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Theorem 2.3 »

PROOF

By adding Eq. (2.2) and twice Eq. (2.1) we obtain that

mey(G)
S (dit+1)* <n(2041).
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The left-hand side of the above inequality is minimized when d;+ 1 =
n/mer(G), for all i (this is an application of the Cauchy-Schwarz inequal-
ity; see Appendix A). It follows that
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mer(G) "
20+1) > di+1)% > ,
R (e

Hence, mg,(G) > n/(28+ 1) and the theorem is proved.

The following theorem provides a relationship between the measure of
the solution found by the greedy algorithm and the optimal measure.

Given a graph G with n vertices and m edges, let = m/n. Program 2.2
finds an independent set of value mg,(G) such that

m(G) mar(G) < (54 1).

The proof is similar to that of the preceding theorem: in this case, we
additionally count in Eq. (2.1) the number of edges that are incident to
vertices of some optimal solution.

Namely, fix a maximum independent set V* and let k; be the number of
vertices in V* that are among the d; + 1 vertices deleted in the i-th iteration
of the while loop of Program 2.2.

Clearly, we have that

mer(G)
ki = |V*| = m*(G). (23)

=1

Since the greedy algorithm selects the vertex with minimum degree, the
sum of the degree of the deleted vertices is at least d;(d; + 1). Since an
edge cannot have both its endpoints in V*, it follows that the number of
deleted edges is at least (d;(d;+ 1)+ k;(k;— 1)) /2.

Hence we can improve Eq. (2.1) to obtain

—

" di(di+1) + ki(ki— 1)

5 < dn. (2.4)
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Adding Egs. (2.2), (2.3) and twice (2.4), we obtain the following bound:



