limit function with regularity
2.83. (This value is obtained by L!-estimates of the decay of the Fourier transform of
the limit function. Because the mask of the subdivision scheme defines a nonnegative
trigonometric polynomial for Lagrange interpolating subdivision, the Fourier transform
of the limit function is positive as well, so that this L'-estimate can be shown to be
optimal.)

7.1.5. Eight-Point Scheme. For the eight point scheme we start from the estimate
707 7
155 % oo < 131%) oo

Hence p = log, 13 is p-suitable for p = 7,50 6 > 7 —log, 13 ~ 3.30. If y € C*,
Theorem 6.3 gives Q > 7—1log, 13 ~ 3.30and x(¢) € C*3°, which again is not optimal.
If y € C°, Theorem 6.3 predicts that the wavelet coefficients decay as O(2~+3%). Using
Fourier methods one can show that the optimal regularity of the limit function is 3.55.

Numerical examples for S, to Sg are given in Figure 7. It shows that the observed
behavior is very close to the precise theoretical prediction.

7.2. A Counterexample if B < 1

We will show here an example of a Lipschitz curve for which results in the earlier
sections break down. This indicates that the requirement in the theorems that y € C#,
with 8 > 1, is close to optimal.

Take r suchthat0 <r < 1/ \/5 and set

1472

YToa=ry

It is easy to see that « is an increasing function of r and that 0 < r < 1/+/3 implies

% < o < 1. The curve we consider is inspired by the graph of an increasingly oscillating

function, such as
(7.1) @(x) = rx cos(w log x/log o)

for 0 < x < 1 and constant for other x. For simplicity, we consider a piecewise linear
approximation of ¢, for which one gets simple formulas for all the quantities in which we
are interested. More precisely, for 0 < x < 1, let y (x) be the piecewise linear interpolant
of the points (z, u,) given by

fth=af, up = rty cos(rr logty /log ) = rte(—1)%, 2>0.
For x <0, set y(x) =0and y(x) = r forx > 1. The curve is illustrated in Figure 8 for

=1
r=s.
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Fig. 7. Numerical study of the first Lagrange interpolation subdivision schemes, S to Sg. The left column
shows the normal multiresolution approximation at levels j = 3, 4. The right column shows the decay of
wavelet coefficients as a function of level j (solid, bold) compared with the function 27/(@+D with 9 =
1,2,2.83,3.55 (dashed, bold) together with the nonuniformity measure A (x;) as a function of j (solid)
compared with the function 27/ MM@=1.1) (dashed). In these diagrams it is important to compare the slopes
of the solid and dashed lines.
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Fig. 8. The curve in Section 7.2 for r = %

We note that y is a continuous bounded curve, well defined when r is in the stated
interval. Moreover, recalling that « < 1, we see that y is both Lipschitz continuous,

y(x) —y ) Uy — Uy i1+ 1 l+a
Q(,y)=sup|—————| = ——|=supr =r ,
X —Xx ¢ | tey1 — L ¢ ter1 — Iy l -«
and of bounded variation,
TV(y) = iWZH — ugl =ri|lz+1 +1| =r(1 -l-()l)io/Z =V1 +a‘
=0 =0 =0 l—a

It is clearly not C!, though. (Neither is ¢.)

We apply the normal scheme to the curve, with xy = k and the two-point subdivision
scheme §, as predictor. To go from level j to level j + 1 we need to solve the equation
in (5.1),

Xjk + Xjk
(7.2) (xj+1,2k+1 - %) (Xj k1 — Xj 1)
Yik + Vjk+1
+ (yj+1,2k+1 - %) Yjk+1 — Yjw) = 0.

There are in general many solutions to this equation for which Ax;;; > 0 and we are
free to set a rule telling us which one to pick. In particular, we can take the solution
that is furthest away from the predicted point. In that case we will have x; o = 0 and
x;,1 = t; for all j. This follows by induction after inserting these expressions into (7.2)
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with k = 0,
t . ) '
J J 1 |
(fﬂrl - 5) I+ (“j-H - —> uj = (@ — Da¥ + (—a — Hria?
= o¥(a(l =r?) = 3(1+r%) =0.

