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Abstract

We present a family of high-order trapezoidal rule-based quadratures for a class of
singular integrals, where the integrand has a point singularity. The singular part of the
integrand is expanded in a Taylor series involving terms of increasing smoothness.
The quadratures are based on the trapezoidal rule, with the quadrature weights for
Cartesian nodes close to the singularity judiciously corrected based on the expansion.
High-order accuracy can be achieved by utilizing a sufficient number of correction
nodes around the singularity to approximate the terms in the series expansion. The
derived quadratures are applied to the implicit boundary integral formulation of surface
integrals involving the Laplace layer kernels.

Keywords Singular integrals - Trapezoidal rules - Level set methods - Closest point
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1 Introduction

The trapezoidal rule is a simple and robust algorithm for approximating integrals.
In general, it has second order accuracy, but when applied to compactly supported
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smooth functions, the accuracy is much higher. However, as the integrand becomes
less smooth, the accuracy deteriorates, which makes the method unsuitable for singular
integrals such as those found in boundary integral equations. This paper develops
a systematic approach to derive high-order corrected trapezoidal rules for integrals
involving a class of integrands that are singular at one point.

Let f : R"\ {0} — R be a compactly supported function with an integrable
singularity at 0. A crude way to approximate its integral is with the “punctured”
trapezoidal rule T,?, where i denotes the discretization parameter. It equals the standard
trapezoidal rule, but sets f = 0 in a in a small h-dependent region N, surrounding
the singular point

Tfl=h" Y .

yEhZM\N;,

This gives a low order accurate approximation. With R;[ f] denoting the error in
the quadrature rule, we write

/3®M=ﬁm+mwl (1

One direction to improve the accuracy is to add back the function values at the excluded
points in A, with judiciously chosen weights, such that they well approximate R [ /1.
This can be seen as a correction of the standard trapezoidal rule, locally around the
singularity. The overall simplicity of the method is therefore maintained. The approach
has been used, for example, in [1-4] for the trapezoidal rule and in [5, 6] for other
quadrature methods.

In this article, we consider two-dimensional singular integrands f = s v, where
veCxr (R2) and s is of the following form:

1 X
s(x) = —+¢ <|XI, —) , (2)

x| Ix|

for some smooth function £ : R x S' — R. Nevertheless, £ (]x|, x/|x|) is not neces-
sarily a smooth function of x in 0 if £(0, u) is non-constant in u. Singular functions of
the type (2) are found in many applications. For instance, if g : R> — R> has a simple
zero at the origin, then s(x) = 1/|g(x)| is of this type, as proven in Lemma 3.3. They
also characterize the singular behavior of the kernels found in the boundary integral
equations for elliptic problems. In three dimensions, the kernel is a function of two
spatial variables, X, y, but the integral typically involves the product of the kernel and
a smooth function over a smooth and compact surface. In this setup, the singularity
in the integrand depends on 1/|X — y| and also on “the angle of approach,” which
corresponds to the way y approaches x along a two dimensional surface. See Fig. 1
for an illustration of the singular behavior of boundary integrals layer kernels. Note
that we limit ourselves to compactly supported integrands. These can also be seen as
the restrictions of periodic functions which are smooth away from the point singular-
ity. If the integrand is not zero at the boundary of the integration domain, additional
boundary corrections must also be introduced; see discussions in [1, 7].
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Fig. 1 Singular behavior of a layer kernel. Two plots related to the double-layer kernel Z?Tci(’_" y) =

aaT(i(v(O, 0), v(0, ¢)) from boundary integral formulations, where v(60, ¢) is a surface parametrization
centered around X = v(0, 0). The kernel is in the form (2) using (8, ¢) near its singular point. On the left,
we plot the kernel gTGV (v(0,0), v(8, ¢)) on auniform grid around (0, 0). On the right, we plot £(|w|, w/|w]),

W := (0, ¢), obtained by multiplying the same kernel by |w|. We can clearly see that £(0, u) is not constant
inu

In [8], we derived a second order accurate method. In this paper, we generalize our
approach systematically to derive higher order methods. Our approach is to Taylor
expand the function £ in its first argument and recognize that the smoothness of the
remainder term increases with order and can eventually be integrated accurately with
the standard trapezoidal rule. We therefore only need to derive corrections for the
leading Taylor terms, which are all of the form |x|/ ¢ (x/|x]), for some jand ¢ : S' —
R. The details are presented in Sect. 2.

One of the main motivations for the proposed approach is to provide the implicit
boundary integral methods (IBIMs, see [9]) with high-order convergent quadratures.
IBIMs are volumetric integral formulations of classical boundary integrals and do not
rely on explicit parameterization of surfaces (the “boundary” in the boundary inte-
grals). The IBIM approach gives a way to compute accurate surface integrals, integral
equations, and variational problems on surfaces for other non-parametric methods,
including the level set methods, e.g., [10—13], and the closest point methods, e.g., [14,
15].

In Sect.3, we apply our new high-order corrected trapezoidal rules to the singular
integrals derived from IBIMs. In that formulation, the integrand is singular along a
line, and for each fixed plane, it has a point singularity. To compute the volumet-
ric integrals from IBIMs, our quadrature rules for integration in two dimensions are
therefore applied plane by plane; see Sect. 3.1. We show in Theorem 3.1 that the result-
ing singularity on each plane is of the type in (2) and derive explicit expressions for
the required terms in the expansion. Some efforts are needed to extract the needed
geometrical information of the surface. Specifically, intrinsic information about the
surface (principal directions and curvatures and third derivatives of its local represen-
tation) together with extrinsic information (signed distance function to the surface)
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are needed to apply the quadrature rule in addition to the information needed for the
IBIM formulation.

Finally, numerical simulations for selected problems in two and three dimensions
are presented in Sect.4.

2 The corrected trapezoidal rules

The standard trapezoidal rule has a low order accuracy when applied to singular
integrals. In this section, we show how one can raise the order of accuracy for integrands
that are singular at a point, by correcting the computations at a few grid points close
to the singularity. This type of corrections have been applied successfully in a few
settings earlier. See, for example, [1-4].

We begin by defining the trapezoidal rules that we will work with. Let f be an
integrable, compactly supported, function on R”. We are interested in approximating
the integral fR" f(x)dx by summation of the values of f on the uniform grid hZ".
Since f is supported in a compact set, the standard trapezoidal rule becomes the
following simple Riemann sum:

Thlf1:=h" Y f(y). 3)

yehZ

In this case, the order of accuracy of the approximation is only limited by the
regularity of f.If f € CI(R"), the error is at worst O(h”). See, e.g., the discussion
and proofs in [16]. In particular, the trapezoidal rule enjoys spectral accuracy if f €
C2°(R"™). Here, C¥(R") denotes the space of compactly supported functions on R”
whose partial derivatives up to order p are continuous (of all orders, if p = 00).

If f is smooth in R” \ {xg}, singular at xg, and fRn f(x)dx exists as a Cauchy
principal value, it is natural to modify the trapezoidal rule by excluding the summation
over some grid nodes close to xo. We define the punctured trapezoidal rule with respect
to \V}, as

TYn Lf1=h" > f), )

yehZm\N;, (xo)

where NV}, (xg) defines a small neighborhood around xy, the region being “punctured”
from R". When X lies on a grid node, one typically sets NVj,(xg) = {x¢}, i.e., only
the singularity point is removed from the standard trapezoidal rule. If xy does not lie
on a grid node, one option is to remove the grid node x;, that is closest to it. In this
case, N} (Xo) = {x;}. In general, NV}, (xo) may contain several grid nodes, although the
number is typically finite and independent of h. We will write A}, ,, to indicate that
the set contains m nodes.

Here, we consider an integrand that is the product of a smooth factor v and a singular
factor s, which takes the form (2) near the origin. The punctured trapezoidal rule
converges for such singular functions, albeit with a lower rate. In the case AV}, (xo) =
{x5,}, we have the following theorem.
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Theorem 2.1 Suppose v € C°(R") and s(- — Xp) v(-) € CXR" \ {xo}) for any
xo € R". Assume furthermore that for some ro > 0 there exist j € Z and { €
C>®((—rg, ro) x S"~1) such that

. X
s(x) = |x|7¢ (IXI, —) . X € By(0).
x|

Then, for j > 1 —n,

‘/ s(x = X)v(x)dx — T)) - [s(+ — X0) v(-)]' < it
R® ’

where the constant C is independent of h, but depends on j, £ and v.

The proof is given in the Appendix, where without loss of generality, we consider
x9 = 0 and N}, (0) = {0}.

We now give a brief summary of the steps that we shall take in Sections 2.1-2.5
to correct the trapezoidal rule for the two-dimensional case n = 2 and j = —1 in
Theorem 2.1.

In Sect.2.1, we expand £ in its first argument to derive a series of the form

1 q
sx) = —¢ <|x|, 1) =3 5 + Bys(x),
k=0

x| x|

for some functions s; and Ays. Theorem 2.1 states that the error Ry, as defined in
(1), in applying T}? N, O integrate s; is bounded above by A**!. More precisely,

Ralsk (- = x0) v(-)] ~ O(h* ).
In Sect. 2.2, we derive a weight o for approximating the error Ry [sx (- —Xo) v(-)].
Multiplication of the weight by any smooth function v should yield

Rulsi (- — x0) v()] = i M wv(xy) + OK ),

where xj, is the grid node in 2Z? closest to Xg. In addition, the weight depends on sy
but not on /& and v. With this weight, we define

Qulsk (- = x0) ()] := Ty pr [sk (- = x0) v( )]+ K wv(x).

Consequently,
fRz 5k (X = X0)vX)dx = 0} s (- — X0) v(-)] + O,
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We then generalize this approach systematically in Sects.2.3 and 2.4. Eventually,
we obtain quadratures

p
07 Is(- =x0) v()]:= Ty [se(- = %0) (DT +AH Y " wr v,
i=1

such that
/2 Sk(X — XO)U(X)dX = Qflj[sk( R XO) 'U( . )] + O(l’lk+l+p),
R

formally for any k£ > 0. Here, p > p is a constant and X, ; are grid points near Xo.
These will be described more carefully later.

Remark 1 The quadrature rule Qf: [sx] depends on the value of k in the subscript of
Sk, in addition to the function s, but for simplicity of notation, we will not make this
distinction.

Finally, in Sect.2.5, we combine the quadratures Q;; for s; v to define a quadra-
ture L{f of order p > 2 for the function s v (recall that s is expanded into a sum
of s fork = 0,1,---, g, and Ays). The order p specifies how many expansions
terms are needed (¢ = p — 2) and which quadratures derived from correcting the

punctured trapezoidal rules are needed for each term (QF 17K for s, and T,? N, for
Ngs = DAp_os):

/2 5(x = xo)v()dx = UPLs(- — x0)( )] + OGP
R

p—2
= > 07 Is(- = x0) v()]
k=0
+ T3 p;, [8p-25(- = X0) v( )] + OP).

2.1 Expansion of the singular function

To integrate the function s(x) = |x|~'¢(|x|, x/|x|) in (2) with high-order accuracy, we
use a divide et impera strategy. For any u € S', we expand £(r, u) with respect to the
first variable, and approach each of the expansion components separately: £ becomes

1
2(r,u) = £(0,u) + r 8,£(0, u) + Erza}z(o, WAt

and we write s formally as the series

s(x) = s0(X) + 51(X) + 52(X) + - - -
1 X X X
= — o (—) + ¢ (—) + Xl ¢2 <—> e
x| x| x| x|
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o) () = et (0)
where si(x) == x| | — ), and ¢ | — ) :=—=09,4({0, — ). (5)
x| x| k! x|

If we use g terms in this expansion, we expect that these terms s; strip away the
singularity in s at x = 0 so that what is left behind from the expansion, i.e., the
remainder term

Dgs(X) = 5(X) = (s0(X) +51(X) + -+ + 54 (X)) (6)

can be approximated directly with the (unmodified) trapezoidal rule and achieve the
order of accuracy desired without needing special quadrature.
This property is expressed in the following lemma.

Lemma 2.2 Let s be of the kind (2). Let ro > 0 be such that £ € C*°((—rg, ro) X sh.
For any integer q > 0, there existo : R x S! — R such that o € C*®((—rg, ro) x S!)
and

Dgs(x) = [x|To (|x], x/|x]). )

The proof of this lemma can be found in the Appendix. From this result and the
previous Theorem 2.1, we can express the following lemma.

Lemma 2.3 The term Ays in (6) is integrated by the punctured trapezoidal rule (4)
with order q + 2:

‘f Ags(x — Xp)v(X)dx — Tﬁ?/\fh [Ags(-—xp)v()]| < Chit2,
R2 ’

Hence, to get high order, it is sufficient to derive corrected trapezoidal rules for the
expansion terms

se(x) = [x[* gy <i> k=0,1,2,3,.... ®)

x|

We start from first order correction for si in Sect. 2.2 and end with a general description
for an arbitrarily high-order method for s in Sect. 2.5.

2.2 First order correction

Our goal in this section is to derive a first order in & correction for the punctured
trapezoidal rule applied to

/ sk (X — xg)v(x)dx, )
RZ

for s of the form (8). We assume ¢y € C®°(S"), k > 0, and v € CSO(RZ). This
correction will yield an error with its largest part proportional to %2,
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2.2.1 The singular point rests on a grid node

Without loss of generality, we assume that x) = 0 and lies on a grid node. For such
cases, the set V}, typically contains only the grid node where the singularity is. In our
case, NV, (0) = {0}. The smoothness of s; in (8) increases with k. Theorem 2.1 tells
us that for a function of this kind (two-dimensional, j = k — 1) the error behaves as
follows:

‘ / sk(X)vX)dX — Tj,, 7, [sk v]| < CAFTL
RZ

Following [2], one can show that the error has the form
[ sk00uax = 70 g 01 + 44 wlse o) + O ),
R2 o

where w[sy] is a constant independent of v and /. In [2] this is proven for so(x) = 1/|x|
(k=0and ¢g = 1).
Hence, we define the first order correction Q}l to the punctured trapezoidal rule as

Qulsi v] := Ty xx [si v]+ 1w [se]v(0). (10)

This quadrature rule thus corrects the trapezoidal rule in one node, the origin. It will
then have an error of size O (h¥*2).

Remark 2 In the special case when ¢ = 1, due to symmetry with respect to the grid
node at 0, the @ (h**+2) terms cancel out, and Q ,12 achieves an accuracy of OhF+3).

To find the weight w[s;] we exploit the fact that it is independent of the smooth
part, v, of the integrand. Therefore, one may judiciously pick a smooth test function, g,
which facilitates the computation of the weight. We choose a test function g € C2° (R?)
which is radially symmetric and g(0) = 1. We construct a family of weights {wp};
such that the corrected rule with grid size & integrates exactly our test function g:

fR (g = Ty, st 81+ A oplsilz 0)
1
= onlsd = oy [ /R _SkX)g(X)dx — T)) 7 [k g]] :

We define w[si] by the limit

. . 1
wlsi] := hl_lngr skl = hhm Azm) |:/le sr(x)g(x)dx — Tho.,/\/'h [sg g]:| .

—0t
Note that since g is chosen to have compact support, U N, [sx g] is a summation

of a finite number of terms. By choosing g radially symmetric, g(x) = g(|x|), the
two-dimensional Cauchy integral fRZ sk (x)g (x)dx can be efficiently approximated to
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machine precision, e.g., using a Gaussian quadrature, by passing to polar coordinates
X = r(cos 9, sin )

oo 2
/ sk (x) g (x)dx =/ rkg(r)dr ¢r(cos O, sin6)do.
R2 0 0

2.2.2 The case of singular points lying off the grid
In most existing works, see [1-3, 7], one assumes that the singularity lies in the origin

xo = 0, or equivalently falls in one of the grid nodes. However, for integrals arising
from the IBIM, one must consider the more general case

[ svx = xapocax, an
R2
with s as in (8) and xo ¢ h7Z?*. We let x;, be the grid node closest to xq, satisfying

11
Xp =Xh(X()) :arg min |X_XO|7 XO:Xh+(ahv ﬁh)s asﬂ € |:__9 _>a
xehZ? 22

as shown in the left plot of Fig.2. Correspondingly, we define N}, 1(xo) = {x;}, and
the punctured trapezoidal rule becomes

Ty WA1=0 Y f®).

x€hZ2\N,1(X0)

X X ,=X
0‘}}? < h2l h3~ “*h

Il
1t

h Bh{

Xh,l oh X

hyd

Fig.2 Singularity unaligned to the grid. The parameters «, B are used to characterize the position of the
singularity point X (red circle) relative to the grid in two different settings. Left plot (first order correction):
position of the singularity point relative to the closest grid node xj, (yellow square). Right plot (second order
correction): position of the singularity point relative to the four surrounding grid nodes x, ;,i = 1,2,3,4
(red squares except X;, 3 = X, which is yellow)

@ Springer



60 Page 10 of 47

One can observe from numerical simulations that

/ sk(xX — Xp)v(x)dx = T,ng sk —x0)v ()]
R2 '

+ W wlsi; a, Blu(xp) + OKFF?).

12)

Hence, the weight w is still independent of v and %, but now depends on the relative
position of the singularity with respect to the grid, («, 8). Moreover, the function v
is evaluated in x;, rather than in the singular point x(. Following this observation, we
define the first order correction Q }l to the punctured trapezoidal rule when x( does
not fall on the grid as

Qlsk(- = xv()1:= T, x5k (- = x0)v()] + HH wlsis @, Blutxs). (13)

Again, this gives an overall error of size Oh 2y,

The weight only depends on the relative position of the singularity with respect to
the grid. We therefore set xo = 0 and, fixed & and («, ), shift the grid by («, B)h.
Hence, the weight is defined as the limit of the sequence:

wlsg; a, B == hlin(}+ wp[si; o, B, (14)
where
1 fe kg = T o s = (@ (- — @ p)h) |
wplsi; o, Bl = ' .

it g(—=(a, p)h)
The test function g is chosen as in the previous case. The advantages of this choice

are going to be the same, e.g., the integral fRZ sr(x)g(x)dx = fRZ sr(x—(a, B)h)g(x—
(e, B)h)dx can be computed fast and accurately by passing to polar coordinates.

2.3 Second order correction

The goal now is to build a quadrature rule with error O (h**3) for the integrand
sk (X —Xp)v(X) by approximating the quadrature error R, of the punctured trapezoidal
rule Tf N, fO higher order. We have

fsk<x—xO)v(x>dx=T,?,M”[sk(-—xO>v(-)]+Rh[sk<-—xO>v<-)1. (15)
R2 !

Since both the singular integral and the punctured trapezoidal rule are linear in sy v,
we generalize the ansatz for R, in (12) to achieve higher order accuracy by expanding
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v at a grid node X, close to Xq:

Ralsk(- — x0)v( )] =h*Molsi; a, Blv )

4 k2 <ux[Sk; o; ﬂ])T Vo) + OG3)
uylsi; o; Bl '

This ansatz requires three weights w[si; o, Bl € Rand (ux[sk; «, Bl, uy[sk; a, BNt
e R2. ‘We further replace the partial derivatives of v at X;, by finite differences of v on

Xni}_ 1 Xn1 = X

p . .
Vo(xp1) = hl Z%ZI Mx,i V(Xp,i) + O,
Zizl My.i U(Xh,i)

where {1 x,i}lﬁ:1 are the finite difference weights for the derivative %v(xh, 1). Here,
the finite differences involve four grid nodes (p = 4) closest to to the singular point
Xo. They are shown in Fig.2 and given by

Nia(X0) i= {Xpi}i_; = {Zn, X+ (0,h), Xy + (h, h), Xy + (h,0)}, (16)
where X;, € hZ? is the node such that

(a, B) = Xoh;xh, for some «, 8 € [0, 1).

We remark that «, B are different from the ones for first order correction.
Based on the ansatz above, we define the second order correction Q% to the punc-
tured trapezoidal rule by

O35k (- —x0) V() =T 5 [k (- — %0) v(-)]

4 17
+ R wilsks e, Bl(xn). )

i=1

where

uxlsis o, Blivx,i + uylse; o, Bliy,i +olsg; a, B, ifi =1,

w;i[sk; a, B] := o
l {ux[Sk; a, Blix,i +uylse: o, Bluy,i, ifi > 1.

We note that as long as the finite differences are first order accurate, using them
will not change the formal accuracy of the quadrature rule.
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The next task is to find a suitable set of weights {w; [si; o, ﬁ]}f:1 for the given sy
and (o, B) so that

4
Ralsi(-—x0) v()] = hH Y i[5 o Bloxn) + OB, (18)
i=1

As before, the weight only depends on the relative position of the singularity with
respect to the grid. We therefore set xo = 0 and, fixed % and («, ), shift the grid by
(at, B)h. The four closest nodes are then

Xnity = {h(—a, =B, h(—a, 1 = B), h(1 —a, 1= ), h(1 —a, —B)}.

