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Fig. 3. Computational pipeline of the algorithm described in Section 4.

Note that in some sense Integrated Persistence is
a spatio-temporal importance measure. A short, but
spatially persistent critical line, is considered as im-
portant as a long critical line with low spatial per-
sistence. Figures 9 and 7 demonstrate the physical
relevance of Integrated Persistence.

4 ALGORITHM

In this section, we will describe our combinatorial
tracking algorithm in detail. We will first give an
overview of the algorithmic pipeline in Section 4.1, de-
scribing the input, output and out-of-core approach.
Section 4.2 describes how we can efficiently track crit-
ical points. We will finish this section with a detailed
description of our algorithm including pseudo-code to
ensure a good reproducibility of the results presented
in Section 5.

4.1 Overview

The input of our algorithm consists of a regular
cell complex C' of a 2D manifold and a sequence
of scalar fields (f:) defined on the 0-cells of C. A
simple example of such input data is a triangulation
or a quadrangular mesh with a sequence of scalar
values defined on each vertex. We then compute a
sequence of combinatorial gradient fields (V;) with
persistence threshold o that represents the gradient
of the input data in a discrete fashion. To deduce
an importance measure for our result we will also
require the persistence values of the critical points
contained in (V).

A closer inspection of the definition given in Sec-
tion 3.2 reveals that we can compute all critical lines
contained in (V;) in a streaming fashion — it is suffi-
cient to compute the critical lines of each consecutive
pair of the sequence (V;). Due to the combinatorial
nature of the critical lines they can easily be merged
afterwards to get the result for the complete data set.
The importance measure for a critical line introduced
in Section 3.2 can be computed by adding the persis-
tence values of the critical points contained in the line.
See Figure 3 for an overview of the overall algorithm.

4.2 Efficient Extraction of Critical Lines in CFFF

As described above, it suffices to track the critical
points for each consecutive pair (Vi,Vi+1) of the
sequence of combinatorial gradient fields (V;). As de-
fined in Section 3.2, a critical point of V}, is connected
to a critical point of Vii; if and only if there is
a combinatorial streamline in the forward tracking
field Vj; 141 and a combinatorial streamline in the
backward tracking field V[, connecting the two
points.

The goal of this section is to give a simple algorithm
that finds all pairs of critical points that satisfy this
condition. It will be shown that we actually do not
need to construct the higher dimensional cell graph
Geoxjo,1)- This significantly reduces the runtime,
memory consumption, and greatly simplifies the
implementation of our algorithm.

For a depiction of the following argument, we refer
to Figure 2. We start with the minima. Let v denote a
minimum in V. When we iterate the combinatorial
O-streamlines of the forward tracking field that start
in v we see that there is only a single streamline
that ends in a minimum of Vi, 1. This is due to two
reasons. First, the structure of the forward tracking
field implies that the only way to reach Vj4, is to
start with the matched link adjacent to u. Second, a
combinatorial streamline whose first node is not a
1-cell and whose first link is matched, is uniquely
defined as it cannot split. For an explanation of
this basic property of combinatorial streamlines we
refer the reader to [31]. The same arguments can
be employed to show that there is only a single
streamline connecting a minimum of Vi1 to a
minimum of Vj, in the backward tracking field.

Tracking minima is therefore a rather simple
procedure. Given a minimum v in Vj, we find its only
possible partner w in Vj41 by computing the unique
streamline in the forward tracking field that starts in
u with a matched link. We then compute the unique
streamline in the backward tracking field that starts
in w with a matched link. If this streamline ends in
u, then v and w are connected in the sense of the
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Fig. 4. Left: Two subsequent combinatorial gradient fields 1, and V; on three triangles. Right: Forward tracking
field Vjo,1. The saddles (yellow) u in V5 and w in Vi are connected in V| ;) by a combinatorial 1-streamline
(transparent) that connects the corresponding nodes. Note that the minima lines (transparent) of the saddle of
Vo (bottom-left) intersect the maxima lines (transparent) of the saddle in V; (top-left).

definition given in Section 3.2.

Note that we do not actually need to construct the
forward and backward tracking fields to compute
these combinatorial streamlines. It suffices to trace
them in the given pair of CGFs V}, and Vj1; as can
be seen in Figure 2.