Since y is linear between the interpolation points (#,) it also follows by induction that
the jth level normal multiresolution approximation y;(¢) is exact fort < O and ¢t > ¢;.
This means that the wavelet coefficients are zero for k # 0. For k = 0,

) . i .
3) (i) =3 ) = ol @ = 4 r(=D @+ 1) = = (=1,

1 —
Hence,
ra/14r2 ;
Wiloo = |wjol = ﬁa' ,

and since we can pick « as close to one as we like, we can indeed construct Lipschitz
continuous (and BV) curves where the normal scheme has arbitrarily slow exponential
convergence. Similar estimates would hold if we chose y to be the graph of ¢ defined
by (7.1).

This curve also provides a counterexample to a few other results in the earlier sections
of this paper. We note that

2-J, k<Oork > 2/,
(7.4) (Axj) = 14, k=0,
27 (oo — =), 20 <k <2t 0<i<],
277, k<Oork>2/,
_ o, k=0,
1l -« . .
J i i+1 : .
aziaH—l’ 20 <k<27,0<i<],
and, since o > %,
1l -« (1 i . w
(ij:(xj <;—1>(205) <al =27,
)
|Axjloo = (Axpo =l [x] = Qo).

By taking o > %, this shows that Lemma 6.1 does not hold when y is just Lipschitz.
Furthermore, just as for the wavelet coefficients (Sy (x;) — y(Sx;))x = O fork # 1.
Suppose we let

o =271 nezr,

so that
lj

J 2(—j—2n)/2n — aj+2n — tj+2n-
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Then
() t ()
(Sy (x)) —y(Sx)) = VZJ —y (é) = yz’ = ¥ (titan)
. t;
= r(=1)/ (5 - r_fm(—l)z") =0.

Therefore,

1Sy (x)) = y(Sx)|lee =0,  Vj>0.
But, by (7.3),

2

1—r2
SO |xj41 — SXjleo > |SyY(xj;) — v (S5x;)|o for all j, even though [Ax;|o — 0. Hence,
Lemma 5.5 is not true when y is Lipschitz.
Finally, the last statement of Theorem 5.8 breaks down for Lipschitz curves. By (7.4),
(Axj)o

N(xj) = m = Qa)’,

)41 — Sxjloo = @ > 0, V>0,

which blows up if we pick o > 1.

8. Open Questions

The work in this paper was motivated by the application of normal meshes in surface
representation and compression. In [13] it was noted numerically that normal meshes are
stable, yield smooth parametrization, and allow for superior compression. In this paper
these observations were proven theoretically for curves. More work needs to be done
for the case of surfaces. For fairly smooth surfaces, C! and beyond, we expect many of
the results of this paper to carry through. However, the more interesting question is how
normal meshes work for less smooth spaces, particularly spaces that are used to model
natural images such as BV, and the Besov space Bll,l.

So far normal meshes have only involved interpolating subdivision schemes. It is well
known that both in the curve and the surface case, noninterpolating or approximating,
subdivision schemes not only yield smoother functions for a fixed support, but also
result in fewer oscillations or more “fair” limit functions. Therefore, noninterpolating
schemes are preferred in practice. Interesting open problems are the construction of
normal multiresolution for noninterpolating subdivision and the use of the approximating
subdivision machinery in this paper to study its properties.

After finishing this paper we learned of the work of Jansen et al. [12]. They use
normal meshes to approximate piecewise continuous height fields and observe that nor-
mal meshes have the capability to adaptively approximate the jump in a way similar to
wedgelets and curvelets. They conjecture that for the class of so-called “Horizon images”
normal meshes converge as N ! instead of the regular wavelet rate of N =3, They show
that for piecewise continuous functions, the average L? decay is even N !¢ again com-
pared to N~ for regular wavelets. This shows that to study normal multiresolution,
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the class of piecewise continuous functions may be more appropriate than the larger
Lipschitz class we considered.