Formula (18) suggests that we can set up four equations, involving four suitable
functions {gj}‘;zl: forj=1,2,3,4

4
Zgj(Xh,i)wi,h[Sk; o, B]

i=1

= 174 ([ sk 000x = 7 g sk = @ B g5 = (e )

Fixed & and («, B), this corresponds to imposing that the rule (17) integrates exactly
the functions sx (X — X0)g; (X — x¢), j = 1,2, 3, 4. Then, the weights are found as

wilsg; o, B == Ai_f)f})wi,h[sﬁ a,Bl, i=1,2,34

We choose the test function gy = g € C¥° (Rz), radially symmetric, such that
g(0) = 1 and Vg(0) = 0. This function behaves like the constant function one near
0 and decays to zero smoothly so that the integrand is compactly supported. These
properties facilitate efficient and highly accurate numerical approximation of [ sx g;.
We then use

gx,y) =xgx,y), gx,y) =ygx,y), galx,y) =xygx,y), (x,y)=Xx.

Out of the four conditions, the first three translate to the weights correctly integrating
any function of the type sx ¢, ¢ € Py, i.e., ¢ two-dimensional polynomial of degree
at most one. Three is also the minimum number of points needed in a stencil to have
first order accurate Vv; the fourth node (and consequently the fourth condition) is
unnecessary to reach the desired order. It is however useful for it allows us to consider
the square four-point stencil (16) instead of four different three-point stencils necessary
to describe the nodes closest to X.
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Computing the right-hand side of the linear system involves evaluating with high
accuracy integrals with singular integrands

/ 5 (X)) x' yJ dxdy = / X1 e x/IxDg () & yidxdy . k.ij = 0.
R2 R2

By choosing g(x) = g(|x]|) radially symmetric, we can write the integral in polar
coordinates X = r(cos @, sin9):

[ s x0g 0 5Ty

00 o 2 . .
— / Pt o (r)dr ¢r(6) cos' O sin’ 0 d6.
0 0

We compute the two factors with high accuracy using Gaussian quadrature. We
also reuse the computed values for different parameters (o, §).

2.4 Higher order corrections

We now generalize the approach to construct higher order corrections to the punctured
trapezoidal rule for (9). We expand the ansatz (18) used in the previous section to
achieve higher order accuracy:

81)

S V) + O,

Rilsk (- —x0) v()] = K37 a5 0, 1
[vi<p—1

where v € Ng and the weights u,, € R are independent of & and v. This ansatz
requires p(p + 1)/2 =: pmin weights. We replace the partial derivatives of v at x|
by sufficiently high-order finite differences. Given p > ppin, let

N5 (X0) = {Xp,i}_,
be a stencil of p nodes close to Xo, where X, 1 is such that

(@, B) = X0 — Xn,1

A , forsome«, B € [0, 1).

We approximate the derivatives of v using this stencil:

v p
v(x1) =AMy un i + OGP,

i=1

axV
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where {uv,i}f: | are the finite difference weights for the derivative aaTv,,v(xh,l). We
finally define the p-th order correction Qg to the punctured trapezoidal rule as

P
Q7 s (- —x0)v( )] := T w5k (—=X0)v(DI+A Y wilses o Blo(xn), (19)

i=1

where

wilscio fli= Y miwlsce Bl i=1....p.

v|<p-—1

As long as the finite differences for %v(xh, 1) have error ~ O(h?~'!) they will not
affect the formal accuracy of the quadrature rule.

We now have to find a suitable set of weights {w; [sx; «, /3]}1.”:1 for the given s; and
(c, B) so that for any smooth function v

p
Ralsi(- —x0) v()] = Y w5 o, Blo(xii) + OGETHP). (20)
i=1

Analogously to Sect.2.3, the weights only depend on the relative position of the
singularity with respect to the grid. We therefore set xo = 0 and, fixed /# and («, B),
shift the grid by («, B)h.

Formula (20) suggests that we may set up p equations, involving p suitable test func-

p

tions {g;} j=1-t0 uniquely define the weights {w;} l.p: |- We proceed as in the previous

Section and define the family of weights {w;, h}f5 | solution to

P
Zgj(xh,i)wi,h[Sk; o, B]

i=1

=n ! ( /R k()8 (X)X = T)) sk (- — (o, B)R) (- = (@t ﬁ)h]> ,21)

for j =1,..., p. Fixed h and («, B), this corresponds to imposing that the rule (19)
integrates exactly the functions s (x —X0)g;j (X —Xo), j = 1, ..., p. Then, the weights
are found as

w;i[sk; o, B] == ]}i_l)%wi,h[sk;a, pl, i=1,...,p. (22)

We use the function g similar to the one considered in Sect. 2.3, with the additional
conditions that % g(0) = Oforall |v| < p — 1. This ensures that g is similar enough
to the constant function g = 1 near 0.

By choosing the ppi, functions {g;} ffi‘ equal to g multiplied by the pyin, monomi-
als of degree at most p — 1 (xiyj, i,j€Np,i+j < p—1),weimpose that the method
(19) integrates exactly all integrands of the type s; g, g € Pp_1, i.e., two-dimensional
polynomials of degree at most p — 1. The additional p — pp;, functions can be chosen
for example as g multiplied by two-dimensional monomials of degree higher than p.
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We use p > pmin because pnin may not fit well with standard stencils. Thus it is
possible to use more nodes than ppi, and impose additional conditions. For example,
in our implementations for first, second, third, and fourth order corrections, we used
P > Pmin as shown in Table 1. A visualization of these stencils can be seen in Fig. 3.

2.5 High-order quadratures
In the previous sections we have shown how to deal with integrands of the kind (8)
sk(x = x)v(x) = |x — x0[* ' pr((x — x0/Ix —x0])v(x),  k=0,1,2,...,

wherever the singularity point X may lie, which means we can correct the trapezoidal
rule for all terms in the expansion (5)

1 X — X X — X
s(x —xp) = ¢o< )+¢1 (—)
|x — Xo] [x — Xo| Ix — Xo]

X — X0
+Ix —xol g2 (——— )+

|x — Xo]

of the singular function (2). If we know these terms explicitly we can build a high-order
corrected trapezoidal rule for the integral

/ s(x — xp)v(x)dx.
R2

We demonstrate the idea of successive corrections by deriving a second and then a
third order accurate quadrature rule.
We first write

s(X — x0)v(x) =s0(x — X0)v(X) + (s(X — X0) — s50(X — X0)) V(X)
=50(X — X0)V(X) + Aps(X — Xp)v(X).

Lemma 2.3 states that the punctured trapezoidal rule is second order accurate for
integrating Ags. If we apply the first order correction (13) to the punctured trapezoidal

Table 1 Correction order and corresponding correction nodes. To increase the order of accuracy by p,
the minimum number of nodes to correct is ppin = p(p + 1)/2 but more nodes can be used. p > ppiy is
the number of nodes we used in our tests, corresponding to the stencils showed in Fig.3

p Pmin p
1 1
2 3
3 6
4 10 12
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Xh,12 AXh,s
Xp11 Xh,2 Xh,3=Xn
L Xh 6
XO. ’ h
Xh,1 Xh,4
.
Xh,10 Xh,7
TXhﬁ Xh,8

Fig. 3 Example of correction stencils. The stencils we tested for corrections p = 1 (p = 1 node: yellow
square), p = 2 (p = 4 nodes: yellow and red squares), p = 3 (p = 6 nodes: yellow and red squares,
and green circles), and p = 4 (p = 12 nodes: yellow and red squares, green c~ircles, and cyan stars). The

singularity node is X (red circle). The nodes are {Xh,i}ilil’ and Nh’ﬁ = {Xp.i }le except for Vj, | = {x;}

rule for the first term, we get a second order approximation. The explicit formula, with
Nh,l = {x;,} as in Sect.2.2.2 and relative grid shifts (o1, B1), is:

Uls (- = x)v(-)]:= Q) [so(- — X)v ()] + T pr [Ao(- = X0)v(-)]

=h* ) sx—x0)v(X) + holso: ar il v(x).
x€hZA\N,1(x0)

This was the approach used in [8], although there (13) was used also on the second
term instead of the punctured trapezoidal rule.
To achieve third order, we expand s further:

5(X = X0)v(X) =50(X — X0)v(X) + 51 (X — X0)v(X)
+ [s(x — X)) — so(X — Xp) — 51(X — Xp)] v(X) (23)
=s50(x — X0)v(X) + 51(X — X0)v(X) + A15(X — X0)v(X).

We then use the second order correction (17) for integrating the first term, first order
correction (13) for integrating the second, and the (uncorrected) punctured trapezoidal
rule for Ays; by Lemma 2.3 it is third order accurate for Ajs.
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We use the set of correction nodes Ny, 4(xg) = {Xp.; };‘: | and define the correspond-
ing relative grid shift («p, B2). Then, the third order accurate rule L{g is

UPs(- —x0)v(-)] := 07 [s0(- — X0)v(-)] + Q) [s1(- — x0)v(-)]
+ Ty p;, [B15C = x0)u(-)]

4
=h? Z s(X — X0)v(X) +hzwi[SO;Ot2,ﬁ2]v(Xh,i)

x€hZ2\Np.4(X0) i=l
+ h? wlsi; a1, Bilv(xp)

e Z {s(x = X0) — s0(x — X0) }v(x).
XN}, 4(x0)\ N, 1(X0)
(24)
In general, given the singular function s (x — Xo)v(X), in order to build a quadrature
rule Z/l,[; of order p > 2, we need explicitly the first p — 1 (k =0, ..., p — 2) terms
of the expansion (5)

p—2 p—

2
SX) =D sk(®) + Ay asx) = Y Xy (%) + D poas(x),
k=0 k=0

and apply to the term s¢ (x) the (p —k—1)-th order correction Q g “1othe trapezoidal
rule. The punctured trapezoidal rule is used for A, _»s.

p—2
—1—k

UPTs(-=x)v()]:= D 0 Ik (- = x0)v( )1+ T ps [ p-25(- —x0)v(-)].

k=0
(25)
We can find an explicit expression for the quadrature rule Z/{,f by specifying the
stencils we use for the correction nodes. We denote by N, 5(,) the stencil of p(p)
correction nodes to increase the order by p. We assume that the stencils are increasing:
Nn,ﬁ(p) C Nn’ﬁ(p+]). For example in our tests, we took p(1) = 1, p(2) = 4,
p3) = 6, p(4) = 12, and Ny, 1(x0) = {xp} = {xn3} NMha(x0) = {xni}i_,,
Ni6(X0) = {xn,i}o_1, Ni12(x0) = {xp,i}}2,, so that Njy 1 C Njya C Nie C Nip 1.
This is shown in Table 1 and Fig.3. We call «,, B, the parameters describing the shift

with respect to xq of the stencil of p(p) nodes:

UlsC-—xou()l = 1> Y~ s(x—x0)v(x)
XEhZZ\Nh_,;(I,,l)

p—3

+h? Y > 5k (X = X0)v(%)

k=1 xeNj 5(p—1)\WNp(p—k—1)

+hP L wlsp—; a1, Bilv(xn)

@ Springer



60 Page 18 of 47

p-3 p(p—k=1)
+ R wilsk i1 Bpok—1 10 (i)
k=0

i=1

p—3
+h? Z s(X —xp) — Z sk(x —Xo) t v(x). (26)
XeNG -1 Wi ) k=0

In Sect.4.1, we show tests for the quadrature method (26) by combining first,
second, third, and fourth order corrections.