The maxima can be tracked in the same way, we
only have to switch forward and backward tracking
fields: the maxima of Vi have only a single partner
in Vj in the forward tracking field, and the maxima
of Vi, have only a single partner in Vjy; in the
backward tracking field.

While tracking minima and maxima has been
proven to be rather simple, tracking of saddles seems
to be a very daunting task as the combinatorial 1-
streamlines in the higher dimensional tracking fields
may merge and split (see Figure 4). On first sight, it
seems that the only way to compute the critical saddle
lines is a brute-force depth-first-search in the tracking
fields. However, a close inspection of the structure
of the tracking fields reveals that this is not actually
necessary.

Consider the 1-streamlines of the forward tracking
field that start in a saddle u of V), and end in a saddle
w of Viyi. If we think of the graph of the forward
tracking field as consisting of three layers (the three
copies of G ), we can observe three properties of these
streamlines (see Figure 4 for an example):

1) The layer of the nodes of the streamlines only
increases and the only node of the bottom layer
is the node in which we start.

2) The section of these streamlines that runs
through the second layer follows the O0-
streamlines of V}, that start in w.

3) The section of these streamlines that runs
through the third layer follows the 1-streamlines

of V41 and ends in w.

These properties imply that there is a combinatorial
l-streamline in the forward tracking field that
connects u with w if and only if the 0O-streamlines
of V), that start in u intersect the 1-streamlines of
V41 that end in w. Similarly, there is a combinatorial
1-streamline in the backward tracking field that
connects w with u if and only if the 0-streamlines of
Vi41 that start in w intersect the 1-streamlines of V
that end in w.

Instead of a brute-force search in the higher di-
mensional cell graph G¢y (o1}, it therefore suffices to
intersect the separatrices of v defined by V;, with the
separatrices of w defined by V4, in the low dimen-
sional cell graph G¢. This simplifies the following
tracking algorithm significantly.

4.3

The main algorithm that tracks the critical points of a
sequence of discrete scalar fields (f;) defined on the 0-
cells of a cell complex C' is given in Algorithm 1. Line
1 constructs the cell graph G¢ of the cell complex C
as defined in Section 3.1. The CGF subfunction called
in Lines 3 and 4 computes a combinatorial gradient
field with a persistence threshold o.

To do this, we first compute an initial CGF using
the algorithm ProcessLowerStar proposed in [34]. The
basic idea of this algorithm is to apply simple homo-
topic expansions in the lower star of each 0-cell. The
algorithm results in a combinatorial gradient field V'
whose critical nodes coincide with the changes of the
topology of the sub-level complexes of C. For more
algorithmic details and the proof of this property, we
refer the interested reader to [34].

We can thereby state an estimate for the precision
of our method. Suppose that we sample an analytic
function with a uniform grid whose cells have size
h. Furthermore, assume that h is sufficiently small

Implementation
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Algorithm 1 Main CFFF algorithm

Input: C, (f;), T, o
Output: All critical lines in Vg 7
1: G¢ + constructCellGraph(C)
2. for k=0toT —1do
3 Vi + CGF(Gg, fi, 0)
Vit1 = CGK(Ge, fit1, 0)
lines « lines U trackMinMax(G¢, Vi, Vi+1)
lines < lines U trackSaddles(G¢, Vi, Vi+1)

ARSI

Algorithm 2 Combinatorial Streamline Integrator:
traceLine(...)

Input: Go = (S,L), Vi, CL,ue S, p=0,1

Output: Combinatorial p-streamline that starts in u
1: loop

2. Line.append( u)

3. if there exists w: {u,w} = ¢? € V};, then

4: u<w

5 Vi < ch

6: else

7 return

so that all critical points of the analytic function are
represented in the discrete representation. Then the
distance between the exact critical points and the
critical points in the CGF is smaller than h.

To compute the simplified CGF we follow the ap-
proach presented in [29]. We thereby compute the
whole sequence of simplified CGFs, which has the
advantage of allowing the user to quickly select the
appropriate simplification threshold ¢ in a post pro-
cessing step.

For the persistence values, we employ the matrix
reduction algorithm presented in [35].

Line 5 and 6 extract the critical minima, maxima
and saddle lines of the current pair of CGFs as defined
in Section 3.2 using the simplified but equivalent
definition presented in Section 4.2.