Appendix A. Weak Contractivity of S,

Itis clear that S, is weakly contractive with bound R = oco. In this appendix we show that
any convex combination of S and Sy is also weakly contractive with a bound in the range
Re[3+ 24/2, 00). This result, as well as an outline of the proof, was communicated to
us by van Damme [19].

Proposition A.1. The subdivision scheme
Su,:(]—W)S2+wS4, 0<w=1,

is weakly contractive with bound

S (1+y1-3)
(A1) R=—(1+/1——)—1.
w 2

Proof. Asin Section 5 let x denote the initial level and X the level after one refinement,
so that ¥ = S,x. Moreover, let v = N (x). Finally, we set

w
Ve 1= g((Ax)l-&-l — (AXx)¢—1).

We then need to show that if v < R, then X is strictly increasing and

(A.2) max< (Af})k , (Ai3k+l> <v, Vi
(AX)ip1 (AX)

To show that X is strictly increasing, we start by estimating v, in terms of (Ax)y,

w | (Ax)e—1 (AX)eyi

w 1
el = A0 "R, T Taw, | = AR <v - 5)
_ w =D+ 1)? v—1(R+ 1w
= (Ax)eg—(v i < (Ax)zv Y1 R 3

The last step follows since (x + 1)? /x is increasing on [1, o). We note, moreover, that

A3 R+?=2(14 1-Y 1o YLD Ry UL B
' T w? 2] T w? 2 2w’

SO
v—1
v+1

(A4 [vel = (Ax)e
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Now let £ = |k/2]. We have, from (A.4),

w {(Axn_] — (AxX)p1, k=20,

2(A%); = (SWAx), = (Ax), + —
(A0 = (S A0 = (A0 N (Ax) + (Ax)esr, k=204 1,

> (Ax)e — [ve] = (Ax) (1 - 1) C T

v+1) 7 v+1

This shows that X is strictly increasing.
Suppose now that k = 2£. Then, again by (A.4),

(AX)2e  (AX)2e41 (SMAx)2  (SITAX)2041
max _ , . = max i , i
(Ax)ZlJrl (Ax)% (Sw Ax)zprl (Sw Ax)ze
((Ax)z —ve (Ax)e+ vz)
max ,
(Ax)g + vy (Ax)e — v
4+ v—1
_ (Ax)¢ + |vel - v+1
(Ax)e = lvel = _ v—1
v+1

proving (A.2) for k even. Suppose next that k = 2¢ 4 1. Then
(AX)2e41 (AX) 240 (SMAX)2 41 (SITAX)2042
max . , ~ = max T » T
(AX)2e42 (AX)2e41 (S AX)2rs0  (Sh AX)2eq1

< (Ax)e + vy (AX)pq1 — Uz+1)
= max , )
(AX) o1 — Veyi (Ax)e + vy

Moreover,

w
VU + ey = g(_V(Ax)E—l + V(AX) 41 — (AX)¢ + (AX)g42)

v

%(—#(Axn F0(AX) 41 — (AX)y + (AX) g1 /1)

w

1
-3 (v + —) W(AX)e — (AXx)g41),
v

and

w
Ve + Vv = g(_(Ax)l—l + (AX)ey1 — v(AX)¢ + V(AX)y2)

%(—(Axn/v F (AX) a1 — v(AX) + V2(AX) 1)

IA

w 1
= 3 <V + —> (W(AX) 11 — (Ax)).
v

Since x + 1/x is increasing on [1, co) we get, from (A.3),

w +1 v R+l <1
“fp+= ht — ,
8 v/~ 8 R/ ™
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and, therefore,
((Ai)zul (Af)2e+2>
max — , —
(AX)2¢42 (AX)2041
— max <vz + vVt + (Ax)e —vvgrr — (Vv + vey1) + (AX) g + VW)
(AX) g1 — Veg1 ' (Ax)¢ + ve
(V(Ax)l+1 — vy V(AX) + UU@)
< max , =
(AX) g1 — Veyi (Ax)e + vy

This shows (A.2) for k odd and thereby the whole proposition. [ ]
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