2.6 Approximation and tabulation of the weights

Given functions of the kind (8), sx(x) = [x[¥ ¢y (x/|x]), we want to compute the
weights {w; [sk; @, ﬁ]}le, defined by (21) and (22).

Fixed k > 0 and («, B8), we write the function s; (specifically its factor ¢ ) using
its Fourier series:

x = [x|(cos(¥ (x)), sin(¥(x))),
se(®) = X[ o (x/1x)) = [x[F i (9 (x))

= |x*"" [ a0 + Y (aj cos(jy (x)) + b; sin(j ¥ (x))) | .

j=1

where {a;}%° , and {b;}%° , are the Fourier coefficients of ¢. Then, by linearity of the
J1j=0 Jtj=1

weights with respect to si, we can write them as

ils; @, Bl =ao wi [IXI"_I; @, ﬁ]
+ i (cj @ [ I cos(ivrx); . 8]
j=1
+ by o [ IXI sy x0): o, 8] ),

with i = 1,..., p. We can then approximate and tabulate the weights w; [sk; o, 8]
in the following way. We fix a stencil of parameters {(cot, B1)}m.n» around («, 8) and
basis functions {c;; » (@, B)}m.» such that we can approximate a function f : RZ >R
in (a, B) as

F@B) =Y cmnle. B) f(@m, Br)-

We let N be the number of Fourier modes used to approximate the weights. Then,
given ¢y, we first find the 2N + 1 coefficients ag, {a;, b; }1/.\’:1 by using the Fast Fourier
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Transform. Then,
;i [Sk; am, Bul ~apw; [IXIk_l; Qs ﬁn]
N
+ 3 (@ o [ 11" cosy ;. B
j=1

+bj i [ X sinGiy 0); e ] )

and we can approximate the weight for (o, 8) via

wilse; o, BI 2 Y cmn(e, B oillss o, Bul,  i=1,..., p.
m,n

So, for all expansion terms k = 0, 1, ..., p — 2 used in (25), and the corresponding
corrections QZ 7171{, we need to compute and store the weights for the following
constant and trigonometric functions,

wj [|X|k_1;amaﬂn] j=1,...,N,
w; [IX[* cos(jyr (X)) o Bu] i =1,..., p(p— 1 —k),
wj [|X|k_l sin(j ¥ (x)); o, ﬂn] and all m, n in the stencil for («, B).

Remark 3 The weights w;[sk; om, Bn] are formally the limits of w; p[sk; &m, Bnl
defined in (21). We approximate the limit by w; ;+, where

W =2M M= argj_gn%l; {|wi‘2__/ —w;p-j-1]| < Tol} .

p(p)

P, we use Tol = 1078 for

In the simulations presented in Sect.4, to compute {w; }
p=1,2,3 and Tol = 10~ for p = 4.

3 Evaluating layer potentials in the implicit boundary integral
formulation

We apply the high-order quadrature methods from Sect.2 to layer potentials used in
Implicit Boundary Integral Methods (IBIM). To make the exposition clear we adopt
the following convention.

Notation We distinguish between variables in R? and R? by using boldface variables
for vectors in R? and boldface variables with a bar for vectors in R3. For example,
x € R and x € R3.

Moreover, for a vector y = (y1, y2) € R? and scalar y; € R, we frequently write
¥ = (y, y3) to mean the vector (y;, y2, y3) € R3. For example, when f : R? — R™,
we use the notations f(¥) = f(y, y3) = f(y1, ¥2, y3).
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We consider the general form of a layer potential on a smooth, closed and bounded
surface ' C R3,

/ K", y)p(y)doy, X"eT, 27)
r
with K defined by one of the following kernels:

1 1
(single-layer, SL) :  Go(x*,y) =

pre
3Go _, _ 1 & -y'n
(double-layer, DL) : H(x*, y) = - piTyPy’ (28)
le; 1 @ -y7’n
(double-layer conjugate, DLC) : — 0 x*y) =—— w
ony 47 |x* —y)3

In (28), the vector n, is the normal vector to I" at X*, pointing into the unbounded
region R3 \ ©, where  is the bounded region enclosed by I'. Analogously n, is the
normal vector to I' at y. In preparation for the formulation of the implicit boundary
integral methods, we first define dr : R? — R to be the signed distance to the surface
such that dr is negative inside 2. Moreover, we let Pr : R® — T be the closest point
mapping that takes y to a closest point on I'":

Pr(y) € argmin |y — /.
zel

Let Cr C R3 be the set containing the all the points that have non-unique closest
points on I'. The reach tr of I is defined as

It depends on the local geometry (the curvatures) and the global structure of I" (the
Euclidean and geodesic distances between any two points on I'). The reach is positive
tr > 0if I is C'* for some « > 0. The closest point mapping Pr is invertible in the
tubular neighborhood

T, ={XeR®: drX)| <&} C R &<p.
In this paper, we will assume that I is a closed bounded C? surface so that the
mean and Gaussian curvatures are defined everywhere on the surface. Consequently,
when y lies within the reach of I', we have the explicit formula

Pr(y) =y —dr(y)Vdr(y).

The surface integral (27) can then be reformulated into an equivalent volume integral
using the Implicit Boundary Integral Methods [9, 17],

Ie[p](X) :/T K (X, Pr(y))p(Pr(¥))dr.(y)dy. (29)
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The “delta” function is defined as r ¢ (y) := 8. (dr (¥)) Jur5)(¥), Where
L@ =1+22HE) +n°G (),

with H (y) and G(y) denoting respectively the mean and Gaussian curvatures of I';, :=
{x e R3: dr (x) = n} (see, e.g., [17]). For |n| < tr, J; is bounded away from zero.

Moreover,
L /n
s = —6 (7)
& &

is smooth compactly supported in (—e¢, &) with unit mass. This is achieved by using
8 € CZ°(R) compactly supported in (—1, 1) with [ §(p)dn = 1.

It turns out that for any positive ¢, smaller than the reach of T, the IBIM is equal
to the original layer potential for all X € R3,

Ie[p](X) = /r KX §)p()doy, XeR’. (30)

If the surface I" is smooth, the closest point mapping is also smooth ([18], Ch. 7,
§8, Thm 8.4). As a consequence, if p is a smooth function on I'" and I' is smooth, then
p(Pr(¥))ér.¢(y) is a smooth function R3, compactly supported in 7.

3.1 Singular integrand in three dimensions and correction plane by plane

In this section, we will construct high-order quadratures for I, [p](x*) in (29) from the
two-dimensional corrected trapezoidal rules (24). The three dimensional quadrature
rules will be defined as the sum of integration over different coordinate planes, where
the two dimensional corrected trapezoidal rule from the previous Section is applied to
approximate the integration over each plane. The particular selection of the coordinate
planes depends on the normal vector of I".

Without loss of generality, we consider a target point, X* = (x*, y*,z*) € I, at
which the surface normal isn = (ny, nz, 1). The way to treat other cases are explained
in Sect. 3.1.1. We denote the integrand in (29) by f,

f@ =KX, Pr@p(Pr(¥)dre(y), §=(x,y2). €Y

To approximate (29) the standard trapezoidal rule is first applied in the z-direction.
With the grid points zx = kh, we get

L[p](X") = / fx,y, Ddxdydz ~ by f fly, zodedy,  (32)
R3 X R2

where we used the fact that f is compactly supported in 7. We note that f is singular
along the line
Yo(z) =X"+(z—z"n, zeR, (33)
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since Pr(yo(z)) = x* for all z. Therefore, f (-, -, z) is singular at one point for each
fixed z, by the assumption on n. Below, we will derive the form of this singularity,
and we will show that it is of the same type (2) as considered in Sect.2. See Fig.4 for
an illustration of the line singularity, and an example of the singular behavior. Hence,
we can use the corrected trapezoidal rules to approximate each integral in the sum in
(32).

To connect back to the notation in Sect.2, we write y = (y, z) and yo(z) =
(yo0(2), 2). Then, we factorize f, for a fixed z, as

f(y,2) =5y —yo(2); 2v(y, 2). (34)

where

s(y;2) = K&, Pr(y +y0(2),2),  v(y,2) = p(Pr(y,20))ére(y,2). (35)

Note that the type of singularity for s depends on the properties of I at the target
point (such as principal curvatures, principal directions, normal). Moreover, s depends
smoothly on z.

We then use the corrected trapezoidal rule L{g’ [f]1(24) to compute the integrals on
each plane,

/R2 Sy, zi)dy = /st(y—YO(Zk)§Zk)U(ya z0)dy ~ UpLs(- — yo(zi); z)v (-, zo)]-

We denote by ya (z) and («1(z), B1(2)) the closest grid node to yo(z) and the relative
grid shift parameters respectively, as defined in Sect.2.2.2, and define N, ,f,l(yo) =
{ya(z)}. We also denote by {yA,i(z)}?:l and (o2(z), B2(z)) the four grid nodes
surrounding yo(z) and the relative grid shift parameters respectively, as defined in
Sect. 2.3, and define Nif’4(yo) = {yA,i(z)}?zl.

Fig.4 IBIM kernel singular behavior. The kernel K (X*, P (¥)), for fixed X* € ' and y € T, is singular
along the normal n to X*. The left figure illustrates how the kernel becomes singular for y approaching any
point of the line passing through X* with direction n. The center plot shows the double-layer conjugate
kernel K = % plotted on a plane with fixed z, y € {(x, y,z) : x,y € R}. The function will then have a
point singularity in yo(z), and we plot the kernel for (x, y) close to yo(z). The right most plot shows the
same kernel, multiplied by |y — yo(2)|
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From the definition in (35), we can compute the expansion (5) with ¢ = 1 and find

s(y; 2) = so(y; 2) +s1(y; 2) + O(lyD), (36)

with s¢(y;2) = ly/*'éx(y/lyl; 2), k = 0, 1. The expressions for s; are given in
Theorem 3.1 below. We can then apply the additive splitting (23):

WLFC o l=h Y f(y.2)

YERZA\NG 4 (v0)

4
+h Y wilso(-:2): a2(2), BRI (Ya.i(2), 2)

i=l1
+h? wls1(52); 1(2), B v(ya2), 2),

+h > {s(y —¥0(2); 2) = s0(y — yo(2); 2} v(y, 2).
YeN ;6O \Nf; 1 (¥0)

Then, the three-dimensional third order method VS ', obtained by applying L{fl plane-
by-plane along the z-direction, is given by

ViiLfl = h Y URLFC 2l = A2 > @

keZ thZ3 \ (Ukez/\/—;i(yo(zk)))

4
+h2Y D wilso(- s 2 a2 (ze). Ba(ai) (Y. (2k). 2x)

keZ i=1
+ 1> olsi( 20s e (@), Bzl v(ya (), 2x)
keZ

ey > s = yooi o = oy = yozo: 20 fu(y. z0),
keZe yeNLE (yo)\ WK (v0)
(37
If we apply the two-dimensional rule /, 2 plane-by-plane along the x- or y- direction,
we obtain the corresponding rules V; “ and V; " respectively. These cases are discussed
in the following Sect.3.1.1.