To compute the critical lines we need to compute
a lot of combinatorial p-streamlines in a given CGF
Vi. The pseudo-code for such a combinatorial stream-
line integrator is given in Algorithm 2. Almost all
computational time of the main Algorithm 1 is spent
integrating such lines which makes the performance
of this algorithm crucial for the overall runtime. Note
that due to the structure of the cell graph G¢ and the
matching property of Vj, there cannot exist multiple
links that fulfill the condition in Line 3. Of course,
an actual implementation would not take the comple-
ment of the matching in each iteration (Line 5). One
would rather simply switch the if condition in Line 3.

Using Algorithm 2, we can compute the critical
minima and maxima lines as shown in Algorithm 3.
For each minimum or maximum wu (Line 1, S(Vj)
denotes the nodes S contained in the set of matching
links V%) of the first CGF V}, we integrate the cor-

Algorithm 3 Min and max tracking algorithm: track-
MinMax(...)

Input: Go = (S,L), Vi, CL, Vjy1 C L

Output: All critical min/max lines in Vi, 14 1)

1: for all wP ¢ S(Vi) and p #1 do

22 p<+ mazx(0,p—1)

3:  Line « traceLine(G¢, Viy1,u, D)
4:  w <« Line.last()
5
6
7

Line « traceLine(G¢, Vi, w,p)
if Line.last() = v then
MinMaxCritLines.append( {u, w} )

Algorithm 4 Separatrix Integrator: traceSeps(...)
Input: Go = (S,L), Vi, CL,ue S, p=0,1
Output: All combinatorial p-streamlines that start in
saddle «
1: for all {u,w}=+¢ €L do
2:  Line « traceLine(G¢, Vi, w, p)
3. Separatrices.append( Line )

responding combinatorial p-streamline in Vjy; (Line
3). We now take the last point w of this streamline
as the start point of a streamline in V}, (Lines 4, 5). If
this streamline comes back to u (Line 6), we found a
critical line in V{; 441y and append the pair {u,w} to
the result.

To compute the critical saddle lines, we need to
compute the separatrices of the saddles. A simple
method that returns the separatrices of type p of the
saddle v in the CGF V}, is given in Algorithm 4. We
iterate over all adjacent links ¢ of the saddle u of the
given type p (Line 1) and integrate the combinatorial
p-streamline that starts in the end point w of ¢ (Line
2). This line is then appended to the separatrices (Line
3).

Using Algorithm 4, we can now trace the critical
saddle lines as shown in Algorithm 5. Each saddle is
appended to the nodes covered by its separatrices of
type 0 (Lines 1-8). We then iterate over each saddle
u of Vi (Line 9). The possible saddle partners for u
in Vj41 are then given as the union of the saddles
in V;+1 whose separatrices of type 0 are intersected
by the separatrices of type 1 of u (Lines 10-13). For
each such partner w we then iterate its partners in Vj,
(Lines 14-18). If this set of saddles contains u, we have
found a critical saddle line in V{;, 1,11y and append the
pair {u,w} to the result.

5 RESULTS

In this section, we will evaluate the algorithm pre-
sented in Section 4. We show its robustness with
respect to noise in Section 5.1, compare it to the
continuous Feature Flow Field tracking algorithm in
Section 5.2, and apply it to a real-world data set
from computational fluid dynamics in Section 5.3.
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Fig. 5. Evaluation of noise robustness on a synthetic data set — time is represented using the z-coordinate.
Left: critical saddle lines extracted with the Stable Feature Flow Field method. Middle: critical saddle lines of the
Stable Feature Flow Field method filtered by line length. Right: critical saddle lines extracted by our method using

an appropriate persistence threshold o.

Algorithm 5 Saddle tracking algorithm: trackSad-

dles(...)

Input: Go = (S,L), Vi, CL, Vjy1 C L

Output: All critical saddle lines in V{j, ;1)
1: for all u' ¢ S(V;) do

minLines,, ¢ traceSeps(Gc, Vi, u,0)

for all w € minLines,, do
saddles;[w].append(u)

: for all u!' ¢ S(Viy1) do

minLines,, < traceSeps(G¢, Viy1,u,0)

for all w € minLines, do
saddlesy1[w].append(u)

: for all u! ¢ S(V}) do

10:  maxLines, < traceSeps(Gc, Vi, u, 1)

11:  partners, < 0

12 for all w € maxLines, do

R AN LI

13: partners,, < partners, U saddles.;[w]
14:  for all w € partners,, do

15: maxLines,, + traceSeps(G¢, Vi+1,w, 1)
16: partners,, < 0

17: for all v € maxLines,, do

18: partners,, < partners,, U saddles;[v]
19: if u € partners,, then

20: SaddleCritLines.append( {u,w} )

We conclude the evaluation of our algorithm with a
performance analysis in Section 5.4.