3.1.1 Plane-by-plane correction for different normal directions

The normal direction n directly affects the decomposition of a three dimensional
Cartesian grid into union of planes, on which we apply the new correction. We identify
the dominantdirectionof n = (n,, ny, n;), and discretize the volumetric integral along
that direction. If the dominant direction is n_, the setup is the one described above.
If itis ny, we discretize along the y-direction, and if it is n,, we discretize along the
x-direction.
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We shall use V}’l7 for the general three-dimensional p-order corrected trapezoidal
rule, and using the division presented for the change of coordinates, we define it as

VP f1=hY 4y U Lf (- z)],  if n is dominant,
Vi1 = VP11 =Yy UPTF G, Yk, )1, if ny is dominant, (38)
V[l”x[f] =h) ez Z/{,f[f(xk, -,9)1, if n, is dominant.

3.2 Expansions of layer kernels

In this section, we will analyze and expand the singular functions defined in (35) when
K are the Laplace kernels (28):

1 1
(SL): 5% (y; 2) = — —,
4 |Pr(y +yo(2), z) — X*|

1 By (Pr(y +Yyo(2),2) —X*)
4m |Pr(y +yo(2),2) —%*3

(DL):sPL(y; 2) =

1 Af(Pr(y +y0(2), 2) — %)
4m |Pr(y +yo(2), ) — X3

(DLC): sPLC (y: 2) = (39)

The approach developed in Sect. 2 requires analytic formulae of the expansions. This
means that in order to adopt the third order quadrature rule (38) for the implicit
boundary integral defined in (29), one needs explicit analytical expressions for the
first two expansion functions in (36) related to the singular functions above. Through
a third order approximation of the surface near the target point X*, we find these
functions, which are given in the following theorem.

Theorem 3.1 Let xX* € T be the target point. Suppose that the normal i at X* satisfies
ﬁTéZ # 0, and that yo(z) € T. Then, there is anr > 0, depending on z, such that all
the singular functions defined in (39) can be written in the form

X L x y
s (y;2) = m@ lyl, m; z), lyl<r, X=SL, DLC, DL, (40)

where £X € C®((—r, r) x SY). Moreover, the functions s())( (y; z) and SIX(y; z) in the
expansion (36) are

SLigy . L1 SL .:_wl(f’)

=N ® YT g

prey . LB pre_ EH@NE | a6
=——, == = = > 41

K TR LR IR SR

DL =PIy, DLy o 35N | EE

= + ~ -
Yo(§)* Yo ()3
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where § =y/lyl and ¥r;, §; and £ are given explicitly in Sect. 3.2.4.

In order to use the expansions in the theorem in our quadrature method, we need to
be able to evaluate the functions v;, &; and £. They depend on the local behavior of
I at the target point X*, more precisely on the principal directions and curvatures, and
the third derivatives of the function whose graph locally describes I'. In the Appendix,
it is described how those quantities can be computed numerically using the closest
point mapping.

In the subsequent subsections, we will prove Theorem 3.1. First, in Sect.3.2.1, we
rotate the frame of reference and look at I" locally as the graph of a two-dimensional
function. Second, we expand the expressions we obtained around y = 0 in Sect. 3.2.2
and apply a general lemma to show (40) in Sect. 3.2.3. Finally, we use the expansions
to derive expressions for s (y; z) and s (y; z) in Sect.3.2.4.

3.2.1 Expressions of the layer kernels via the projection mapping

Letx* € I be the target point. At X* we denote the surface principal directions 71, T3,
the normal n, and the principal curvatures «1, k3. We introduce the principal basis
B = (11, 72, n) and the notation

(x], X5, X5)p := T1X] + T2x5 + Dxj.

The basis vectors used here are assumed to be normalized. If X’ are the coordinates
in the B-basis for the point X in the canonical basis (e, €y, €;), we denote by Q the
(orthogonal) change of basis matrix, satisfying

[ 1]
x=0%, 0o=|#%n|, 0T0=1I (42)
[

The surface I can now be parameterized locally in the B-coordinates. More pre-
cisely, in a neighborhood of the origin, Z;» = {y’ € R? | |y’| < L'}, we can represent
I' as the image of a smooth function f : R? — R with f € C®(Zy/) such that

X+, fy)p eT.

The constant L" depends on the maximum curvature of I" and can be taken to be
independent of X*. Moreover, since Pr is smooth in the tubular neighborhood 7, of T,
the mapping (y', ') = Pr(X* + (y', 2)p) is smooth for (y', z') € 7. := {(y', Z) €
R3 : X* 4+ (v, z)p € T.}. Therefore, for (y,z') € My = T, N (I x R), with
L possibly smaller than L', we can use the B-basis and f, to write the closest point
mapping as

PrEX 4+ (.2 =X+ (yp. fOp) . ¥p:=h(.2), (43)
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for some smooth function h € C*°(M). The constant L is chosen such that

sup |h(y, ) <L
(y.z)eMp

Clearly h(0, z') = 0, which guarantees that L > 0.
We now write (y + yo(z), z) as a point in the B-basis centered in the target point
X",

(y+y0(@),2) =X+, )5

For (y', z/) € M, we can then write the numerators and denominators of the layer
kernels (39) using (43) and the orthogonality of Q:

) (44)

|PF(Y +Yyo0(2),2) — ?_‘*| = |(Yps f(Yp))B| = |(Yp’ f(Yp))

T 0\ (¥ o0\ (v
i %) = P — P
n. (Pr(y +yo(2),2) —Xx*) (1)B<f(yP)>B <1) (f(yp)>, (45)

1 _ T
ﬁf(Pr(y+yo(z),z)—i*)=—< V{(yp)) (fzI;P))B

1+ (Y £y 5
Z;(—Vﬂm)T( ¥ >
NN S AN F )

We next have to find how (y’, z’) depends on y and z. From the definitions above,

we have ,
(g) +0(2) = (”i‘)@) =%+ 0 (z)

Since yo(z) — X* is parallel to the normal n by definition, we can express this as

(46)

§0(2) = X" = O.n@)p. = (-‘5) =0 (Z/ _yn(z)>.

where 1(z) := dr(¥o(z)) is the signed distance of yo(z) to I". Defining

QT=<dA};>, AeR>2, ¢ deR¥™!, aeR, (47)

we finally obtain

y = Ay,
4
i @

@ Springer



Page 27 of47 60

Therefore, we can write the kernels (39) using (44,45,46) and (48):

Yp == hl(Ay, dTiv +1(2)),
(SL)  sSL(y;2) =

? |<yp,ﬁ(‘<y§>)| ’
DLC) sPLC(y;g) = —— I3 (49)
(PLO) sy 2) 4 [0p S0 1
OL)  sPl(yiz)=—— =V/G4p). D ( f{;’p)).

1 (ypr FOIPYL+ (VE(yp))?

These expressions are valid for (y',z’) € Mp. By (48) and the fact that |Ay| <
| QT (y, 0)| = |y| (withequality ify L d) they are therefore valid when (y+yo(z), 2) €
T and |y| < L.

3.2.2 Expansion of f and h

By the definition of the B-basis, the function f introduced above in Sect. 3.2.1 satisfies

9’ f ki 0
f(©0) =0, Vi) =0, a7(0)— (0 K2> =M. (50)
The Taylor expansions up to second order for f and V f are then given by

f) = Ly"My + B(y.y, y) + Oylh, 651)
Vf(y) =My+C(y.y) + Oy,

where B is the third order trilinear term, and C is its bilinear gradient. Withy = (x, y),
they are given by

L—

3 3
fxxx% + fyyyy? + fxxyxzy + fxyyx}’z] s

coy =(h) =2 (fx”xz Pyt fxyyy2> .
’ y 2 f)’y}‘yz + 2 fryyxy + fxxyx2 ’

B(y.y.y) =3

(52)

=5

where frxx, fxxy, fxyys fyyy are the third order derivatives of f evaluated in 0.
We next need to expand h. It is given by the following lemma, the proof of which
can be found in the Appendix.

Lemma 3.2 Let

DE)y=U—-Mm7",
with M given in (50). For (y',7') € My the matrix is well-defined. The function
h € C®(My) introduced in Sect. 3.2.1 then satisfies

, oh , oh , ,
h©0.z2) =0, —©0,2)=0, —(0,z)=D(z), (53)
0z ay
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and the Taylor expansion of h can be written in the form
h(,2) = DEY +2 DEC(DEY. DEWY) + Oy, (54
where C is defined in (52).

3.2.3 General form of the kernels

We now have expressions (49) of the kernels and expansions around y =y, = 0 of
h and f. The next step is to prove (40), i.e., that the three kernels in (49) can all be
written in the form |y|~'¢(|y|, y/|y|). To do this, we use the following lemma, a proof
of which can be found in the Appendix .

Lemma3.3 Let g : R" — R" be C*(B,,(0)) for some ro > 0, with n > m,
g(0) = 0, and Dg(0) € R"™™ has full rank. Let p : R™ — R" be C*°(B;,(0)), such
that p(0)T Dg(0) = 0. Then, there exist functions £1, £> and 0 < ry < ro such that
G RxS"™ 1 5 R 4 € CO(—r1,r) xS™ N, i =1,2and

L _1, <|y| L) POEY _ 1, <|y| 1)
Ewl o\ gmP T\ vl

For the single-layer kernel, we take

W) = 0p. S (p) = (h(Ay. "y +1(2), /(B(Ay, "y + ().

For (0, n(z)) € My, ie., when |n(z)| < ¢, Lemma 3.2 gives that g(0) = (0, 0)
and

i, B0 n(2) (A+ 20, n(z))d;) _ (D(n(z))A)
oy T\ (200e) (A + 20.ne0a")) Vi) !

which has full rank since det A = €7 (7| x T2) = €/ n # 0. Hence, (49) together with
the first result of Lemma 3.3 now shows (40) for X = SL.

For the double-layer case, we let p(y) = (=V f(yp), D/,/1+ |Vf(yp)|2 so that
sPL = —pTg/47|g)3 by (49). Then, Lemma 3.2 gives

o T
507 DE©) = p(0)” 2B (0) = (—Vf(O)) (D(n(z))A> _ (0)
oy 1 0 0

and the second result of Lemma 3.3 shows (40) for X = DL. Finally, for the dou-
ble layer conjugate kernel, we take simply p(y) = (0,0, 1), which again makes
f)(O)TDg(O) = 0 and (40) for X = DLC follows as before. This completes the
proof of (40).
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3.2.4 Kernel expansions

The expansion of the kernels is based on the expansions of f in (51) and h in (54).
We will skip most tedious intermediate calculations and focus on the end results.
We recall that

y =4y, Z=d"y+n@, 0@ =drGo@), §:=y/lyl.

In the first step, we expand the functions f (h(y’, z)), D(z") and h(y’, z’) as func-
tions of y, instead of y, and y’ as before. We get
D() = Do [ 1 +a"yDoM | + Oy P).
h(y',2) = @Iyl + a@lyl* + OdyP),
FOp) = Eo®IYP + & @Iy + Oy,

where Dg := (I — nM)~!,

x0(y) := DoAy,

x1(y) = (ldTY)DoDoMAy + nDyC (DyAy, DyAy),

£o(y) := 5¥" (AT Dg MDoA)y,

§1(y) = 5n(DoC(DoAy, DoAy)! MDoAy + (dTy)y" AT(MT DI DI M Do) Ay

1
+§n(DoAy)TMDoC(DoAy, DoAy) + B(DyAy, DyAy, DyAy).

In this step, we used the fact that x; and §; are homogeneous of degree j + 1 and
Jj + 2 respectively, so that x;(y) = x;®)Iyl/ T and &, (y) = &;(§)|y|/ 2. From these
expansions for f and h, we obtain furthermore that

|V, £Op)| = o@Dyl + vi@Ilyl> + Oy,
(VI(yp), =1 ( Yo

\/:2 f(yp))=so<&)|y|2+§1(y)|y|3+o<|y|4), (55)
1+ (Vf(yp))

where

xoM T x1(y)
[xo(¥)|

- 1
£1(y) 1=51(DoC(DoAy, DoAy)) MDyAy + (d"y)y" AT DyM DoDyM Ay

Yoy) :=lxoWl, Y1y =

— B(DyAy, DAy, DoAy) +y" AT D§ (I +nM Do)C(DoAy, DyAy)

1
- EU(DOAY)TMDOC(DOAY» Do Ay).
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Here, £, is homogeneous of degree three. Using (55) one can finally deduce the expan-
sions of the kernels in (49). This concludes the proof of Theorem 3.1.

We note that the matrix A and vector d contain elements of the principal directions
and normal at the target point; see (42) and (47). The matrices Do and M are built from
the principal curvatures of I', and the functions B and C contain the third derivatives
of f; see (51) and (52). In the Appendix, we show how to numerically compute
the information about the surface in the target point (k, k2, T1,T2, and the third
derivatives of f, fixx, frxy, fxyy. fyyy) using the projection mapping Pr and its
derivatives.

3.3 Requirements for order higher quadratures for the singular IBIM integrals

Given the class of singular integrands, the main obstruction to obtaining higher order
quadratures using the proposed approach is the smoothness of the surface. When
applying the proposed method in the IBIM formulation using uniform Cartesian grids,
one needs firstly a sufficiently accurate approximation of the distance function to the
surface, dr, or the projection, Pr, on the grid nodes.

The construction of these functions are application dependent, but general method-
ologies do exist, see, e.g., [12]. If the surfaces are reconstructed on a grid by a level
set method, then typically one does not expect that dr be more than 4th order accurate
in the grid spacing due to the limitation imposed by commonly used level set reini-
tialization algorithms [12]. This may cause a main bottleneck in practice. Then, one
needs to extract the surface’s geometrical information from finite differences of dr or
Pr —in this paper, the related quantities to be approximated are the partial derivatives
of f defined in (52), where f is defined in (31). In the Appendix, the reader will find
more details.

When the surface is sufficiently smooth, it has a non-zero reach, i.e., dr is smooth
within 77 for some 7 > 0. The Cartesian grid inside 7. should be sufficiently dense
to support the finite difference stencil around any node inside T,, where ¢ < tr. Thus
higher order approximations require denser grids around the surface to support the
wider finite difference stencils used in high-order finite differences. For example the
second order corrected rule V}% needs curvature information which is obtained through
a centered 5 point three-dimensional stencil. This implies that one needs accurate
dr or Pr within the distance of ¢ + 2A to the surface, and that ¢ + 24 should be
smaller than the reach tr. Analogously, the third order information about the surface
needed for V; is obtained using a 5 x 5 x 5 stencil around each node, which leads
to the bound & + 24/2h < tr. If the surface geometry varies “wildly,” we envision
that the proposed method should/could be generalized to multi-resolution gridding for
efficiency.

We present an example supporting the above discussion in Sect.4. We also refer
the interested readers to the results and discussion in the recent paper [19], for an
application of the proposed quadratures in computing the electrostatic potentials of
large molecules in a solvent.
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4 Numerical tests

In this section, we test the corrected trapezoidal rules derived in Sect.2 and Sect. 3. In
Sect. 4.1, we test the rules QZ for integrating functions of the kind s v from Sect. 2.4,
and then the general rules Z/l,f for integrating s v from Sect.2.5. In Sect.4.2, we test
the third-order accurate quadrature rule Vfl derived for the three-dimensional layer
potentials discussed in Sect. 3.

4.1 Corrections to the punctured trapezoidal rules in two dimensions

The quadrature rules discussed in Sect. 2 have been developed to correct any function
of the kind

f®) =si@®vx) , si(x) = [x[* e (x/Ix]), k e N\ {0},

where v is a smooth function, and then composite rules have been constructed to
correct functions which can be expanded as

S(x) =s(x—x0)v(x)
where s(X) = 5o(X) + 51 (X) +52(X) +....

We tested the rules Q}’: forp=1,2,3,4(p =1(3), p=2(17), p general (19))
for functions s, k = 0, 1, 2. Specifically, we used the test function where s; and v
are:

sk () =[x~ o (x/Ix]),
¢ (x/[x]) = (cos(¥ (x)), sin((x)))
=4.2398 4 0.816735 cos(y¥ (x) — 0.2) — 1.24397865 sin(2yr(x) + 0.1) ,
v(x) = (1.1 + 9 (H§|§+1(3))) exp (—|x —(0.027, 0.0197)|8)
- (0.5 + sin(xq (x3 — 1))).
(56)

The function HOSI) is the Hankel function of the first kind of degree «, and N
indicates the real part of a complex number. Although formally v is not compactly
supported, it is smaller than the numerical machine precision outside [—2, 2]%, which
we use as integration domain.

In Fig. 5, we plot the difference between approximation values for grid sizes 4 and
h/1.5, obtained for the four different quadratures Q f ,p =1, 2,3, 4,and the punctured
trapezoidal rule Tho. The order of accuracy shown for integrating sz v, k = 0, 1, 2, is
k+1 for the punctured trapezoidal rule and k+ p—+1 for the quadrature Q fl , as expected.
The error constant is determined by the value of («, 8) and in our tests we fixed
(o, B) = (0.81, 0.46). The stencils used for the different quadratures are represented
in Fig. 3. The weights for the quadratures are all non-negative. Their maximum values
are shown in Table 2. They are of moderate size also for the high-order corrections.
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So,k':()

100 L

107107

102 107"
h

Fig.5 Correction of s; in two dimensions. Error from integrating si (56) with p-order correction Q Z . For
k =0, 1, 2 (left, center, and right figures respectively) we present the difference between values obtained
from grid sizes h and h /1.5, with the different methods. As expected, the order of accuracy is k + p + 1
where p is the order of the correction

In order to test the general quadrature rule (26), we used the function
50 = (1% 9o(0) + 6100 + XIg20) + [xPg3 (0 + XPrx) (57

where x = |x|(cos(¥ (X)), sin(y/ (x))),

¢o(x) = 4.2398 + 0.816735 cos(yr (x) — 0.2) — 1.24397865 sin(2y (x) + 0.1),
¢1(x) = 0.78167 sin(y¥ (x) + 0.5) — 2.24397865 cos (3 (x) — 0.3)
P2 (x) = 1.127 + 1.2134875 cos( (x) — 0.65) — 1.24397865 sin(2y (x) + 0.1),
¢3(x) = 0.77 — 1.29 cos (4 (x) — 0.35) + 0.987 sin(2yr (x) + 0.14),

r(x) = 1.2927 — 0.929 cos(y (x) + 0.34) + 0.712 sin(3y(x) + 0.14)

Table 2 Maximum of the weights. Largest weight max{; _1 w; in the stencil N, 1, p for different correction
orders p = 1, 2, 3, 4, and different singularity order k = 0, 1, 2. The weights correspond to the ones used
in the tests shown in Fig. 5. All weights are non-negative

[ 2 2, i
k=0 15.20855 11.39144 11.82856 11.61144

5.05848 491377 4.92476 5.11844
k=2 2.46476 4.59018 6.76066 8.88673
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+log(|x| + 1.3),
v(x) = (1.1 +a (H(1)+1(3)>> exp <—|x —(0.027, 0.0197)|8)

Ix|?

(0.5 4+ sin(x; (xo — 1))).

InFig. 6, we plot the difference between values obtained with grid sizes 4 and 2 /1.5 for
the four different quadratures & ,f (26) and the punctured trapezoidal rule Tho. The order
of accuracy shown is 1 for the punctured trapezoidal rule and p for the quadrature Z/{f; ,
which is what was expected. The error constant is determined by the value of («, ).
In all our tests, we fixed (o, 8) = (0.81, 0.46). The stencils used for the different
quadratures Ql;; needed to compose L{f are the same as the previous test, represented
in Fig.3.

4.2 Evaluating the layer potentials in the IBIM formulation

We demonstrate the convergence and accuracy of the proposed quadrature rules by
evaluating the single-layer, double-layer, and double-layer conjugate potentials with
some smooth density p on the surface I' ¢ R3:

G
% ®*, y)pF)doy, X* €T.
on,

G
[ Go ooy, [ S0 p@aos. [
r r ony r

100 ¢

10—10 L

1072 10~
h

Fig. 6 Corrected trapezoidal rules for a general function s in two dimensions. Corrected trapezoidal
rules Z/{f for p = 2, 3, 4, 5 using additive splitting (26) for the function f = s v with singular integrand s

(57). The first p — 1 terms of the expansion (5) (s;, k =0, 1, ..., p — 2) are needed to use Uf. In the plot,

we see that the punctured trapezoidal rule T,? has first order accuracy, and the corrections MZ have order
of accuracy p as predicted
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The integrals are first extended to the tubular neighborhood of 7%, as in (27) using
the compactly supported C*° averaging function

2
aexp| ——), if|n| <1,
sy =14 <n2 - 1) " (58)

0, otherwise;

here a & 7.51393 normalizes the integral fR d(m)dnto 1.