5.1 Robustness

To demonstrate the ability of our algorithm to deal
with noisy data we consider a synthetic data set.
The data values are given by a 2D analytic function
sampled on a uniform 256 x 256 mesh. A height field
visualization of this function is shown in Figure 5.
This data is then rotated to generate a sequence of
256 scalar fields (f;) on the uniform mesh. To show
the influence of the noise on the extraction methods
we added an increasing amount of noise to the

second half of the sequence (f;).

We then applied the algorithm presented in Sec-
tion 4 and the stabilized continuous Feature Flow
Field method [36] to this data set. Figure 5 shows the
critical saddle lines extracted by these two algorithms.
Due to the presence of noise, the continuous extrac-
tion method results in an overwhelming number of
critical saddle lines. Note that some important lines
are interrupted which implies that they are removed
early when we filter the result by line length. In con-
trast, our combinatorial algorithm is able to extract all
dominant critical saddle lines of this time-dependent
data set using a persistence threshold o slightly above
the range of the noise .

5.2 Comparison

We compare our algorithm to the stabilized
continuous Feature Flow Field method [36] using
a data set from computational fluid dynamics [37].
The data set consists of a simulation of the time-
dependent flow behind a cylinder. The data set
is given on an adaptive mesh with 108k vertices
and 320 time steps. We analyze the scalar quantity
acceleration, a measure for vortex activity in fluid
flows [38] depicted in Figure 9. For the combinatorial
method we set the persistence threshold o for the
computation of the combinatorial gradient fields to
about one percent of the data range.

Figure 6 shows the critical lines extracted by both
methods in a small subregion of the data set. The
continuous results are shown in the left (original data
set) and middle column (a smoothed version of the
data) while the combinatorial results are shown in the
right column. The three rows show the critical minima
lines (top), saddle lines (middle), and maxima lines
(bottom).

In general, both methods extract the correct critical
lines in the right half of the depicted subregion of
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Fig. 6. Comparison between the Stable Feature Flow Field method (left column) and our combinatorial method
(right column) on a subset of the cylinder flow data set. The middle column depicts the result of the Stable
Feature Flow Field method applied to a pre-smoothed version of the data set. Top row: critical minima lines.
Middle row: critical saddle lines. Bottom row: critical maxima lines.

the data set. Some lines extracted by the continuous
method do contain a very high oscillation. Applying
the continuous method to the smoothed version of the
data set removes these oscillations, but also removes
some important critical lines. Note that our combi-
natorial method deals directly with the original data
without any modifications.

5.3 Application

We applied our method to a scalar data set derived
from a flow simulation [39]. The simulation shows
the flow over a cavity from left to right. Due to
the cavity, there is a dominant vortex that separates
from the wall after some time and moves through
the cavity to the right side, where it hits the other wall.

As an indicator for time-dependent vortex struc-
tures, we used the acceleration, a scalar quantity
whose dominant minima indicate vortex activity [38],
[40]. Note that in contrast to the zeros of the velocity
field, the minima of the acceleration do not depend on
the chosen frame of reference. We computed the ac-
celeration on the adaptive mesh that was used during
the simulation of the flow consisting of 26k nodes for
each of the 690 time steps. For the combinatorial com-
putation of the critical lines, the persistence threshold
o was set to about one percent of the data range.
Since we are only interested in the minima of the
acceleration, we only show the critical minima lines
in Figure 7. To demonstrate the physical significance
of the importance measure introduced in Section 3.3,
the thickness of the lines is determined by Integrated
Persistence. The dominant vortices that pass through
the cavity have a high Integrated Persistence. This can
be visualized by seeding path lines in the vicinity of
the lines with high Integrated Persistence.

Note that our algorithm has found one critical
minima line that is difficult to observe manually (see
zoom-in in Figure 7 and consider the color map
therein). This short critical line has a higher Integrated

Persistence than most other critical lines in the data
set. By seeding path lines in its vicinity we observe
that this line corresponds to strong vortex activity.