A numerical study on a smooth surface

The surface chosen for the tests is a torus, centered at a randomly chosen point in
3D and rotated with randomly chosen angles along the x-, y-, and z-axes (see Fig. 7).
This is to avoid any symmetry of the uniform Cartesian grid which can influence
the convergence behavior. This setup includes all the essential difficulties one may
encounter when applying the proposed method to a smooth surface: non-convexity,
finite reach from the geometry, and asymmetry in the discretized system.

The torus is described by the following parametrization

(R>cos6 + Ry)cos ¢
T@,9) =0 | (Rycosb + Ry)sing | +C 59)
R> sin 6

where Ry = 0.7, R, = 0.2, C imposes a translation, and Q = Q,(c) Qy(b) Qx(a) is
the composition of three rotation matrices; Q(a), Qy(a), and Q(a) are the matrices
corresponding to a rotation by an angle a around the x, y, and z axes respectively. The
parameters used for the translation and the rotations were:

C = (0.5475547095598521, 0.6864792402110276, 0.3502726366462485) - 10~",
a = 0.199487 - 10*,

b = 0.2540979476510170 - 10",

¢ = 0.4219760487439292 - 10"

The known density function p used in the test is defined using the parametrization of
the torus:

o) =p@,¢) =1.384+2.196sin6 — 0.29837 cos ¢ sinf + 1.128 sin ¢ cos 6 .

We present the errors

E3 () = [V} [Go&*, 9)p@)] = Vi, [Go&* $n )]

G G
E}, (h) = |V} [K}?(ﬁ*,y)p(y)} -V [W:(’_‘*’ y)p(i)}

Gy _, _ _ Gy
3 * 3
Vi [anx X VoW } Vi [anx

© o (60)

E%Lc(h) =

’

(x*, i)p(y)}
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computed for a sequence of grid size values {h;};, where we used as reference value
half of the smallest grid size Amin = % min; h;. We tested our third order rule Vs (38).
Moreover, we compared with the previously developed second order rule, denoted by
V2, from [8].

In the presented simulations, we take the component n, of n to be dominant if
|tan 6| < /2, where n/|n| = (sin @ cos ¢, sin @ sin ¢, cos A). If instead | tan 6| > V2
and | tan ¢| > 1, we take n, to be dominant, and if | tan 6| > V2 and |tan | < 1, we
take n, to be dominant. We used 6 and ¢ to determine the dominant direction because
of their extensive use in the rest of the code.

Ateach target point X*, the total error is the sum of the errors of the two-dimensional
rule applied on each plane. Recall that under the IBIM formulation, the kernel is
singular along the surface’s normal line passing through x*, and the singularity of the
kernel on each plane lies at the intersection of the surface normal line and that plane.
Since the normal lines of the surface generally do not align with the grid, the position
of the singular point relative to the grid tends not to lie on any grid node. Recall further
that the parameters «, B are used to described the position of the singular point relative
to the closest grid node on the plane, and the error constants depend on them. Those
parameters may change abruptly between planes, depending on which grid node in the
plane is closest to the singular point. The closest grid nodes to each surface normal line
certainly are expected to exhibit jumps as one refines the grids (decreases /). Thus, as
noted in [8], the errors (60) as functions of 4 are generally not smooth. Consequently,
we cannot see a clear slope.

To show the overall convergence behavior, we average the errors, defined in (60),
over 20 target points, randomly chosen. The results can be seen in Fig. 8. In the left
column, we present the averaged errors. In the right column, we present a scatter plot
of the errors at all the target points. We additionally highlight the errors corresponding
to two specific target points to showcase an “average” error behavior (green line) and
a “bad” error behavior (magenta line).

By construction of the quadrature rule (38), we expect it to be third order accurate
in h. However, from the plots, we observe order of accuracy > 3.5. We conjecture that
an additional cancellation of errors occurs when adding the results from each plane

Fig. 7 Torus test surface. Left: the torus used in the tests. Right: the torus and the projections of the
Cartesian grid nodes inside the tubular neighborhood 7. The projected nodes serve as the quadrature nodes
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Single-layer potential. N
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Fig.8 Errors in the evaluation of the three Laplace layer potentials. The errors (60) are computed for
20 randomly chosen target points on a tilted torus. The plots in the left column show the mean of the 20
errors. The plots in the right column show the scatter plot of the 20 target points. In the right plots, we
additionally highlight the behavior of two specific target points, to showcase a “bad” error (magenta line)
and an “average” error (green line)
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(see [8] for a related discussion regarding V}%). A rigorous analysis of this behavior is
beyond the scope of this article.

Of course, to test our algorithms, we retain no information about the parametriza-
tions. The test torus is represented only by dr and Pr on the given grid. Figure 7 shows
the torus that we use and the points used in the quadrature rule for a given grid config-
uration. We use fourth-order centered differencing of Pr on the grid to approximate
the Jacobian Jr (see [17]). We also use fourth-order centered differencing of Pr to
find the third derivatives of f needed for the functions B and C in (52), as they are
related via a linear system (see the Appendix).

A numerical study on a more complicated surface

We present a test of the quadrature rule applied to IBIM for a more complicated
surface, shown in Fig.9. The surface represents the solvent-molecule interface of a
complex biomolecular system immersed in a solvent [20]. A level set representation
of the surface is generated using VISM [21] by the authors of [20] on a 5 123 Cartesian
grid. We compute the relative error in the double-layer identity

using the proposed method. The relative error is defined as

2
EP(y=2 |k Sre(x;), &=2h,

x;€hZ3NT,

Go _ _ 1
p — . p—
Vi [any (Xj’y):| + 2

with p = 0 denoting the punctured trapezoidal rule.

In our setup, inherited from the shared data set, the signed distance function is
accurate up to distance ~ 9h, which is minimally adequate for the application of
V}%. The computed values are £%(h) = 0.0159 for the punctured trapezoidal rule and
£2(h) = 0.00142 for the second order corrected rule. Furthermore, when applying Vg,
we notice that the resulting pointwise errors oscillate across grid nodes, X, and do not

Fig.9 A solvent-molecule

interface. The surface is

computed by the VISM method

for biomolecular system N
p53-MDM2 (PDB ID 1YCR)

[22] from the Protein Data Bank

(PDB)
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appear to be smaller than those computed by Vﬁ. On some X/, the error even appear
to be larger that those computed by the punctured trapezoidal rule. This is expected
because the grid

Appendix 1. Proofs of the lemmas and theorems

In this section, we will prove the Lemmas and Theorems mentioned in Sect.2 and
Sect. 3.

Proof of Theorem 2.1

Consider a cut-off function ¥ € CZ°(R") such that

1, 1
W(x) = 'X: if 61)

Then, we can write f as

J(x) =s@)vx) = sX)vE)¥ (x/ro) + sX)vx)(1 — ¥ (x/ro))
=[x}/ £(|x], X/ X)) (x/r0)v(x) + s V() (1 — ¥ (X/ro))
=Ix}7 €1 (Ix1, x/[X])v(x) + sX)vX) (1 — ¥ (x/r0)).

The first term is a function compactly supported in B,, so by extending it to zero
in R” it satisfies the hypotheses of Theorem 4.1. Hence, the result is valid for the first
term.

The second term has regularity CZ°(R") and is zero in By, /2, so the error for the

punctured trapezoidal rule will decrease faster than any polynomial of /.
By combining the results for the two terms, we prove the result.

Results on which Theorem 2.1 depends

Theorem 4.1 Suppose v € C(R") and £ € C®(R x S"=1). Then, for integers
J=1—n,

‘/ s(x)v(x)dx — ThONh[s vl < ChIT ) s(x) = |x)/ ¢ <|x|, |z—|> , (62)
R? ’

where the constant C is independent of h, but depends on j, £ and v.

Proof Define f(x) := |x|/ £(]x], x/|x|)v(x), and consider the cut-off function ¢ €
C(R"™) (61). Then, we can write the punctured trapezoidal rule as

T p L1 = Tulf ()1 =y (/h))],
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where we cut out the singularity point by multiplying by 1 — ¢ around 0; the scaling
by & ensures that, for fixed /4, only the node in the singularity point is cut out. This
allows us to split the error of the punctured trapezoidal rule as

| Foodx Ty n Lf1= /R Y (x/hdx

()
+ /Rn S =y x/h)dx — Tp[f () =¥ (-/M)] .

an

We will cons_ider the two terms (I), (II) separately, and prove that both can be
bounded by Ch/ ™",

(I): Given the compact support of i, the integral is reduced to an integral over
{Ix| = h}:

/Rnf(X)W(X/h)dX= fl hv(X)IXIjE(IXI,X/IXI)I//(X/h)dX
:hf+"/ v(hx)|x)7 €(|hx], X/|X])¥ (x)dx
[x|<1

= ‘ | reowemax

shf+"|v|oo|Z|oo/ Ix|/dx < C1h/ ™",

Ix|<1

since |x|/ is integrable as j > 1 — n. We have proven the estimate for the first term.

(II): For the second term, knowing that the volume of the fundamental paral-
lelepiped of the lattice V := (hZ)" is k" and that the dual lattice is V* = (h~'Z)",
we use the Poisson summation formula:

Th[f]=h"Zf(j)=Z—:Zf(l)=/wf(x)dx+2f<%>,

jev lev* k40

Then, the error in (II) is:

Ti [f() (1= (/)] = fR FOOU =y x/)dx = fy k. ),

K#£0

where

flﬁ(k, h) = f(k/h) = /l\gn fxA - w(x/h))ef%rikx/hdx

=" f Fhx)(1 — Y (x))e 7 kXdx .
Rn
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Using integration by parts separately on each of the variables, we find

f L Lfhx)(1 -y (x))]e > *Xdx = 2rik; / L ILF (%) (1 =y (x))]e 2" K% dx
R" R"

= wik)? / Fhx)(1 — ¥ (x))e 7 KXgx,
R2
For the Laplacian operator applied g times, we therefore have
[ A - peoe > Nax
n .
342 /R AT L1 = (0 ]e 2Tk x
=1

11 @R [ - pee .
Rll

We use this result to find an expression we can bound using Lemma 4.2; given an
integer g, we find

I’l

(fw(k h)‘ / )M[f(hx)(l — Y (x)]e ¥ dx

~ (2m)%a|k|>
h"
< G 2 oo [ [o€Lramoa —wroon]ex
h" it 4 p2a
[Bl—ny —
< Tk > Ephd + Py =gy T
|B1=2q
Then, the series of Fourier coefficients is
Tilf() (1 —x/r(/h))]—/ FEOU = /x| = Y| fu k. )|
k£0
hi*n 4 p24
=0 2
K0

The series converges if 2g > n, and the leading order is 4/ if 2¢ > j +n, so by
taking g > max(1+n/2, (n+ j)/2), we find the result sought. Combining the results
for (I) and (II), we find the bound

| Fdx =T\, 111 < Cph?™"

This proves the theorem.
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We use the notation X = (x1,x2,...,X,) = » ;_; x7¢;, and indicate with e; the
[-th element of the standard R” basis.

Lemma4.2 Let g, € C°(R"), £ € C®°(R x S"=1, where r is such that

1 x| <35,
Y(x) =
0 Ix|>1.

Let j > 1 —n, and f(x) = |x|7€(|x|, X/|X|)g(X); then, for any multi-index p € Np
it exists a constant Cg independent of h such that, for0 < h <1,

J.

Proof Given B € N}, we first prove that there exist functions fg : R x s"~1 5 Rin
C°(R x $"1) such that

e Lf(hx)(1 — ¢ (x))] |dx < Cg(h? + n'PI=my. (63)

% fx) = IxV 1P fa(1xl, x/1x]) . (64)
We prove this by induction. The induction base 8 = 0 is true because
N fx) = fx) = IxIVex], x/1xDgx) =: [xI/ fo(Ix], x/Ix]),

where fyp € C°(R x S"=1). For the induction step, we assume that (64) is true for
and prove it for 8 + ¢;:

AT Fx) = o IxP 1P 5 (1x], x/Ix]) -

By computing the derivative, we find

og x|/~ 1P1 g (|x| ﬂ> =|x|f—'ﬁ'—1[<1 1B1) <| |)lf <|x| |§|)
et (m5) (= (57), )
(i), (.5
= x[/ TP <|x| x |)

Because fg € C°(R x S"~1) the same is also true for fBte-
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The next step is to expand the derivative in (63) and use (64), and then bound it:

o LF () (1 —yx)] =) (’3 )aﬂ”[l — Y18 f (hx)
v=p Y

=) @8’“[1 = YOI X (lhx W)
v<p

We use the properties of v, and the compact support of f,. Let L > 0 be such that
Vv < B, supp f, is contained in the ball Bz (0). Note furthermore that the derivatives
of ¢ are compactly supported in the annulus {x € R" : 5 < [x| < 1}. From this, we
can say that

0, x| <%,
i 1
5 hi, 7 =Ix[=1,
B hx) (I =y (x)N]| < Cq, . 0
x [f(hx)(1 =y x)]| = Rix)i=1Bl, 1< x| < L/h,
0, |x| > L/h.

We use these bounds in the evaluation of the integral, and after passing to polar
coordinates, we arrive at (63) via

J.

Lih
o 17 (01— )] fax <C /1 B 1dr 4 Cohl /1 pimIBn—l g,

L
=Clhf+czh'ﬁ'—"/ i IBlEn =l
h

=Cih? + Coh = (€5 + Cyn VP
<Cg (h? + hlPI=m).

The lemma is proven.

Proof of Lemma 2.2
For any u € S!, we expand ¢ around r = 0 and write the remainder in integral form:
7 1 ra+l |
Loy =Y —aUz(o wrl 4+ —— | a8 eqr, w1 —1)%dr.
=0 J! q' Jo
Then,

1 7.1 ny il
AqS(X)ZHE( ) Z()Fr (’ >|X|

Jj=
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x4 !
= 7/0 (1= 0998 e x|, x/1x))dt = |x|%0 (1], x/|x]) .

where o € C®((—rg, ro) x S!) because £ € C®((—rg, ro) x S'). The lemma is thus
proven.

Proof of Lemma 3.2
The first two identities in (53) follows since Pr(X* + (0, z’)5) = X* for all z/, as was
already pointed out in Sect. 3.2.1. For the second part, we note that the surface normal

at the point X* + (yp, f (yp)) p is parallell to (=V f(yp), 1) 5. Therefore, there is a
t € R such that

X+ D =X+ (Y, fOp) 5 +1(=V(¥p), D,

which implies that

Y =¥ — @ = )V f(yp) =t Fyp). (65)

Using the fact that y, = h(y’, z’) and differentiating both sides with respect to y’ gives
us,

OF(yp)"9h _ 9h , 32
I'= aypp ay oy ((z - f(yp))a—yz(yp) - Vf(yp)Vf(yp)T)

oh
y’

and the result follows upon evaluating at y’ = y, = 0 and using (50). Since h is
smooth on M the matrix D must thus be well-defined.

For the second order term in the Taylor expansion, we write yp, = (y1, y2), h =
(h1,h)T and F = (Fy, F>)T. We then get for j = 1, 2,

0 32 F;(h) _ F;(yp) 3%hy N IFj(yp) 9%h2  8h" 3°F;(yp) oh

dy? dyr  oy? dy, oy* | ay  oy: dy
From the expressions above, we have that %F—;g) = D~!(z). Therefore, evaluating
aty’ =y, = 0, yields
9%h; 92F;(yp)
_ n—-19"1j N EANS / .
0= DY} g + D FEDE). =12
Since
92 F;(yp) g0
2 - . 2
ayp yp:() ay/ 8yP yp:O
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we finally get
02
1y Sy L (Y TP R Dy
E ’T_az);'z T ED(Z ) /T ’ T32F2€Yp) N/
Yy Y Yy’ D) oy D(z)y

= DE)C(DEYY, DE)Y).
This gives (54) and the lemma is proven.

Proof of Lemma 3.3

For the first function, using the hypothesis g(0) = 0 and the notation x = |x|u with
x/|x| =:u € S"~!, we write the expansion around x = 0 as

g(x) =g(0) + DEO)x + Y Eg,(x)x"
[v|=2

=[x| | Dg(0)u + |x] Z Egy(xu’ | =: x| f (x|, w),
[v]=2

where Eg ,(X) 1= % fol (1—1)a"g(rx)dr is given by the integral form of the remainder
term. Using the full rank of Dg(0), there exists 0 < r; < rg be such that f(|x|,u) # 0
in (—ry,r1) X S™—! Then,

1 1 1 1
—— = — = =L (x[,uw),
gl X[ [f(x[,w]  [x]

and from the hypotheses on Dg(0) and on the smoothness of g, £1 is C*°((—ry, r1) X
gm— 1 ) .

For the second function form, let 7 (x) := p(x) r g(x); then, Vr(x) = g(x) r Dp(x)+
px)” Dg(x). Using the hypothesis p(0)” Dg(0) = 0, we write the expansion of r
around x = 0 using the integral form of the remainder:

re) =r0) +VrO)x+ Y E,0x" = x> Y E ,(x0u’,
[v|=2 [v]=2

where E, , (X) := % fol(l — 1)3"r(trx)dz, so that we find

PETEX) XY Erv @1 Y Ers (U L oixw.

g xPFOxlbw3d x|l f(xl w3 x|

From the hypotheses on the smoothness of g and p, £2 is C*((—ry, r1) x S"~1) and
the result is proven.
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Appendix 2. Computation of the derivatives of the local surface func-
tion

In this section, we will show how to find numerically the derivatives of f in the Implicit
Boundary Integral Methods setting of Sect. 3. The derivatives are needed to evaluate
the functions B and C of (52), which are used in the approximated kernels (41).

The first derivatives and the mixed second derivatives are zero by construction, so
we will show how to find the pure second derivatives and all the third derivatives.

Let z be an arbitrary pointin Ty, and n = dr(z). Let I';) := {z € T} : dr(z) = n}
be the surface parallel to I" at signed distance 7.

The pure second derivatives of f at Pr(z), fyx, fyy, are the principal directions
k1, k2 of I at Pr(z). We find the principal curvatures gi, g2 of I';, in Z via the Hessian
of dr at z:

0
Hye(@) = Vidr@) = [0 71 2] | —g [a7 2]
—82

where 71, T, are the principal directions and n is the normal to I in Pr(z). In practice,
the values of either Pr or dr are given on the grid nodes. The principal directions and
curvatures are computed from eigendecomposition of third order numerical approxi-
mations of the Hessian, Hy,.. Alternatively, one can obtain this information from the
derivative matrix of Pr, see [17]. Then, the following relation lets us find the principal
curvatures x1, k3 from g, g» and n:

_ &
Tl +ag]

=1,2.

The third derivatives of f can be found by computing the second derivatives with
respect to 'y’ of h(y’, z) from Sect.3.2.1. By differentiating twice (65) with respect
toy = (x,y) with h(y’,z') = yp = (hi, h2) and evaluating in y’ = 0, we find the
following two linear systems:

8%h 8%hy
f dx? f 9x2
XXX 2 yxx 2

1 ’ 07hy 1 ’ 3°hy

% fxxy _ =2k | Bxdy v fyxy _ =2k | Bxdy
= 2 s = 2 s

fxyx 7/ 9”hy fyyx 7/ 9°hy

dyodx dyox

Sryy 92h, Tyyy 3%hy

3y2 3},2

(66)

ax 0x x 0x
L 9y 9hy Oy by
. x 0 dx dy dy ox
where V= | Ji an, hy 9hs oy
dx dy dy dx odx Jy
dhy dhy
ay dy ¢

(m) hy dhy dhy dhy
a h

S}
e
)
&} ?‘5|§~
o IS
SN—"
S}

= o

<5
=
S
S|
| L
=
SIT=
|
)| D)
S

VN
D
==
S~
o
D
\«lE‘
D
NS
VN
(o5
1S
~—
(3]
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We find the first and second derivatives of h(y’, z’) by computing the derivatives of
Pr in Z and applying a change of basis transformation.

By construction Z = Pr(z) + nn. Then, we use the closest point projections of the
grid nodes around z,

Vijk = Pr@z+ @, j,kh), i,j,k=-2,—-1,0,1,2.

In the B basis, these points are expressed as V;jx = X* + (Wiji) B, where W;j; =
0~ L¥; ik — X*). We apply finite differences (central differences of 4th order in this
case) to the component of the nodes W;jx = (X;jk, Yijk, Zijk) to compute

W)~ VX, Wo & VY, W3~ V>X, Wy~ VY.

We can then use these approximations to find the derivatives of h;, i = 1,2 by
applying the following transformations:

ohy _ =T ohi _ =T ohy _ =T ohy _ =T

5 =0 Wi y—fzwlv = T W2, ay =17, Wa,
P?h, _ =Ty.=. 8h _ =Tw.= 8h _ =Tw.=. h _ =Tyw.=
2 = Tl Wit 1, axdy — T2 Wit y, dyox = Tl W3ts, 82)_2 =1, W3T3,
Phy _ =Ty, z, Ph _ =Ty, 7. Phy _ =Ty = h _ =Ty,
e =T Wat, oy = T2 Wat, ayax = Tl Wats, i T, Wyts.

Finally, we solve the two systems (66) with these values and 7z’ = 7.
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