This example shows that it is in general problematic
to use line length as an importance measure for critical
lines.

5.4 Performance

The performance of our implementation was calcu-
lated for all three data sets used in this section. Table 1
contains the running times for a standard workstation
containing two Intel Xeon E5620 CPUs. The table
shows the number of data values given at the vertices
of the grid and the number of slices T for which
the critical lines were computed. Tracking the critical
points in the computed CGFs is very fast — for a mesh
with approximately one hundred thousand vertices,
only 38 milliseconds are required for each time step.

For comparison, we have also measured the run-
ning time of the stable Feature Flow Field method.
Computing the critical lines for the synthetic data set
shown in Figure 5 with this method takes 333 seconds
compared to the total running time of 149s using our
method. Comparing the running time for the other
data sets is problematic, since they are defined on an
adaptive mesh and the implementation of the Feature
Flow Field that is available to us can only be applied
to uniform grids.

Note that the timings for the CGF computation
represent the computation of the full hierarchy of
CGFs, see [29]. The user can thereby quickly select
an appropriate persistence threshold o in a post pro-
cessing step.
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Fig. 7. Application of our method to a real-world data set from computational fluid dynamics. The data set is
the simulation of the flow over a cavity. The dominant minima of the acceleration of the flow describe the vortex
activity. We extracted the critical minima lines of this data set using our method. The thickness of these lines is
defined by our novel importance measure integrated persistence. To demonstrate the physical relevance of this
importance measure, path lines are seeded in the vicinity of the most important lines. Note that there is a short,
but important critical line in this data set (see close-up). This shows that the length of a critical line by itself is not

a good importance measure in general.

Dataset | #vertices | T | CGF | Pers. | CFFF | Total

Synthetic 65k | 256 77s 67s 5s | 149s

Cavity 26k | 690 | 186s 110s 4s 300s

Cylinder 108k | 320 | 368s 96s 12s | 476s
TABLE 1

Performance analysis of our method. For each data
set shown in the paper we measured the running time
for the computation of the combinatorial gradient fields

(CGF), the computation of the persistence values

(Pers.), and the tracking of the critical points in the

resulting sequence (CFFF).

6 DiscussIiON AND FUTURE WORK

As shown in Section 5, our novel combinatorial al-
gorithm to extract critical lines of discrete scalar data
works very well in practice:

o It effectively handles noisy data (see Figure 5).

o It allows for a physically relevant importance
measure for the tracked critical points (see Fig-
ures 9 and 7).

o Its extracted features correspond to the results of
the Feature Flow Field method for a smooth data
set (see Figure 6).

o It has a practical running time (see Table 1).

The robustness of our algorithm with respect to
noise is mainly due to the notion of persistence
which allows for a robust computation of a CGFE.
Unfortunately, using persistence can be problematic
if the data contains outliers. To efficiently deal with
such data, an importance measure for critical points
would need to be developed that can address outliers
in a sensible way.

Many of the existing tracking algorithms mentioned
in Section 2 extract bifurcation points, i.e. the points
where a pair of critical points appears or disappears.
The spatial importance of such critical points becomes
arbitrarily small as they approach a bifurcation point,
see Figure 8. Due to our focus on noise resilient
extraction of critical lines, we do not aim at a precise
computation of bifurcation points in this work.
Note that critical points of course can appear or
disappear in our method — we start tracking them as
soon as their spatial importance is high enough to
differentiate them from noise induced critical points.
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Fig. 8. Bifurcation handling in CFFF. Right: a
maximum-saddle pair evolving over time. Left: spatial
importance of this pair over time. The pair is only
tracked while the spatial importance is above the
threshold o. For ¢t < tg and t; < ¢ the critical points
are considered as noise.

An extension of the presented algorithm to 3D may
be quite feasible. The mathematical foundation for our
algorithm presented in Section 3 easily extends to 3D.
A close inspection of the definition of combinatorial
critical minima and maxima lines in 3D reveals that
they have the same combinatorial structure as in 2D.
Given an algorithm that can compute a combinatorial
gradient field in 3D we can therefore directly use our
algorithm to track the minima and maxima of 3D
time-dependent data.
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Fig. 9. Evaluation of different filter criteria for critical minima lines (blue) of the acceleration of a flow dataset. The
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